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Memoir on a New Theory of Symmetric Functions. 

By Captain P. A. MacMahon, R. A., Woolwich, England. 



In a communication recently made to the London Mathematical Society, I 
have sketched out an extension of the algebra of the theory of symmetrical 
functions and have established the bases of a wide development. 

For the sake of unity, as well as for the convenience of the readers of this 
journal, I repeat some definitions and preliminary theorems which are of great 
moment to the due comprehension of what follows. 

The main object of this memoir is to show clearly the proper place of the 
"Symmetric Function Tables" as studied by Hirsch, Oayley, Durfee and other 
mathematicians in Europe and America, in the algebra of such functions ; to 
point out that the fact of their existence depends upon a wide theorem of 
algebraic reciprocity which leads to an equally wide theorem of algebraic 
expressibility, and that they are a particular case, and not the most important 
case from the point of view of application, of a system of such tables. 

I indicate an application to the general theory of binary forms, which as 
regards ground forms and syzygies is of considerable promise. 

It has been usual to discuss and develop the theory by reference to the 
weight of the involved symmetric functions ; tables have thus been constructed 
of weights 1, 2, 3, .... , and laws and formulae appertaining thereto have 
been evolved ; some of these laws and formulae are in regard to an arbitrary 
weight, but so far as my knowledge extends no attempt has hitherto been made 
to develop the theory from a more general standpoint. 

In what follows, I regard the whole theory as arising from the discussion 
of an arbitrary partition of an arbitrary weight, and bring out the ordinary 
theory as the particular case corresponding to that partition of w (the arbitrary 
weight) which is composed of w units. 
1 
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The relation of the ordinary to the present inclusive theory will become 
clear as the investigation proceeds, and it will in particular be interesting to note 
those theorems which are perfectly general for every partition, and those which 
are peculiar to single partitions. 

Definitions. 

A number is partitioned into parts by writing down a set of positive num- 
bers which result in the number when added together ; each of the constituent 
numbers is a part of the partition, and the parts are usually written in descend- 
ing order from left to right and enclosed in a bracket ( ). 

A partition is separated into separates by writing down a set of partitions, 
each separate partition in its own brackets, from left to right, so that when all 
the parts of these partitions are assembled in a single bracket, the partition 
which is separated is reproduced. Thus of a partition 

separations are {PiP%){PdP4){p^) j 

{PllhPsiiPiPf)* 

Professor Sylvester has termed a number, qua its partitions, the partible 
number ; so here we may term a partition, qua its separations, the separable 
partition. It is convenient to order the separates of a separation from left to 
right, in descending order as regards weight. 

If the successive weights of the separates be 

Wi, W^, Wq, . . . . , 

I speak of a separation of species partition 

{WiWf^Wf^ ....). 

The sum of the highest parts of the several separates I further call the ** degree" 
of the separation. The characteristics of a separation are 

(i) the weight, 

(ii) the separable partition, 

(iii) the species partition, 

(iv) the degree ; 



to which may be added 



(v) the multiplicity, 



MagMahon : Memoir on a New Tlieory of Symmetric Functions. 3 

where, if the separation be 

{pi — YiPs — YiPt — y* — » 

the multiplicity is defined by the succession of indices 

JhfJs 

Theorem of Reciprocity* 

Partitions being symbolical representations of symmetric functions, let 
Xi=(l)a:i, 

-^8 = (3)a:8 + (2l)x,a:i + (l«)a:J, 

X, = {4:)x, + (31) avc^ + (2«)a5 + (21»)a:aa:f + (l*)a^^ 

Xn, = / ^ {mim^m^ . . . .) x^x^x^ . . • • , 

the summation being in regard to every partition 

{fttim^m^ . • . .) 
of the number m . 

Form the product X;iX;^X;i 

and observe that, on performing the multiplication, the coefficient of the x term 

M/f «A/f M/f • • • • 

is a sum of compound symmetric functions, each of which, to a numerical factor 
prfes, is represented symbolically by a separation of the partition 

{8l^8l%- ), 

and further, that each such separation has a species partition 

{pl^Vp? )• 

Write then 



^pl^Pt^Pt • • • • — X , •* ^ti^tj*^*/ . . • . ; 



P, being a sum of compound symmetric functions, can be expanded in a sum of 
monomial symmetric functions. Thus, suppose 

we may write 

x;:X;iX;i.:. . = ^^B{^^K%^. . . .) a^?;a:,>r; . . . . 

I have established, in a practically instantaneous manner (loc. cit.), by consider- 
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ing a certain restricted distribution of objects amongst parcels, that in this result 
the coefficient 6 remains imaltered if we interchange the species partition 

{pVpVp? . . . .) 

and the partition (^i'^>t|« ....); 

so that we have also 

in other words, the theorem of reciprocity states that the coefficient of 

in the development of Xp^X^jX^ 

is equal to the coefficient of 

{pvpvp? — )^:i^six:: — 

in the development of Xl^XliXli .... 

Observe that the Oayley-Betti law of symmetry connected with ordinary tables 
of symmetric functions is obtained from this theorem by merely attending to 
the powers of a^. 

Formation of New Tables. 
Writing as before 

P is an aggregate of separations of 

{sl%%* ) 

of species partition il^l'pl^Pl' ....)• 

Of any separable partition («r*«r4* . . . .) 

there is a definite number of species partitions, which is in general less than 
the number of separations. Forming a product 

for each such species partition, we get an equal number of expressions P, each 
of which is an aggregate of separations of the corresponding species ; on expand- 
ing all these expressions P in a series of monomials, we obtain a certain number 
of different symmetric functions 
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each of which, by the law of reciprocity, is a species partition of the separable 

partition {el'sl^* ••••); 

hence if there be altogether k species partitions of the separable partition 

{sM'si* ), 

the development of the corresponding k products 

^p:^^'^p: • • • • 

will, through the k expressions P, lead to precisely k different monomial sym- 
metric functions {^{'^i^l* . . . .) 

symbolized by identically the same partitions as the species partitions ; hence we 
see directly that, given a separable partition 

{sl^8l-8t^ ), 

the species partitions {pVpl^Ps* . . . .) 

are, in some order, the same as the partitions 

and that writing the expressions 

P 

in any order vertically and the corresponding species partitions in the same 
order from left to right, we are able to express the separations 

P 

in terms of monomial symmetric functions by means of a table possessing the 
same row and column symmetry as given by the Cayley-Betti law in the par- 
ticular case of existing tables. 

Theorem : Of a separable partition 

(sV^Vs? ) 

the separations P 

are expressible by means of monomial symmetric functions, symbolized by 
partitions which are identical with the species partitions, and a symmetrical 
table may be thus formed. 
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By solving a set of simultaneous linear equations, we may now express the 
monomial symmetric functions which are symbolized by the species partitions of 

the separations of {^V^i^* . . . .) 

in terms of the separations P 

which arise from the JT-products. 

We must also thus get a table possessing the same law of symmetry, as may 
be easily gathered from the elementary properties of determinants. 

Theorem: The monomial symmetric functions, symbolized by the species 

partitions of the separations of 

{sVsl^si' . . . .) 

are expressible in terms of compound symmetric functions, symbolized by the 

separations P 

which arise from the X-products corresponding to the several species partitions, 
and a table thus formed will possess row and column symmetry. 

This last theorem is in fact a law of algebraic expressibility which may be 
further enunciated as follows : 

Theorem of expressibility : If a symmetric function be symbolized by 

{Xiiv . . . .) 
and {^i^^s , . . .) be any partition of X, 

{fiifi^fis ) " " " ^, 

(viv.v,....) " " "r, 



the symmetric function {Tifiv . . . .) 

is expressible by means of separations of 

In the ordinary theory, we have the particular case that every symmetric func- 
tion whatever is expressible by means of the elementary symmetric functions 
(that is, by the coefficients of the equation, the symmetric functions of whose roots 
we are considering); observe that these coefficients have partitions composed 
wholly of units, and that the theorem necessarily arises because every member 
is expressible as a sum of units ; the theorem in this case is also one of reduci- 
bility, but in general expressibility is not coincident with reducibility, as will 
appear later on. 
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I now proceed to show the practical method of constructing symmetrical 
symmetric function tables corresponding to any partition of any number. For 
clearness I will take a simple case, viz the partition 

of the number 6. 

We are concerned with symmetric functions of weight 5. Write down the 
separations of 21', viz : 

(21') of species partition (5), 
(21»)(1) " " (41), 

(21)(1»)| . . (32) 

(l')(2)i ^ ^' 

(21)(1)* " ** (31»), 

(2)(1^)(1) - " (2»1), 

(2)(1)« " " (21«). 

To each of these separations must be attached the numerical coeflScient which 
arises from the JT-product corresponding to the species partition. Thus to find 
the coeflBcient of the separation 

(2)(1')(1) 
we form the product 

because (2*1) is the species partition of 

(2)(1*)(1), 



(2)(l»)(l)x,a^ 



and pick out the coeflBcient of 

in its development Since 

XiX,= . ... + 2(2)(l»)(l)cr,^ +...., 

the required coefficient is 2. 

In this manner the proper coeflScient of each separation has to be determined, 
and they may then be written down in a vertical column according to the dic- 
tionary, alphabetical or Durfee-order of their species partitions as may seem 
appropriate to the purpose in hand. 



8 
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The species partitions themselves are then written in the same order from 
left to right and the skeleton table then appears in the form : 





@ 


S 


E 


© 


s 


s. 


(21') 














(21»X1) 














(21){1») + (1'X2) 














(21X1)' 














a(3Xi'Xi) 














(2X1)' 















a table which, when filled in, will express the separations in terms of the mono- 
mial symmetric functions in a symmetrical manner. 

The companion table will express inversely the monomial symmetric func- 
tions in terms of the separations, and will have the skeleton form : 



X 





•0 


M 

s 


X 


1-^ 
X 


r-1 




(6) 














(41) 














(82) 














(81 ») 














(8»1) 














(21') 








• 







This example will, I think, make the method in general clear ; we can readily 
obtain the coeflBcient to be used with any particular separation by considering 
the corresponding JT-product. Thus, suppose the separation to be 

{a,y^ {a,)^ .... {b,Y^ (&,)'• . • • • (^1^ {c^y^ . • . . , 
wherein o^, a,, . . • . are partitions each of weight a. 






ft, 
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then we have to put the numerical coefficient of 

(ai)-' (a,)- .... {hy^{b,y^ .... (ci)>« (c,)>« .... 
in the development of the product 

^L(| -^1-5 ui.ff • . • . , 

which is («i4-«» + ' *' 0> 0^1 +A + — )^ (ri+ri+ — )1 -> > > 

Oil cCjI • • • • Pi I p|I . • • • ^il ^|! . • . • 

The process just laid down for the formation of symmetrical tables is that which 
would be adopted a priori as a result of the general law of reciprocity ; there is, 
however, a practical convenience in modifying the process, in a manner which in 
no way interferes with the symmetrical character of the tables, so as either to 
lessen the magnitude of the table numbers or to get rid of fractions. 

In the tables which express the separations in terms of the monomials, no 
fractions can possibly occur, but the numbers may be reduced in magnitude by 
a modification now to be explained. 

In the table which expresses the separations of (21^), the skeleton of which 
is given above, the symmetry will remain unchanged if we simultaneously write 

(2)(1»)(1) for 2(2)(1»)(1) 
in the vertical column, and 

2(2*1) for (2»1) 

in the horizontal row. The eflfect of this is to diminish the numbers without intro- 
ducing fractions. To see the reason of this, observe that the coefficient of 

(2*1) 

in the development of every separation is necessarily of the form 

mod 2 

(vide Cayley, Amer. Jour, of Math., Vol. VII, p. 59), so that in the original form 
of table, the vertical column headed (2U) is necessarily divisible by 2; further, 
the horizontal row 2(2)(l')(l) is obviously simultaneously diviqible by 2 also. 
These divisions will be accomplished, as stated above, by simultaneously 

writing (2)(l')(l) for 2(2)(1»)(1) 

and 2(2*1) for (2M). 

Generally, if in the vertical column any separation occur singly with a coeffi- 
cient^, the. coefficient of the corresponding species partition in the development 
of every separation of the separable partition is of the form 

mod p 
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(vide Cayley loc. cit) ; we can thus divide the separation row and the corree- 
ponding species partition column simultaneously by p , and this clearly does not 
interfere with the symmetry. Suppose now that we have in the vertical column 
of separations an aggregate of separations of a certain species partition, each 
separation having attached to it its proper coefficient as obtained from the 
JT-product ; of these separations, a certain one may be termed the leading sepa- 
ration. To make clear what I mean, I must explain what I wish to be imder- 
stood by the "leading term" in the development of a separation. Taking any 

separation, say (51)(432)(1'), 

write down the separates in a column, thus 

51 
432 
11111 
10,5311 

and add up the parts vertically, thus obtaining the monomial 

(10,531*). 

I call this term (10,531*) the leading term in the development of the separation 

(51)(432)(1»), 

and observe particularly that this term, in the development, of necessity occurs 
with a coefficient unity and precedes in dictionary order any other term arising 
in the development. 

On this understanding I call the leading separation of an aggregate of sepsr 
rations of the same species partitions, that separation whose leading term pre- 
cedes in dictionary order the leading terms of all other separations in the 
aggregate. (As to "dictionary order," vide Durfee, Amer. Jour, of Math., Vol. V, 
p. 349). The rule for modifying the process is to divide the horizontal row and 
corresponding vertical column by the coefficient of the leading separation. 
Observe that we thus obtain each leading term with coefficient unity, in itself 
a considerable advantage. 

The inverse tables are further modified by multiplication throughout by 
some number which will get rid of fractions. 

It will be convenient at this point to have before us the complete tables 
for the first six weights. 
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Tables of Symmetric Functions. 

WmoHT 1. Partition (1). 
(1) 



11 



(1) 1 



WmoBT 2. Partition (!•). 
(8) (1») (1») (1)» 



(1») 




1 




(3) 


2 


1 


(1)' 


1 


2 


(1^) 


1 




WmaHT 2. 


Paetition (2), 


(2) 






(3) 


1 









WmoHT 8. Partition (1»). 



X • 





© 


S 


1-4 
**• 




z^ 


^^-^ 


rH 


(!•) 






1 


(8) 
(21) 
(1*) 


8 
8 

1 


8 

1 


1 


(I'Xl) 




1 


8 


(!)• 


1 


8 


6 



Weight 8. Pabtition (21). 





00 


w 




s. 


c^ 


(21) 




1 


(8) 
(21) 


1 


1 


(3)(1) 


1 


1 


1 





WnoBT 8. Partition (8). 
(8) 
(«) 1 
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Weight 4. Pabtition (1*). 





'**< 


00 


w 


& 


vi 




«-4 


r-l 


tH 




iM 


(1*) 










1 


(4) 
(81) 

(31") 
(1^) 


4 
4 


_4 

1 


2 
2 


4 

1 


1 


(l')(l) 








1 


4 


(1')' 






1 


2 


6 


2 


2 


1 






{l')(l)' 


1 


1 

4 


2 
6 


5 
12 


12 
24 


4 


1 








(1)* 


1 











Weight 4. Partition (21*). 





w 


00 


€4 


o» 


(81') 








1 


(ai)(i) 




1 


1 


2 


(a)(i') 




1 




1 


(a)(1)' 


1 


2 


1 


2 



o e) o> cQ 



(4) 
(81) 

a(a») 
(ai») 



1 


1 


1 


1 


1 




1 




1 


1 


1 




1 









WEiaHT 4. Pabtition (8*). 

(4) («') (a») (a>» 



(8») 
(3)> 





1 


(4) 
(2^) 


2 


1 


1 


2 


1 





Weight 4. Partition (81). 





't*' 

'wx 


00 




00 


00 


(81) 


1 


1 
1 


(4) 
(81) 


1 


1 


(8)(1) 


1 





Wbiqbt 4. Pabtition (4). 
J4) 

(4)[l] 
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WeIOHT 6. PABTmON (1»). 



13 





s 


s 


s 

N— ' 




«■ 

09 




■o 


(!•) 














1 


(1*)(1) 












1 


5 


(1»)(1») 










1 


8 


10 


(l')(l)» 








1 


2 


7 


20 


(l')'(l) 






1 


2 


5 


12 


80 


(1»)(1)' 




1 


8 


7 


12 


27 


60 


(1)» 


1 


6 


10 


20 


80 


60 


120 



(5) 


6 


5 


6 


6 


6 


6 


1 


(41) 


5 


1 


5 


1 


8 


1 




(82) 


6 


6 


1 


2 


1 






(81') 


6 


1 


2 


1 








(2n) 


6 


8 


1 










(81') 


5 


1 












(1») 


1 















WmoHT 6. Partition (21«). 



-7-5 

09* 



(31») 

(21»)(1) 

(21)(1») + (1«)(3) 

(31)(1)» 

(8)(1')(1) 
(3)(1)« 



s 




I 


r-l 


09 
09 


09 












1 








1 


1 


8 






1 


8 


1 


4 


— 


1 

I 


8 

1 


4 


8 


6 


8 


1 


8 


I 


8 


4 


6 


8 


6 







^^^ 


+ 


M 


1-^ 




S_^ .(^ 1-4 M -— s 




E E E E S S 














— 




(6) 


6 


5 


6 


5 


10 


6 

















(41) 


5 




5 




5 




















(89) 


6 


5 


1 


2 


2 













— 






(81') 


5 





2 


1 


1 








— 




8(an) 


10 


5 


2 


1 


1 




(21*) 


5 













Weight 5. Partition (2*1). 



tH 09 «-l 



(2^) 








1 


(6) 

.(41) 

(82) 

(2M) 


1 


1 


1 


1 


(3*)(1) 






1 


2 


1 


1 


1 




(21) (2) 




1 


1 
2 


2 
2 


1 


1 






(2)M1) 


1 


1 
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Wbioht 5. PABrmoN f8l»). 



09 00 00 00 



(81)» 
(81)(1) 
(8)(1») 
(8)(1») 









1 


(5) 

(41) 

(82) 

(81») 


1 


1 


1 


1 




1 


1 


3 


1 




1 






1 




1 


1 


1 


1 




1 


2 


1 


2 


1 









WmoHT 5. Partition (82). 





S 


s 

^w 




I 




(83) 




1 


(6) 
(82) 


1 


1 


(8)(8) 


1 


1 


1 





WmoHT 5. Partition (41). 





^ 


51 




w 


^ 


(41) 




1 


(6) 
(41) 


1 


1 


(4)(1) 


1 


1 


1 





WKiaHT 6. Pabtition (S). 
(5) 
(6) 1 
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WEiaHT.6. Paeth-ion (1«). 
? S 9 S> « S 2S 



16 



« « ;:* 



(1») 






















1 


tl*)(l) 




















1 


6 


(1*)(1') 


















1 


4 


15 


(l')» 
















1 


2 


6 


20 


(1*)(1)' ' 














1 




2 





80 


(l')(l')(l) 












1 


8 


8 
6 


8 
18 


22 

48 


60 
120 


(l')(l)* 










1 


8 


10 


(I')' 








1 




8 


6 


6 


16 


86 


90 


(l')'(l)' 






1 


3 


2 


8 


18 


16 


84 


78 


180 


(l')(l)* 




1 


4 


6 


9 


22 


48 


86 


78 


168 


860 


(!)• 


1 


6 


16 


20 


80 


60 


120 


00 


180 


860 


720 



(6) 


6 


6 


6 


8 


6 


12 
7 


1 
2 


2 


9 


6 


1 


(61) 


6 


1 


6 


8 


1 


2 


4 


1 




(42) 


6 


6 


2 


8 
3 


2 


4 


2 


1 






(3^) 


8 


T 


8 


8 


3 




1 








(41') 


6 

12 


1 


2 


8 


1 


8 


1 








(321) 


7 


4 


8 


8 


1 












(81') 


6 
2 
9 


1 
2 


2 


1 


1 















(»») 










2n«) 


4 


1 
















(21M 


6 


1 




— •- 
















(!•) 


1 
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WmoHT 6. Pabtition (21*) 



(21«) 

(21')(1) 

{21«)(1») + (1«)(2) 

(21)(1«) 

(21*)(1)» 

(21)(l»)(l) + (l»)(2)(l) 

(21)(1)» 

(8)(1»)«' 

(2)(1»)(1)» 

(8)(1)* 



«" 


g 


3 


00 

e9 


3 






09 


09 


1H 
C9 




















1 














1 




1 


4 












1 


4 


1 


2 


7 












I 


8 




1 


4 










1 


3 


6 


2 


5 


12 






1 


1 


3 


6 


18 


2 


6 


10 




1 


4 


8 


6 


13 


18 


6 


12 


24 






1 




2 


2 







2 


6 




1 


2 


1 


5 


6 


12 


2 


5 


12 


1 


4 


7 


4 


12 


16 


24 


6 


12 


24 



-7-80. 



O O) o» 



09 Od O 0) Ot 09 



(6) 


80 


80 


80 


30 


80 


60 


30 


30 


90 


30 


(51) 


80 




30 


30 




30 




80 


80 




(42) 


80 


80 


10 


30 


10 


20 


10 


1^ 
80 


10 




2(3«) 


80 


80 


30 


60 


30 


30 




(41^) 


80 




10 


80 


5 


10 


5 




5 




(321) 


60 
30 


30 


20 
10 


80 


10 
5 


4 
2 


2 

1 




2 




(31») 




1 




3(23) 
2(221=^) 


80 
90 
80 


30. 
30 


30 
10 


80 


5 


2 


1 




1 





(21») 
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WmOHT 6. PABTmON (8«l»). 



-=-16. 



(8n«) 
(an)(i) 

(21«)(3)-K3')(1«) 

(81)' 

(8»)(1)» 

(81)(8)(1) 

(3)»(1») 

(8)»(1)' 





1-4 

«9 


^ 




3 


1 


09 


T-i 
















1 

1 i 












1 


I 


2 








1 


1 


2 




8 






1 


2 


2 


2 


2 


4 






1 


2 




2 


1 


2 




1 


2 


2 


2 


8 


2 


4 




1 




3 


1 


2 




2 


1 


d 


8 


4 


2 


4 


2 


4 



04 

-I- 



iH 6J iH tH 





2. 


w 


2^ 


w 




09 


w 


0^ 


(») 


10 


10 


10 


5 


10 


20 


10 


15 


(61) 


10 


5 


10 


6 


6 


5 


10 




(43) 


10 


10 


2 


6 


4 


8 


8 




(8») 


5 


5 


5 


5 


5 


5 


5 




{«') 


10 


5 


4 


6 


7 


1 


1 




(821) 


20 
10 


6 


8 


5 


1 


2 


2 




8(8») 


10 


T 


5 


1 


2 


3 




(8»1») 


16 

















WSIOHT 6. PABTinON (2»). 





^-«* 
» 


9 


9. 




N 


M 

0» 


•• 


(2«) 






1 


(6) 
(42) 
{2») 


8 


8 


1 


(8')(8) 




1 


8 


7 


1 




(8)« 


1 


8 


6 


1 







Wbioht 6. Partition (81»). 



(81») 


s 




2, 

09 


^ 


21. 


S S 




2. 


00 


s 


g 


g 


5 


s 












1 


(6) 

(51) 

3(8^) 

(42) 

(41«) 

(821) 

(81») 


— 


1 


1 


1 


1 


2 

1 


1 


(81«)(1) 










1 


1 8 






1 


1 




(8)(1') 










1 


1 




1 


2 


1 


1 


1 




(81)(1') 




1 


1 


1 

2 


2 
4 


1 8 
8 6 




1 


1 


1 








(81)(1)» 


2 




1 










(8)(1')(1) 




1 




1 


8 


1 8 


1 


1 










(8)(1)» 


1 


8 


1 


8 


6 


8 6 


1 
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Weioht 6. Partition (821). 



« lO '^ ^ 00 



(821) 

(82)(1) 

(81) (2) 

(8)(21) 

(8)(2)(1) 



1 1 

1 1 

1 1 

1111 



^ « tH „-x 

^ ::=: X s. 2, 

C« « iH ^-s X 

00 S 00 00 09 



(6) 




1 


1 


1 


2 


(61) 





1 


1 


1 




(42) 





1 


1 


1 




8(8») 


— 


1 


1 


1 




(831) 













WmoHT 6. PABTmoM (8*). 



(8') 
(8)' 





1 


1 


2 



(6) 
(8») 



2 


1 


1 





WmaHT 6. Partition (41'). 



^ S 9 ^ 



w ^ ^ ^ 



(41*) 








1 


(6) 

(61) 

(42) 

(41') 


1 


1 


1 


1 


(41)(1) 




1 


1 


2 


1 
1 


J^ 


I 
1 




(4)(1») 




1 




1 


(4)(1)» 


1 


2 


1 


2 



WmoHT 6. Partition (43). 



£• 3 



(42) 
(4)(S) 



1 

1 1 



(6) 
(43) 



J_ J. 
1 
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Wbight 6. PARTmON (51). 





to 


to 


^ JS 


(61) 


1 


1 
1 


(6) 
(51) 


1 


1 


(6)(1) 


1 





WmaHT «. PABTmoN (6). 

(«) 
(6)|1] 

» 

In these tables I have slightly varied the order of the partitions as I found 
it convenient in different cases ; the proper order of the partitions for a table of 
given partitions remains, I think, to be discovered. 

The suras of the powers of the roots may be at once written down in terms 
of the table separations by means of an extension of Waring's formula which I 
have previously given (loc. cit.), and it is convenient to repeat it here. If 



be any partition of n, and 
one of its separations, then 



llml 






.) 



0\+i> + .. •.-!)! 



ii'jV 



W'W*- 



where it will be observed that any coeflScient depends merely upon the multi- 
plicity of the separation which it multiplies, and that the right-hand side is a 
function of the same assemblages of separations as are employed, by rule, in 
the tables. This very important result is a good example of the extent and 
scope of the new theory ; the mere existence of so suggestive a formula, of which 
the simplicity vies with the generality, points with a clearness which cannot be 
mistaken, to the conclusion that up to the present the algebraic theory of sym- 
metric functions has been regarded from a point of view so little elevated that 
its chief beauties remained obscured. It is convincing proof that much may be 
expected from a comprehensive survey from the new vantage point. 
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General BemarJca v^pon Syzygies. 

In general the expression of any symmetric function in terms of the table 
separations is unique, but where we are not restricted to these combinations this 
is not so. There are as many table separations as there are species partitions of 
those separations, and in general the whole number of separations exceeds the 
number of corresponding species partitions ; this diflference indicates the number 
of syzygies which exist between the separations. Thus, turning to the table of 
partition (21*) we observe 10 species partitions and 12 separations pointing to 
12 — 10 = 2 syzygies between the separations; the actual forms of the syzygies 
are easily obtained, for consider the product 

(21»)(2), 

we may either express (21*) by means of separations of (1*) or (2) by means of 
separations of (1*) ; in either way we arrive at the expression of the product by 
means of separations of (21*). Thus 

(21«)(2)=K1')(1)-4(1*)}(2) 

= (21»)Ul)»-2(l»)f 
leading to the syzygy 

2(21»)(1*) - (21»)(1)» + (1»)(2)(1) - 4(2)(10 = 0; 

the other syzygy is obtained from the product 

(2I)(2)(1) 
and is found to be 

2(21)(1»)(1) - 3(1»)(2)(1) - (21)(1)» + (2)(1«)(1)» = 0. 

More conveniently we may regard the first of these syzygies as arising from the 
partition (42), 

for taking the product (4)(2), 

we may simultaneously express (4) in terms of reparations of (1*) and (2) in 
terms of separations of (2), or simultaneously (4) in terms of separations of (21^) 
and (2) in terms of separations of (1*). 

In a similar manner the second syzygy arises from the partition 

(321), 
where observe that the partitions 

(42), 
(321) 
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are the only ones containing two different parts besides unity. So, considering 
the separations of (21""*) 
and Xi'A^ Xi'l*), 

any one of its species partitions, we see that corresponding thereto there must 
be e — 1 

syzygies, which may be written down according to the method above explained. 
The number of species partitions is the whole number of partitions less one, 
the generating function being 

1 1_ 

{1—X){1—7?){1 — ^) 1 — «• 

If we write down all the partitions of a number and find that p^ partitions 
contain a part 2, p^ partitions a part 3, and so on, the number 

indicates the number of separations of 

(2r'*); 

the generating function for this number is 

^ 

{\—xf{l—i^)[\—Q?) ' 

and hence the generating function for the syzygies between the separations of 

(2r"») 



IS 



{l—x)\l—a?)[l—a?) {\—x)(l — ;i?){\ — s?) . 

which is —l+x + a^ + {l—x){l — a?){l — a?).. 



+ -A 



or i^ , . , 



^(-)>(l+x^)x* 



J=i 



(1 — xf(i — cc'}{l —a^JTTT. • 

The syzygies between the separations of other partitions may be worked out in 
a similar manner, though the calculations soon become laborious. 

All these syzygies are linear relations between the separations of parti- 
tions, each syzygy involving only the separations of a single partition. 
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Beyond these there are syzygies connecting separations of different parti- 
tions which are at once seen by comparing the different tables of a given weight. « 

As regards any one table which expresses monomial symmetric functions in 
terms of separations of a given partition, any one row exhibits either such 
monomials as reducible qua the separations, or else a congruence between the 
separations of highest degree. 

By a comparison of the expressions of the same monomial symmetric func- 
tion in different tables, syzygies are obtained between separations of different 
partitions ; this circumstance I hope to discuss at some future time when apply- 
ing the present theory to that of the covariants of binary forms. 

Analogue of Newton^e Theorem of the Sums of Powers. 

The general expression of s^ in terms of the table separations of any par- 
tition of n was obtained by a comparison with a known particular case ; for the 
proper discussion of the extended theory of symmetric functions brought 
forward here, it is necessary to see how the formula arises in another manner. 
We start with Newton's theorem for the expression of the sums of the powers 
in terms of the elementary coefficient, which is usually written as a series of 
relations, viz : 

^.-(1)^1+ 2(1*) = 0, 
^3-(l)^. + (l*)^i-3(l«)=0, 
^4-(l)^8 + (l*)^2-(l«)^i + 4(l^) = 0, 

enabling the successive calculations of «,» «3> ^4» • • • • These relations are all 
exhibited by the single identity 

(l)ic — 2(l»)a;» + 3(l»)aj»— . 



l-{\)x + {V)a?-{l')a?+^ 



= SjX + s^g? + s^ + 



for, on clearing of fractions and equating coefficients of like powers of a;, the 
set of relations is produced. 

Here, it is very important to observe, we can immediately obtain Waring's 
summation formula for the sums of the powers by expanding the denominator 
of the left-hand side by the multinomial theorem. This fact seems to have 
hitherto escaped the notice of writers upon the subject. This formula thus 
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represents the expression of e^ in terms of separations of (1*); the object in 
view is the corresponding formula for any other partition of n . 
We can at once solve the problem for the partitions 

(2i«-»), (31— »), (41*-*), .... (;ir~^) ..... 

for, omitting the first of the series of relations, we may write 

^,-(2) = 0, 
^8-(l)«, + (2l) = 0, 
«4-(l)^« + (l')^»-(21*) = 0. 



a series which leads to the identity 

(2)a^-(21)a>« + (21V-.... _ 
l_(l)a, + (l»)a^_(l«)*» + . . . -s^-te,fif-\-8^z + 

and now expanding the sinister by the multinomial theorem we necessarily 
exhibit «„ in terms of separations of (21"~') and arrive at the corresponding 
simimation formula. 

Omitting the first of the last set of relations, we may write 

«a — (3) = 0, 

«« — (1)*8+(31) = 0, 

»5-(l)«4 + (l')«8-31»=0, 

and thence 

and proceeding in a similar manner we get finally 
(X)a^- (Al)a^+^+ (;il')x^+'- . . . . _ ,, ,.i , ..,, 
l_(l)a; + (l»){B» — (l»)aJ' + .... -**a^-t-«*+ia^ + «*+»a^ + » 

a formula which enables us to exhibit s^ by means of separations of (/ll*~*). 

Put now 

1 — (1) jB + (1») JB» — (l*) a^ + = (1 — aa5)(l — ^x){\—yx) 

and 

1^ = X^ (1^^2 = **«^ + 2»A+ia^+' + 3«,+ ,x*+» + 

+ — wi (m + l)(ni + 2)»,+^+» + 
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we have 

y^a^/3V+'^ (1 — ya;)(l — 5a) 

"^ (1 — aa;)(l — /»a:)(l — yx){l —Sx) 

_ {X(i)i^+'^—{yi(il)l^+'^+^+(Xlil')a^+'^+>—... . 
~ 1— (l)x +(!«)»» — (l»)ar'+ 

or, taking previous results into account, this identity may be written 

(a) a^— (;il) g^+^ + (^1*) a^+' — . . . . ifi)af—ifil) o^+^ + i(tl*)7f+*— .... 
l-(l)a;+(l»)jc»— • 1 — (1) » + (!=') a»— 

_ (V)g"+^ — (Vl){c*+'-+^ + (Vl') «!*+''+« — 

1 — (l)a;+(l»)jB»— 

a formula which leads to the expression of «» in terms of separations of 
{XfiV-"-"). Proceeding, we find 

~ l — {l)x + {l»)a?-{l')a*+.... 

which should be compared and contrasted with the ordinary symmetric function 
formula 

We are now led to the formula 

(a.)a;^ — (a,l)te^+^4- (/f)a^— (/al) of +^ + (y) x"— (yl) g-+^+ 

l_(l)x + (l»)jB»— •i_(i)a; + (l»)x»- •l-(l)x + (l»)x»— .... 

1 (a,)x^ — (Xl)x^+^+ ((iv)af+' — {iivl)af+''+^+ 

~ 2 1 — (l)x + (l*)x*— ■ 1 — (l)x+ (l*)x»— .... 

j_ (/m)x^— (|al)x^+^+ (Xv) x^+-— (a,yl)x^ + -+^ + 

~ 2 1 — (l)x + (l*)x»— * 1— (l)x+ (l*)x*— 

1 (v)x'' — (yl) «■'+'+ (V)x"+'' — (Vl)x"+''+^ + 

~ 2 1 — (l)a;+(l»)a!*— ' 1 - (l)x + (1*) x» — 

"•" 2 1 — (l)x + (l»)x»— 

«A + (i + i^ T <>*\ + (i+r + l* -r 04A4.I1+I.+ IX -f . . . . , 
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enabling us to express s^ in terms of separations of 

From the mode in which these results have been evolved, it is absolutelv 
certain, without further demonstration, that the expression 

{Xiiv )x^-^^+'-+ ••• — (;i|uv i)a^+M+»>+....+i,^, 

1 — (l)a; + (l*)a:*— 

is given in terms of 

Ef V"^' \"^' X"^'' X"^" \"^" ^T"^'" 

' 2^ ' 2^ ' ' ' * '-Z-/x_i_ ' 2^^u. ' 2^ _i_ ' * • ' */ '- . » • • • • 

by precisely the same law as 

(V^ . . . .) 
is given in terms of 

^Al ^^> ffy, • • • . *A+^> *A+i»» *^ + v> • • • • ^A+^ + iff- • • • 

If any number of equalities exist between the numbers 

the same modifications nre requisite in both systems of formulae ; accordingly 
both systems are inverted in a similar manner and following the same law ; thus 
the formula above written is obtained by a comparison with the formula 

in this manner is established the identity which for any separable partition is 

the direct analogue of the elementary formula 

(l)a;-2(l^)x» + 3(l«)a^-.,,. _ . ,^ , _^ 
l_(l)a:+(l«)a^_(l3)x«+.... -six + s,a? + s^+ 

and this leads by multinomial expansions to a proof of the summation formula 
which expresses s^ in terms of separations of any partition of n. 

Derivation of Symmetric Functions from tJie Sums of Pouters. 

In the ordinary theory we derive the symmetric functions C^fi), {Tifiv), .... 
from the formulae 

=«(!*) ff(i'*)»(r) — «(i*)s(F+'')—«(i'')«(r+*) — *(r)«(i*+'') 

+ 2s(l*+''+'), 

*N.B. 8{>.ft....) denotes the expression of «x-f.;a+ by means of separations of (X/< ). 

4 



26 MacMahon : Memoir on a Neto Theory of Symmetric Functions. 

and no diflSculty is presented, because the products 

«(i^)fi(p)«(r),a(i^)fi(p+''),5(p)^(r+^),«(r)«(i^+'*), 

are, by direct multiplication, obtained in terms of separations of (1^+"), (1^+'*+") 
respectively. Had we been concerned with a separate partition composed of 
dissimilar parts, we could not thus have proceeded by direct multiplication ; we 
could indeed have obtained the products in terms of separations, but the process 
would not have been a unique one and we would not have obtained an expression 
involving the tabular assemblages of separations. It is this expression that is 
required. Take the separable partion 

supposing it to be possible to express the product 

in terms of its tabular separations, we have, in the first place, two alternatives 
(in general). We may express s^ in terms of separations of (1^), and s^^^^ in 
terms of separations of (A,!"*""^"^), or vice versa; but neither of the products 

s(F)«(xr-^-^), 

s{XV-^)s{r''P) 

are in terms of tabular separations of (^ll"^^); we have in fact to take a linear 
function of these products. The investigation is facilitated by proceeding at 
once to the general case. 

Let us then consider the problem of expressing the product 

«A^fi • • • • 

by means of tabular separations of the partition 

Suppose {X\^[i^^ )^i^l'(4' . . . .)^* • • • • 

to be any separation of {ti%Hl*. . . .), 

having the species partition 

(A>»....); 

the general summation formula gives us 

.WK....)=-..+(-y^-^-^- (,4;;-;::;i., iW>.r....)i 
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hence, observing that 

Zi (?i + nil + ....) + i, (^ + m, + ....)+..., = Ti + r, + "Tg + 

we find 

Taking the summation for every separation having the species partition 

we may write 

E ni^ + rrH+ ... .-1)\ Y^ Uh + m,+ ... .-1)1 ) ^.^ ^ ^ {L, + L, + . . . .-1)\ 

— 4. V^/_v.+T.+....+i>.+£.+....(jj_±^+--:-^^)' 

(M'/*r — )''*(^*'/^ — )'^ — 

Observe that the dexter of this identity agrees with the corresponding portion of 
the expression of s (Q'Q« ....), for 

o yZi t^ . . . .J — • • • • 

and that we cannot obtain this agreement unless we take the linear function of 
the 8 products which appears on the sinister side ; but we know that the s product 



>ln^ 



Sis 



Oj^Ou • • ■ • 

is necessarily expressible by means of tabular separations, because each of the 
monomial forms, which arise on performing the multiplication, is so; hence the 
above linear function of the s products must be a function of tabular separations 
of the partition (Q'^J* ....). 

We thus arrive at the result : 

Ef (^ + m. + ....-l)!l^.( (4 + m, + -.-.-l)! )^' 
( hi m,! J \ l^\ mt\ I 
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where 

(i) the separable partition is (^pQ») , 

(ii) (Jti^jur* . . . O^'C'^'f^" • • • O^' • • • • ^s any separation having the species 
partition {TJiT" .-..)> 

(iii) the summations are in regard to all such separations ; the result being 
that the dexter side is a function of tabular separations of {f\%^ ....). 

I illustrate the process by the calculation of (42) in terms of separations of 
(2«1») . We have (42) = s^s^ — s^ , 

and 



_ 3 



1 \-8{2')8{V) + 8{2l')s{2) 



3 3^ 



= i*(2»)s(l») + -J-«(21«)«(2) 



= -|-l-2(2«) + (2)»H-2(l*) + (l)n + -|-](21»)-(21)(l)-(2)(l«H(2)(l)»K2). 
= f (21»)(2) + -f (2»)(1') - f (2«)(1)' - -I- (2)»(1») + (2)'(1)», 

which, since the separations (21*)(2), (2^)(1*) occur with the same coeflScient — , 

is, as it should be, a function of tabular separations. 

Hence, extracting the value of ^(, = 5(2*1*) from the tables, we find 

15 (42) = 10 (2n») — 10 (2*1)(1) + 2 \ (21*)(2) + (2*)(1») } — 5 (21)» 
+ 4 (2«)(1)» + 8 (21)(2)(1) - 8 (2)^(1*). 

In this general way we are enabled, as in the ordinary theory, to combine the 
expressions for the sums of the powers so as to obtain the expressions of other 
symmetric functions by means of separations of any selected partition. 

It will be gathered that this process would be very laborious in the case of 
symmetric functions whose partitions contained many parts. This is also the 
case in the ordinary or unitary theory (where by ** unitary" it is meant that 
separable partitions composed wholly of parts, unity, are alone considered) ; it 
will be seen hereafter that this process will, for such forms, be naturally rejected 
in favor of easier methods of calculation. 

Properties of Coefficients and Groups of Separations. 

The general expression for the sum of the powers in terms of separations 
of any partition has, in regard to the numerical coefficients, a certain interesting 
and important property. 
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If the separable partition be (1") or (;i~), it is a known theorem that the 
sum of the coeflScients is 

Now, whenever the separable partition contains dissimilar parts, the sum of all 
the coeflScients is invariably zero. This will be established by proving another 
theorem of a much more refined character from which it is immediately dedu- 
cible. The separations of a given partition may be grouped in a manner which 
is independent of their species partitions. For clearness I take as a particular 
case the separable partition 

and write down any one of its separations, say 

This separation may be regarded as compounded of the two separations : 

{2?){X) of (;i') 

and {{ly of (/«»); 

and moreover we will find that three other separations possess the same prop- 
erty, viz: i^*){^){H)', 

(;iV)M; 

for on suppressing the /u's in each we are left with 

WW. 

and on suppressing the ;i's there remains 
I say that these four separations 

(^*)(v)(^), 

(A,V)(V). 

form a group, each member of which is compounded of the two separations 

WW. (^)'. 

I will call it the group ] W(X), {(i)*} . 
Consider now the separations of 
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as divided into six groups, viz 

The group KA)' Af^Yl. 

{W^).(^')f, 

where, be it observed, there is a group corresponding to every compound of a 
separation of (;i^) with a separation of {(i^) . 
So in general, if the separable partition be 

we may take any separations of {7J), (ft**), (r") .... and form the group which 
is compounded of these separations. If (^') , (^"*), {v"") .... possess X, M, N.... 
separations* respectively, there will thus be 

LMN .... groups. 

It will be observed that the grouping depends merely upon the multiplici- 
ties I, m, n, . . . . and not at all upon the parts >l, f^, r, . . . . 

I now enunciate the theorem : 

Theorem: **In the expression of s^ in terms of separations of any partition 
of n, which contains dissimilar parts, the sum of the coeflScients of the separa- 
tions in each group is zero." I subjoin an example : 

- 2 M\x)in) + (V) W + (^V)(/'^) - (^V) 



±2 ±1 ±1 ±1 



wherein the first, second, third, fourth columns of separations constitute the 
groups 

\{X)*,{(^f\, m',iF')}, {(^*),(^)n. \{^'),(j^')\ 

respectively, and the sum of the coeflScients of the separations in each group is 
seen to be zero. 



*0r, what is the same thing, if the numbers /, m, n. . . . . possess I>, Jtf, iV. . . . partitions 
respectively. 
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To establish this theorem, consider iu the first place the identity 

write the left-hand side in the form 

W Vk — (^1) VkXi + (;il') y^^ — (a.1^) y.xs + 

l-(l)x, + {l')x,-(l')x,+ .... 

wherein y^, , Xi are symbolical representations of 

7^ and cc* respectively. 
If this expression be developed by the multinomial theorem, we obtain a product 

y>A'^^\' 

multiplied by a certain symmetric function. This function consists of a number 
of symmetric functions, each of which is a separation of 

and each of which is a member of the group of separations 

The complete symmetric function which multiplies 

y^-yX^x^ • • • • 
constitutes those terms in the expression of 

which belong to the group of separations 

j(x).(iy.(mi')".-..}. 

Putting (A) = (;il) = (Al») = = 1 , 

(1)= (!») = .. ..= 1, 

the left-hand side of the identity reduces to 

hence, in the development by the multinomial theorem, all the other terms must 
vanish ; but under these circumstances the aggregate of those separations which 
occur in any group of separations of a partition containing dissimilar parts, 
becomes the algebraic sum of the numerical coeflScients which occur in such 
group ; it follows that if s^ be expressed by means of separations of 

the algebraic sum of the coefficients in each group must be zero. 
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Next consider the two identities 

(A)a^— (Al)a:"+^+.... (^)ie^— (^l)a^+^+ . . . . {X(i)ii^-^'' — {^(il) g" +''+^+ •■" 
1— (1)» + (l»)a?— .. . . • 1— (l)x + (l»)a?- ...."" 1— {l)x +{l*)^ — . . . . 
= 8,+^a^+'^ + 2s,+^+iX*+''+» + 3«,+^+^+''+» + 

|l— (l)a:+(l»)a»- j ~^ i _(i)a: + (i»)jb»_ 

= 8^a»' + 2«^+xX»^+^ + 3«,,+^+» + . . . . 

These may, as regards their left-hand sides, be written symbolically 

(^) Vk — (^1) y^^ + (^1*) yxa^ — (i^) g^ — (i^J) gM ^i + (<"^*) Zm ^* — 

l-(l)a;i+(l»)a:i-(l'')x,+ .... * 1 -(l)x-i-~(l») x,- (1") x, + . . . . 

(V) y,z^ — (Xfil) y,z^xi + f (^t) y^ — (XI) y,Xi + jX l*) y.x^ + ]» 

l-(l)» + (l»)x,-.... 1 l-(l)xi + (l»)x, — (l«)xs+.... J 
9 (^') y». - (^'1) y » xari + (a'l») y,,x, - ■ . . . 
-^ l-(l)xi + (l»)x,-.... 

and herein putting all the symmetric functions equal to unity, we obtain respec- 
tively zero, 
and 2/a— 2^^; 

hence, when «„ is expressed by means of separations of 

the algebraic sum of the coeflBcients in each group of separations is zero, and 
also when «„ is expressed by means of separations of 

the algebraic sum of the coefficients in each group is zero also. 

This method of proof is perfectly general and leads to the important con- 
clusion that whenever s„ is expressed by means of separations of a partition, 
which does not consist merely of repetitions of a single part, the algebraic sum 
of the coefficients in each group is zero. 

In the proof it has been assumed that the algebraic sum of the coefficients 
on the dexter of such relation as 

8 {^iiv) = i2.){n){v) - ^ M{v) - -f i>.v){(i) - -I {iiv){X) + ^ (Vv) , 
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is zero. It is easily seen that this is so, for writing down the relations 

etc. = etc. 

if we put {X) = {^ii) = ....= 1 , we have 

s{X)=s{iL)=\, 
and hence from the second relation 

8{%ii) = 0. 
Also the third relation being 

(Xur) = 8{X)8 {fl) 8{v)—S (V) 8{v) — 8 (Xv) 8 {(l) — 8 (liv) 8 (X) + 2s {^(iv) , 

putting ( V^) = 1 » 8{X)=8{fl) = 8{v)=l^ 

8 (Xfl) = 8 {:Kv) = 8 Qiv) = 0, 

we find 5 (X/i^v) = , and so on in general, the expression for «„ becomes zero 
when, the separable partition containing dissimilar parts, the separates of the 
separations are each put equal to unity. 

It is noteworthy that this property of the coefficients is not a generalization 
or extension of any known property, but is one which, by its nature, only comes 
into existence with the new theory ; there is in fact no corresponding property 
in the ordinary theory, for in that theory the *' group'' does not exist as a group, 
but merely as an isolated term without interest. The theorem is of great 
importance as a verification of the coefficients of the separations, as well as for 
ascertaining that no separation has been accidentally omitted. It constitutes an 
example of departure from absolute generality. 

This theory of the group may be easily extended to other symmetric func- 
tions. 

Consider for a moment the expression of (3^) by means of separations of 
(21*). We have 

2 (3«) = 4-s. = 8{21)8 (1«) - 8 (21*), 

wherein we know that in both s(21) and ^(21*) the algebraic sum of the coeffi- 
cients is zero ; hence also in (3*) the algebraic sum of all the coefficients must 
vanish ; if, on the dexter side, there had been such a product as 

5 
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this could not have been the case, because the algebraic sum of the coefficients 
is not zero either in 5(1^) or in «(2). This 8 product does not occur simply 
because the partition (3*) possesses no separation of species partition (42). 

This reasoning is manifestly general, and we are thus led to the important 
theorem : 

Theorem : " In the expression of symmetric function 

{Pl'PV ) 

by means of separations of 

{f^%- ), 

the algebraic sum of all the coefficients will be zero if the partition 

{PVPV . • • •) 
possesses no separations of species partition 

The theorem may be verified from the tables in the cases of 

^dot Symmetric functions. 

(21^ for (51), (3^), 

(2M«) for (61), (3«), 

(31«) for (51), (42),(41«), 

(321) for (51),(42),(3»), 

(41^) for (51). 

The group coefficient theory obtains also under the same circumstances ; to 
establish this it will suffice to show that if we take any two sums of powers, say 

8{7.y) and ^(Xy), 

multiply out their product and arrange the resulting separations in groups, the 
algebraic sum of the coefficients in each group is zero. In a (X^) there is a 

group {(^)^(it^W}, andin^(;iV) 

a group {(J^'K^), (i^')}, 

and if we multiply the separations in these two groups together, we will, qua 
the separable partitions ('^V) > 



MacMahon : Memoir m a New Theory of Symmetric Functions. 35 

obtain separations belonging to the group 

In this batch of separations the algebraic sum of the coefficients is necessarily 
zero ; we obtain another batch of separations comprised in the same group by 
multiplication of the groups 

UA)»(^»), (/*')»} and {{X)», {[in 

and again for this batch of separations the algebraic sum of the coefficients is 
zero. Observe that by thus multiplying certain complete groups of the one 
expression by certain complete groups of the other, we must obtain all the sepa- 
rations of (^V) belonging to the group 

which occur in the product s (JlV) ^ ('^V*) • Hence, " if in such product there 
occurs one factor at least of which the separable partition does not consist 
merely of repetitions of a single part, the algebraic sum of the coefficients iii 
each group of the product will be zero. We are thus enabled to enunciate as 
follows : 

Theorem : ** In the expression of symmetric function 

by means of separations of 

(Q»Q' ), 

the algebraic sum of the coefficients in each group will be zero, if the partition 

{pVp? ) 

possesses no separations of species partition 

Concluding Remarks. 

So far I have merely stood upon the threshold of the theory ; the further 
development must be reserved for some future occasion; systems of partial 
diflFerential equations exist analogous to those employed with such marked suc- 
cess by Brioschi, Hammond and others ; and until this theory has been properly 
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worked out, it does not seem advisable to enter upon the discussion of the calcu- 
lation of the various tables. 

The theory of those separable partitions which contain no part equal to 
unity is, from another point of view, a theory of the covariants of binary forms ; 
in particular, in such cases the general theorem of algebraic reciprocity becomes 
a remarkable theorem of binary forms which promises to be chiefly of use in 
the discussion of perpetuants. 

The "theorem of symmetric function expressibility " becomes a theorem, of 
a fundamental character, of covariant expressibility. 

It is to be hoped that some of these facts may help to forward the alge- 
braical (as distinct from the symbolical) treatment of the theory of invariants ; 
as yet, however, a purely algebraical demonstration of Gordan's great theorem 
concerning the finality of the ground covariants seems as far distant as ever. 
This theorem has been given by Gordan, in a much simplified form, in a tract 
which appears to be little known ; the reference was given to me by Mr. A. R. 
Forsyth of Trinity College, Cambridge, and it may be useful to give it here : 
"Ueber das Formensystem binarer Formen." Teubner (Leipzig, 1875). 

ROTAL HlUTABT ACADEXT, Woolwich, May 9th, 188a 



On the Integrals in Series of Binomial Differential 

Equations. 

By William Woolsey Johnson. 



1. The term ** binomial equation" was applied by Boole to the linear equa- 
tion whose first member consists of two groups of terms, the terms of each 
group being homogeneous. Employing the notation 

d (P 

X -T- = S', whence a? -^ = 3 (3 — 1), etc., 

the binomial equation may be written in the form 

/(^)y-x'4,(3)y = X. (1) 

where / and ^ are rational integral functions. 

If the equation is of the second order, one at least of these functions is of 
the second degree, and the other of a degree not higher. Supposing both to be 
of the second degree, the binomial equation of the second order may be written 

(S — a)(^ — h)y — q7f (S - c)(3 — d) = X. (2) 

2. In integration by series it has been usual to consider only the case in 
which the second member is zero, in which case the substitution 

CO 



gives (since ^a:* = te'), 

00 



which is satisfied if A^ (m — a){m — ft) = (3) 

and, when r > , 

{m +r« — a)(m + r5 — 6)^,. — g'(m + r^^l s — c)(7n + r— 1 « — cZ)^^_i = 0. (4) 
Equation (3) gives two values of m, and equation (4) determines the ratio 
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between consecutive coefficients. Thus we have in general two independent 

CO €D 

integrals of the form N^ -4^"+" and^ B^^'^^* respectively. These series are 



convergent when x<Cl , if « is positive, and convergent when «>• 1 , if s is nega- 
tive. In like manner, we can obtain two series of the form y A^^^ and 



CO 

^ B^^^'j and these series will be convergent when the former series are 



divergent. 

But if one of the functions / and ^ is of the first degree, it is necessary to 
take for/(S) that which is of the second degree, and we obtain two integrals 
of the form 2^4,^'*+''' which are always convergent, since by equation (4) the ratio 
Ar : A^_i will in this case contain two factors in the denominator which increase 
without limit, and only one such factor in the numerator. We can also obtain one 
series in the form Sa"*"*^*, but it will be divergent for all values of x. In like 
manner, if the function 4> is a mere constant, we have in general two integrals 
in the form of series convergent for all values of x. 

It is noticeable that the trinomial equation of the second order does not 
thus always admit of integrals in the form of convergent series in x. Thus the 
equation being 

the function ^ {^) may be the only one of the second degree, and in that case 
we should have only divergent series either in ascending or in descending 
powers of X. 

3. In discussing the binomial equation of the second order we may, with- 
out loss of generality, take q and s in equation (2) each equal to unity. For if 

""^ P*^* z = q^, whence ^' = z4-=--, 

dz 8 

the equation becomes 

(^•-t)(^-4)^-<^'-t)(^'-4) = ^- 

Taking therefore 

i^-a){^-h)y — x{^-c){^-d)y = (5) 
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(7) 



as the standard form when the second member is zero, the relation between 
consecutive coefficients is, from equation (4), 

_ (m + r — 1 — c)(m + r— 1— d) . . 

and, writing the complete integral in the form y = A^i + B^, , we have the 
two independent integrals 

„ — ^Ti J- ia—o){a— d) (g — c)(a — c + l) ( o— d)(a— d + l) _8 , 1 ^ 

Pi-aril-t i(„_j^i)a'+ i.2(a_6+T)(o_6 + 2) "^ + • • • • J 

and 

,, -^>r, , {b-e){b-d) (6-c)(6-c + l)(6-d)(6-d + l) -, 

or, in the notation of the hypergeometric series, 

where a = a — c, a' = 6 — c, 

I3 = a — d, ^' = h — d, 

y = a — 6+1, y' = 6 — a+1. 

4. If we further transform equation (5) by putting y =:x^v, we have, since 
/{^)afv = 7f/{^ + a)v, 

^{^ + a — b)v — x{^ + a — c){^+a — d)v = 0, 
or ^{^ + y — l)v—x{^ + a){^'\'^)v = 0, 

which is identical with the differential equation of the hypergeometric series as 
derived by Qnuss from the properties of the series itself (Werke, Band III, 
p. 207). The binomial equation (2) is therefore reduced to Gauss' equation by 

the transformations 2= qof, y=iz'v. 

If the function ^ in equation (1) is of the first degree, say ^(P)=zq(p — c) , 

q and s are each reduced to unity by putting x in place of — , and we have then 



only to supply the factor 



(? — d 



where d is infinite, to make the above general 



solution applicable ; this is plainly equivalent to omitting the c?-factors in equa^ 
tions (7). We have in this case 
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where /?= oo , and x now stands for ^— . In like manner, when ^(S)=g, we 
omit also the c-factors, and we have 

where a = oo , /? = oo , and x stands for ^ . 

6. If one of the diflFerences a — c^ a — d, h — c, h — cZis zero or a negative 
integer, yi or y^ becomes a finite series. 

If a = 6 the two series become identical, and if a and 6 differ b}' an integer, 
one of the integrals becomes infinite, a zero factor occurring in a denominator. 
We may in this last case assume a to be the greater of the two roots of /, so 
that y > 1 and y^ is the integral which fails. I have given elsewhere* the 
second integral in the case y > 1 , in the form 

,. = y. log X + (- .). ^-^^-^J^?^r- i)l____. ^ , + ^, („ 

where t is the sum of the terms of y, in equation (7) which precede the first 
infinite term (when y = 1 , ^ = O), and 

y-*Li.rU+/3 1 r) ^ i.2.r(r+i) 

/I. 1.1.1 1 1 1 IN.. ^/«^ 

a series differing from y^ only in that each coefficient is multiplied by a quantity 
which may be called its adjunct, consisting of the sum of the reciprocals of the 
factors in the numerator taken positively and of those in the denominator taken 
negatively. The cases were also considered in which a — 6 is an integer and at 
the same time one of the differences a — c, a — d or h — c, 6 — d is zero or a 
negative integer. 

In the present paper the same method will be applied to the analogous 
special cases which arise in connection with the particular integral of the equa- 
tion (S — a)(^ — h)y—x{^-c){^ — d)y = 1c7?, (10) 

and the results will in fact include those previously found concerning the inte- 
grals yi and y^ when the second member is zero. 

* The Messenger of Mathematics, Vol. XVI, p. 85, July, 1887. 
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6. Writing the complete integral of equation (10) in the form 

y = -^oyi + B^y% + ^» 

CO 

yi and y, are the series given in equations (7), and putting F= y (7^™+'', we 



have, instead of equation (3), 

(7o (m — a){m — h) a"* =1cx^, 

whence w = 2>, and ^ h 

'~{p-a){p-by 

The relation between consecutive coefficients is still given by equation (6) and 
the result is 

{p-a){p-b)l "^(p_a + l)(p-6 + l) 

. {p-o){p-o + ^){p-d){p-d + \) •, -] . . 

^(p-a"+l)(p-a + 2Xi>-6 + l)(p-6 + 2)^^----J- ^''^ 

If in the differential equation (10) we put ^ = 0, the exponent p is arbitrary ; 
the value of Fin general reduces to zero ; but, if we suppose 2> = « or jp = 6, we 
have the product of an indeterminate coefficient into y^ or y, as given in equa- 
tions (7). 

7. Among the special cases which arise we notice first that in which one of 
the diflFerences p — c or p — d is zero or a negative integer. Y is in this case a 
finite series. 

In the next place suppose one of the differences p — a or p — h to be a 
positive integer, say p — a = i. Then the {i + 1)*^ terra of yi contains the same 
power of X that occurs in the first terra of F. Let if be a constant such that 
the {i + 1)*^ term of My^ is identical with the first term of F, then all the 
following terms will be identical, and the particular integral F'= F — Myi will 
be a finite expression containing i terms. This finite integral would of course 
have been obtained directly if we had employed a descending series, in which 
case we should have written the differential equation in the form 

(^ _ c)(^ — d)y—x-\^ — a)(^ — h)y=— hx^-\ 

and the particular integral would be 

-hx"-^ r (p-a-l)(p-6-l ) -. 

(j,_c_l)(p_d— nL ^(p— c — 2Xj)-d — 2) ^ J" 



42 Johnson : On the Integrals in Series of Binomial Differential Eq^iotians. 

8. If ^ — a or p — b is zero or a negative integer, F in equation (11) is 
infinite ; thus, if jp — a = — i, the coefficient of x^'^^ contains a zero factor in 
the denominator. To find a particular integral having a finite value, we may 
put 2> = a — i + h, 

in which h will ultimately be put equal to zero. Denoting the sum of the first i 

terms by T, the value of Y is 

r= T I 7c ^^~^^ {p—e + i — l){p—d) (p—d + i— l)^^^^ 

(p — a) {p — a + i){p — b) .... (p — b + i) 

xTl I (p-c + i){p-d + i) I 1 

><L' + (p-a + i+Dip-b + i+l)''^' • • -J' 
or 

V— T-l- 2- (P— o) (o— c — 1+ h){ p — d) {a—d— 1 + A)_ ^. » 

i — j^K (_» + A) (_i-|-AJA(p_6) (a—b + h) 

JLf 

Denoting the coefficient of x""^* by -j- , and putting 

^W-^L^ + (l+A)(a-6+l+"A)'' 

(a_c + ^)(a^e + l+A )(a_d + ft)(a_d + l+A) ^ 

"T (i + A)(2 + A)(a — 6 + l+'A)(a — 6 + 2 + A) "^ J' ^^^ 

the value of Y becomes 

M 
Y= T+^{1 + h logx+ . . . .)l>i + /4'(0) + ....], (14) 

since, by the first of equations (7), 2/1 = 1^(0). Therefore, putting Y' for the 

particular integral Y 17 yi» ^^ hQ.Ye 

T=T+ My, logx + M^^{0) + ...., 

the terms not written involving powers of A. 

When we put A= 0, Tin this equation is the sum of the terms in equation 
(11) which precede the first infinite term, M is the coefficient of this term with 
the zero factor in the denominator omitted, and, denoting '4''(0) by y, we have 
for the integral when pzna — i, 

T=T+My,\ogx + My\ (15) 

In order to expand 1/ in powers of x, let us write 



00 
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so that, by equation (13), 

TT--i^^AH- (a-o+/^)-...(«-c+r-l + yt)(«-d+^)....(a-d+r-l+/t) 
"~ '~ il+h) (r + AXa— 6+l+A)(a — 6 + r + A) ' 

1 

hence 



2^ ''^^"^ "^Ll(a-6 + l)U-c + a — d 1 a-b-\-l)' 

\a — a — c + 1 



(a_c)(a— o + l)(a — d)(a — d + 1) 



' l.2(a — 5 + l)(a — 6 + 2) \a — o a — c + 1 ' a — d 

_^ 1 1 1 1 1 \ , -1 . . 

"»"a — d+l~l~2 a — 6+1 a-6 + 2>'^ J' ^^^' 

which is identical with equation (9), being formed from the value of t/i, equa- 
tions (7), by the law of the adjuncts mentioned in §5. 

9. If we put A: = and ^ = 6 = a — i, equation (15) gives the value of y, 
when a and b differ by an integer. Writing it in the form 



T = M(y,logx + t/ + -^), 



and recurring to the values of 7* and M^ see equations (11) and (12), we find that 
M is now indeterminate, but 

if V "-f (b — e) (6 — c + t — 1X6— d) (6— d + t— 1) 

r j6-^(6_d) T 

^L*^ l(6-o+l)*^'---J' 
we may therefore put, when 6 := a — i, 

y' = y^^^g"^ + y'-(-^) ^6-o)....(a-c-?)^-d)....(a-d-l) ^' (1^) 

where t stands for the sum of the terms which precede the first infinite term in 
y^ as written in equations (7). Equation (17) is equivalent to the equation (8) 
quoted from a preceding paper. 

10. The integral in equation (15) may be written out in accordance with 
the following rule : Write the terms as in equation (11) until a coeflScient with a 
zero factor in the denominator is reached. Express the remainder of the inte- 
gral as the product of this coefficient and a series whose first coefficient is unity. 
Omit the zero factor in the coefficient, and multiply each term in the series by 
the sum of log x and the adjunct of its coefficient. 
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11. Let us next suppose that, while a zero factor occurs in the denominator 
of a coefficient, one also occurs in the numerator of a coefficient; for example, 
suppose that 2> — c as well as jp — a is zero or a negative integer. If the zero 
factor in the numerator occurs in the same or in an earlier coefficient than that 
in the denominator, no infinite coefficient occurs. Denoting the sum of the 
terms preceding that in which the zero factor occurs in the numerator by F', 
Fis the sum of F' and an indeterminate multiple of yi, hence F' is a particular 
integral. But if the zero factor first appears in the denominator, the integral 
is given by equation (15), and y^ is a finite series. It is, however, to be noticed 
that j/ is still an infinite series, for the adjunct of each of the vanishing coeffi- 
cients in yi contains the reciprocal of the zero factor, and therefore simply 
destroys the zero factor, so that the remaining terms of j/ are the vanishing 
terms of yi with the zero factor omitted. If we had regarded *^ {h) as standing 
only for those terms in the second member of equation (13) which correspond 
to existing terms in y^, we should have written '^{h) '\-Ux{h) for the first 
member, and the final factor in equation (14) would have been 

Equation (13) would then be obtained by putting ^ = "4^ (O) + ;c (0) in which 
^^'(O) now represents the existing terms of yi with adjuncts, and ;f (0) tiic vanish- 
ing terms with the zero factor omitted. These terms in Mj/ are the correspond- 
ing terms as they occur in F, equation (11), with both zero factors omitted. 
Thus the rule for writing the integral given in §10 is in this case to be thus 
supplemented : If a zero factor occurs subsequently in a numerator, omit it, 
and discontinue the use of the logarithm and adjuncts. 

12. Next, let us suppose that each of the differences p — a and p — 6 is 
zero or a negative integer; in this case two zero factors will occur in the 
denominators in equation (11). Of the two numbers a and 6, let a be that 
which is not less than the other, we may then put 

6 = a — i and p'=zh — y , 

where i and/ are positive integers or zero, and the coefficient of x^"*"-^ is the first 
which is infinite. As before, we change the value of ^ to 6 — / + A, and ulti- 
mately put A = . 

Denoting, as in §8, by T the sum of the preceding terms, and by -j- the 
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coefQcient which is infinite when A= 0, the value of F becomes 

h L (p — a-\-j + l){p—b-\-j + l) J' 

or 

T= T\ ^x^x^fl I i^-o + hXb-d + h) 

z- J-t- ^ ar.s L^ ^^(6_a+l+A)(l + A)*^^ 

(b—c-\.h) . . . (o— 0— l+A)(6— d+A) . . . {a—d—l+h) , f ( q— c+A)(a— <^+&) l-i 

"•" (— i+l+A)...A(l+/i)...(i+A) «|1+ (i+A)(t+l+A) +•••}]• 

If we write this in the form 

Y=T+^^[t + l]. (18) 

^ is a function of A which, when A := 0, becomes identical with t in equation (17) 
and yi = N'^{h), (19) 

where '^{h) is the function defined in equation (13). Employing suffixes to 
denote the values assumed when A = 0, we have 

and it is readily seen from equation (17) that the complementary function in 
this case is >i • d f i t j t ^ 1 

Using accents to indicate differentiation with reference to A, equation (18) gives 
F= r+ ^ (1 + 7i logx + . . . .)(^o + *^^ + . . . .) 

+ ^(l + A \ogx+\h' \o^x+. . . .)(yio + hv!, + ~ AV + ....), 
or 
T= T+ ^no + ^ {to+no logx + nl,) 

+ M(jologx + t(,+ -2->7olog*a; + >7^1ogx + — >7^')+ , 

the terms not written involving positive powers of A. From equation (19), 

,;=W(«)++(o)f] = iv + !,.-^X; 

hence the terms involving negative powers of h are 

MN^ , MN^r U , , , ,-\ , M dN-\ 
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These terms coalesce with the complementary function above ; hence, rejecting 
them and then putting A = , we may (now omitting the suffixes) write for the 
particular integral 

T=T+M(t\ogx + i! + \yi\o^x^yi^\ogx+\r/'y (20) 

13. The series denoted by t and rf are derived from t and ri in the same 
manner that y in §8 is derived from yi, namely, by multiplying each coefficient 
by its adjunct. To find j;", let 

00 



then each H is of the form 

(a + A)(/9 + A) 



Difierentiating 



and 

whence, putting 7i = , 



and * 



Thus Yf' in equation (20) is the same series as that represented by yi except that 
each coefficient is multiplied by a factor which may be called its secondary 
adjunct, which consists of the square of the adjunct together with the sum of 
the squares of the reciprocals of the factors in the denominator taken posi- 
tively and of those in the numerator taken negatively. 

14. The initial terms of equation (20) show that the integral may be written 
out in accordance with the rule given in §10 until the second zero factor is 
reached, and the final terms give the additional rule : After a second zero factor 
in a denominator is reached, omit this factor and multiply each term by the 
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sum of -|- log* a, the product of log a; by the adjunct of the coefficient, and one 
half of the secondary adjunct. 

15. Finally, let us suppose that, while two zero factors occur in the denomi- 
nators, a zero factor also occurs in a numerator, as in §11. If the occurrence of 
this factor is subsequent to that of the first but not of the second of those in the 
denominator, the particular integral ceases to take the form (20). In this case 
Pi will be a finite series and y, will be of the regular form (7), containing 
higher powers of x than any which occur in yi. The particular integral will be 
of the form (15) except that the use of the logarithm and adjuncts is discon- 
tinued in the interval between the appearance of the zero factor in the numera- 
tor and the second of those in the denominator ; in other words, in the case of 
those powers of x which do not occur in either term of the complementary 
function. 

16. If, however, the zero factor in the numerator occurs subsequently to 
both of those in the denominator, the particular integral is given by equation 
(20), but a factor a in one of the coefficients H and in every subsequent coeffi- 
cient vanishes. The secondary adjunct in equation (21) may be written 

°' 4(E|-EI)+E(T-Ei)"-Ef +Ei- 

Hence one half the secondary adjunct is the infinite quantity 

"^C2^7~2^^/' 
and, since the adjunct itself is the infinite quantity — , the factor by which 

every vanishing coefficient in yj is multiplied is of the form 



IN'+Et-E4] 



The effect, therefore, is to cancel the vanishing factor and to multiply the term 
of >7 by the sum of log x and the adjunct of its coefficient as it now stands. This 
result was to have been expected, since, regarding the zero factor as cancelling 
one of those which have already occurred in the denominator, the subsequent 
terms may be regarded as belonging to the series t. In like manner, if a second 
zero factor occurs in a numerator (all four of the differences p — a, p — b, p — c 
B,ndp — d being zero or negative integers), the terms return to the condition of 
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the series Tin equation (20), and are written as in equation (11), the four zero 
factors cancelling one another. 

17. The complete rule for writing out the particular integral may be 
expressed as follows : 

Write out the terms as in equation (11); let the series terminate if a zero 
coefficient occurs ; in the infinite coefficients (which belong to powers of x occur- 
ring in one term of the complementary function), omit the zero factors and 
multiply by the sum of the logarithm and adjunct ; and in the doubly infinite 
coefficients (which belong to powers of a; occurring in both terms of the comple- 
mentary function, in one of them with logarithms and adjuncts) multiply by the 
sum of the half square of the logarithm, the product of logarithm and adjunct, 
and the half secondary adjunct as in §14. 

It is to be noticed that in forming the adjuncts and secondary adjuncts in 
equation (20), we ignore the factors included in the coefficient M. To include 
these factors would not indeed be incorrect, but would merely be equivalent to 
adding to T^ a quantity included in the complementary function. 

18. In what precedes, the binomial equation is taken to be of the second 
order. The results are obviously similar when the equation is of the first order. 
Thus, supposing it reduced as in §3 to the standard form 

{^ — a)y — x{^ — c) y = X, 

the complementary function is 

J,. = ^ [i + ^% + <^=^-^±i) «?+... .] 

[in finite form yi = a;**(l — a)^"""]; and if X='hz^^ the particular integral is 

p — aL ' p — a + 1 {p — a+ l){p — a + 2) J 

But if ^ — a is zero or a negative integer, an infinite coefficient occurs and we 

have the form 

T=T+My,\ogx + Mi/, 

as in equation (15), so that the rule for writing out the result is precisely the 
same aa in §10. 

19. It may also be noticed that the values of yi and F above are the inde- 
pendent integrals of a special case of the equation of the second order when 
the second member is zero ; for they are equivalent to the results of putting 
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d = 6 — 1 in equations (7). The case is that in which the equation admits of 
an integrating factor of the form cc"*. Thus multiplying 

{^ — a){^ — b)y — x{^ — c){^ — b+l)y = 
by a5~*"\ we have 

a;-*-^ (^ — b){^ — a)y — x-\^ — b+ 1)(^ — c) y = 

which, by the theorem (C), p. 96 of the preceding volume of this Journal, may 
be written D [a;-* {^ — a)y — x'^+H^ — c) y] = 0, 

whence, integrating and multiplying by a*, we have 

which is the binomial equation of the first order, its complementary function 
giving one, and its particular integral (involving k, which is now a constant of 
integration) furnishing the other of the two independent integrals of the given 
equation. 

In like manner, the three series in equations (7) and (11) are the three 
independent integrals of a special case of the binomial equation of the third 
order. 

20. The particular integral of the general binomial equation of the third 
order, when the second member is a power of a, is obviously of a form similar 
to Fin equation (11) ; thus, if the equation is reduced to the standard form 

{^-a){^-b){^-c)y-x{^-a){^-^){^-y)y = Jcx^, 

the particular integral is 

- {p-a){p-b){p-c)l' ^ (p-a + l){p-b + l){p-c+lf^' '"]' ^^^^ 

The same rules also apply with reference to those terms whose coefficients, as 
written in accordance with this equation, would be infinite or doubly infinite. 
In fact, the demonstrations already given are applicable to binomial equations 
of any order. 

21. For a term which would be triply infinite, the same method gives a 
similar extension of the rule. Thus, in place of equation (18), we have 

in which T, t,r and yj denote groups of terms written as in equation (22) except 
that the zero factors are omitted, there having been in the groups <, r and rj, an 
7 
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excess of one, two and three zero factors respectively in the denominator of 
each coefBcient. In the development of this equation 

F= r+ ^ (1+ * log X + . . . .){t + M-{- ) 

+ ^(n-Aloga;+-^A»log»a! + ....)(T + AT'-h-l**'^'+-'--) 
+ f, (l + A logx + ^ AMog»x + -^ ^» log«x +....) 

X (y, + hy!' + 1-hV + l-hY' + ....^, 

the terms involving negative powers of h will be found to coalesce with the 
complementary function, so that the particular integral corresponding to equa- 
tion (20) is the coefficient of h^ in the development, that is 

+ -^yj log»x+ -i.>7' log»x + -^rf' loga: + ^n"'). (23) 

This equation shows that the rules already given still apply to the terms which, 
as first written, are singly and doubly infinite, and for those which are triply 

infinite gives the rule: Multiply each coefficient by-^-log^a, the product of 

-|- log* a; by the adjunct, the product of -|- log a; by the secondary adjunct and 
one sixth of a tertiary adjunct 

22. The tertiary adjunct of a coefficient in >; is the factor by which the 
coefficient must be multiplied to produce the corresponding coefficient of rj'^^. 
Employing the notation of §13 for any coefficient, thus 



H= 



_<^Pr 



Xjxu 
let 
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Denoting by D the operation of taking the derivative with respect to a quantity 
hy added to each of the quantities a, /?, y , . . . . and ;i, ^, r, . . . . and afterwards 
put equal to zero, 

i)/Si = /Si,2)/S,= 2;SB, 2)/X = 3/Si, DS^ = nS^^r^ 

We have then 

DH=HS^, 

D'RzziHiSl+S,). 

I)^E=H{S!+3S,S,+ 2Ss), 

D'H= H{S,' + 6S!S, + SS^Ss + 6S, + 3/S?) , 

L^H= H{Si + lOSlS, + 20S!Ss + 30S,S, + 24S, + 16S,Si + ^OS,S,), 

for the corresponding coeflScients in ^', >;'', >;''' ; thus, for example, the 

tertiary adjunct is SI + SS^S^ + 2/S;. 

23. In general, if yj represent a group of terms in which as first written 
there is an excess of n zero factors in the denominator of each coeflScient, the 
terms corresponding to >? in the integral, derived as in §21, will obviously be the 
coefficient of h^ in the development of 

that is to say, it is ^(iogx + 2))>. 

24. As an example of the process, let us take the equation 

(^_«.)g + (9a:»_2x»)g + (18x+2x')^ + 6y = fc-. 

which, written in the ^ notation, is 

(^ + 1) (3 + 2)(^ + 3) y — a; (^ ^ 2) 3 (^ + 1) y = kz-\ 

By equation (22) we have 

„ fcr-» , _7. — 5. — 4 _. , _6. — 4. — 3 , 

^= ,4.-3.-2 + P'^ -3.-2.-l ^ ^+P^ -2.-1.0 ^"^ 

— 5. — 3. — 2 . , _4._2. — 1 , 
+ P^ -1.0.1 ^ +P'- 0.1.2 ^ 

— 3. — 1.0 , —2.0.1 , , —1.1.2 , 
+ P^ 1.2.3 '^+P^-T37r^ + P'-3XF^ 

0.2.3 , . 1.3.4 . . 2.4.5 , . 
+ P' 4X6 '^ + P^ 576:7 «=+P'^ 6X8 '^ + 
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in which, for shortness, the character pr in each coefficient is used to denote the 
preceding coefl5cient. The coefficient of x*" is here triply infinite only for r = — 1 ; it 
is doubly infinite for r = — 2 and r = , and singly infinite for r = — 3, r = 1 and 
r= 2; the remaining terms belong to the group T. It is convenient to calculate 
beforehand the necessary values of /Si, /Si and /S,, the values of these quantities 
being zero for the first infinite coefficient, and each successive value being found 
by adding to the preceding one the part corresponcfmg to the new factors intro- 
duced. The result is given in the following table : 





r 


Si 




S, 


s. 


— 5.— 8.— 2 


81 




1489 


4591 


l.-l 


— 2 


30 




900 


27000 


-4.— 2.— 1 
2.1 


— 1 


81 18 _ 257 
80 4 60 


1439 1 
900 16 


_5531 
"8600 


4591 145 526108 
27000 64 " 216000 


-8.-1 
8.2.1 





257 19 _ 149 
80 6 "" 20 


5531 1 
8600 "^ 4 


6481 
"8600 




-2.-1 
4.8.2 


1 


149 7 _ 241 
"" 20 "~ 12 ^ 80 








— 1.1.2 


2 


241 17 499 
80 60 ~ 60 








5.4.8 





We may now write out the value of F in accordance with the rules estab- 
liBhed, thus 

_ fe _. 35fe 

+ 



^^"'-se-^ 



+ 3bk [a;-' loga + 30x-»] "2- log** — -^^ loga 

1 /257» 5531\ , 2./ 257^ _ 3 ^^ ^ _ 626103 \1 

+ — log SB (^ g^ + ggOQ j + -g- (^ 60» 60 3600 216000/} 

fl, . 149, , 1 /149' 6431\1 ^ /, 241\ 

1 - /, 499\ 1 ,/, , 1.3.4 1.3.4.2.4.5 ,, \-| 

--6-^0^g^~"6O;-12o"^C^ + 6X7 '^+ 6.6.7.6.7.8 ^+" 'VJ' 

or finally 

^ X-* + 35/« fa;-' log x + ISx"* log» x— Six"* log x + 40x-* 
36 L 

— 20x-^ log'xH- 267x-* log*x— 1193x-Mogx 



F = X" 

^ — 24 



21765097 _j 
+ 1296000 * 



30 log* X + 447 log X — 

241 1 ,, , 499 , 

+ 5x logx ^ X g- X* logx + jrr^ x* 



6156 



6 



360 



_ 1 . 1_ 4_ -] 

120*^ 2100* J 
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If Ayi + By^ + Gy^ be the complementary function in this example, the 
values of yi, y, and y, maybe derived in like manner from the value of F above, 
taking the coefficients of y«i, y_2 ^-^d y^^ respectively as unity. We should 
thus find 
y, = «■"• + 3035""* log X — 60x""^ log* x + 390aj""^ log x — 630a;-^ — 60 log x 

+ 385 + 5a; — . 4- a*, 

u 

yg = a;"* — 4ar^ logcc — 2, 
and yi = x"^ 

(so that the terms containing aj~^ in the values of F' and y^ may be rejected). 

25. The following formulae for the verification of integrals consisting of 
terms of the form af, x"" logaj, a*" log^aj, etc, may be noticed in conclusion. From 
the definition of the symbol 3 we have 

3x^F= x' (^ + r) F, yx'F= ^af (^ +r)V=^{^ + rfV, etc. 

whence /(3) being an algebraic function, 

/(^)x^F=a;y(^ + r)F. 

But since 

31 =0, 

^logaj =1, 3Mogx =0, 

31og*x = 2loga;, 3Mog*x=2, 3Mog»a = 0, 



we have 

/(^)l =/(0), 

n^)logx =/(0) +/(0)logx, 

/(^)log»x=/'(0) +2/(0)loga; +/(0) log»x, 

/(^) log'»=/"(0) + 3/'(0) logx+ 3/'(0) log»a5+/(0) log»x, 

Hence, putting in the formula above F=log"a5, we have forn = 0, 1, 2, 

/(^)x' =af/(r), 

/(^) af log X = af [/' (r) +/(r) log x] , 

/(3) x' log* X = X' [/" (r) + 2/ (r) log x + /(r) log* x] , 

and in general, 

/(P) of log* « = [-^ + log «]/(3) x-. 
Now if the diJSferential equation be 



54 ^ Johnson : On the Integrals in Series of Binomial Differential Equations^ 

the integral, which is of the form 

F= SA^' + logxSB^ + lo^xXG^ + 

will be verified if the result of operating upon it with 

/(^)-a4»(3) 

is Jcx^. The result of operation is, by the formulae just demonstrated, 

XAJ{r)x^ -2^,^(r)af+^ 
+ XBrf (r) ;xf - 25,^' (r) x^^^ + [2J5./(r) x' - XB^ (r) af +^] log x 
+ 2a/'(r)x''-2(7,<^''(r)af+^+2[2a/(r)af-2C7,<^'(r)x^+^]logx 
+ [2a/(r)x^ -2C7,4>(r)x^+^]log»x, 

in which the aggregate of terms independent of log x must reduce to kx^, and 
the coefficient of each power of log x must separately vanish. The first of these 
conditions involving all the terms of Fwill constitute a good verification; and 
it appears that the aggregate which should reduce to kx^ consists simply of the 
products of each term independent of logx by the value of /(r) — x^W for 
that term, of each term in the coefficient of log x by the value of/'(r) — x^' (r), 
and so on. The example in §24 was verified in this way. 

The last of the conditions mentioned above shows that the coefficient of the 
highest power of log x in F is in all cases a multiple of a term of the comple- 
mentary function. 



Sur certaines courhes qu^on peut adjoindre aux courhes 

planes pour Vetude de leurs proprietes 

infinitesimales.* 

Par M. Maurice d'Ocagne, Inghiiev/r des Pants et GhaussSes. 



1. Soit c une courbe plane quelconque. Dans le plan de cette courbe prenons 
arbitrairement deux points et P (Fig. 1). M 6tant un point variable sur la 




Fio. 1. 

courbe c, tirons Oif et menons Pfi" parallfelement h. la normale en Jf i la courbe 
c. Le lieu du point 5" est une courbe que nous designerons par la lettre n. 

On voit imm6diatement que la courbe n passe par les pieds des normales 
menSes du point P ^ la courbe c, qu^elle a pour asymptotes les normales menses 
^ la meme courbe par le point 0, et qu'elle passe par les points de rencontre 
du cercle d6crit sur OP comme diamfetre, avec les tangentes menees de i la 
courbe c et avec les parallfeles aux asymptotes de la courbe c menses par le 
point 0. 



*M6moire pr6Bent6 & rAoad^mie dee Sciences de lisbonne. 
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Si la courbe n est connue h priori, elle determine du meme coup tous lea 
616ments qui viennent d'etre Snumeres; elle permet en outre 6videmment de 
mener la normale en un point donne sur la courbe c ou de determiner les points 
de cette courbe oii la normale a une direction donn6e. 

Voyons maintenant comment elle permet aussi de construire le centre de 
courbure r^pondant k tout point de la courbe c. 

2. Soient D. , le centre de courbure relatif au point Jf , 

JV et /, les points ou la perpendiculaire 61ev6e en i OM coupe les 
normales en if et en -ffaux courbes c et n, 

E, le point oil la perpendiculaire 61evee en P a PH coupe la normale HI. 

Repr6sentant par dc et dn les differentielles des arcs des courbes c et n aux 
points if et -ff, par d(d et da les differentielles des angles que OMet PH font 
avec OPj on a dc = MN.do = M£i.da, 

dn=HI.d(d =HJE.da. 
Done Ma _ HE 

MN- HI' 

Par le point E menons a OM une perpendiculaire qui coupe HP au point 
Qj et appelons H' le point oii HP coupe 01. Nous avons, par les triangles 

semblables HEQ et HIH\ 

HE_ HQ 

HI - HH' 

par suite, HQ^ _ Ml 

HH' ~ MN ' 

ce qui prouve que le point Q se trouve sur la droite Ofl. Cette remarque 
permet d'obtenir le point li, mais nous allons simplifier la construction. A cet 
effet, prolongeons P^ jusqu'k sa rencontre en -Favec OM, et tirons QF. 

Dans le triangle EHQ, EP est la hauteur issue du sommet E, HF la 
hauteur issue du sommet H; il suit de la que QF est la hauteur issue du sommet 
Q ; et, comme HE est la normale enHklo, courbe n , on voit que QF est parallMe 
k la tangente en Hk cette courbe. 

Soit Jf' le point ou la normale en if ^ la courbe c coupe la droite fixe OP. 
En M' 61evons k MM' une perpendiculaire qui coupe OM en L. PF 6tant 
perpendiculaire a PH est parallfele a M'L. Done les triangles OLM' et OFP 
sont semblables, et on a 

pL _ow_m 

OF- OP ~ OQ' 
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De la r6sulte que L£i est parall^le k QF, et, par suite, k la tangente en jET & la 
courbe n. 

La construction du centre de courbure fi relatif au point M est done, en 
definitive, la suivante : 

La normale en Mh la courbe c coupant la droits fixe OP au point if^ on Slhve 
en W h MjSf une perpendiculaire qui coupe le rayon vecteur OM au point L ; par le 
point L on mene h la tangente en H h la courhe n une paralUle qui coupe MM' au 
centre de courbure £1 • 

3. Si P-ffest tangente en H k la, courbe n, LD, est parallfele a MM\ Le 
centre de courbure D, est done rejet6 k Tinfini et le point M correspondant est 
un point d'inflexion. Done, 

Les points S de la courbe n correspondant aux points dHnflexion de la courbe 
c sont les points de contact des tangentes men6es de P a la courbe n. 

4. Les propriet6s sus-6nonc6es de la courbe n montrent tout Finteret qui 
s'attache k sa consideration pour Tfetude de la courbe c. Bhs lors une question 
se pose tout naturellement k Pesprit : La courbe n kant une des courbes les plus 
simples, droite ou cercle, trouver toutes les courbes c correspondantes. 

Remarquons d'abord que Tequation difFerentielle des courbes c correspon- 
dant k une courbe n donnee se forme imni6diatement. Prenons pour origine, 
OP pour axe des x et soient x et y les coordonn6es du point Jf , x^ et y^ celles 
du point H] on a d'abord 

y _ jl (1) 



a?i 



et, en posant 0P=^ a, 







dy _a — .Ti 


Si done r^quation 


de la courbe 


n est 
/(iti,yi)=0, 



(2) 



rSquation diflferentielle des courbes c correspondantes s'obtiendra par Telimina- 
tion de xi et y^ entre les trois Equations precedentes. 
5. Soit done d'abord 

Vi = wxi + n (3) 

8 
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r^quation de la courbe n. Des Equations (1) et (2) on tire 

axdx 

* ~ xdx + ydy ' 

aydx 

^^ xdx -j- ydy ' 
Portant ces valeurs dans (3), on a 

aydx = maxdx + n {xdx + ydy) 
ou [(ma + n)x — ay] doc + nydy = , 

Equation homog^ne dans laquelle on 86parera les variables par la substitution 
yz=:ux, ce qui donne 



dx udu 

"•" J a ma ~ ' 



^ -,»_ A., J-*?*? J- 1 ^ (4) 



II 7 a trois cas a consid6rer pour Fint^gration de cette 6quation suivant la nature 

des racines du trindme du second degrS en u, qui figure en denominate ur. 

1* Cas. — L'6quation 

4 a . ma , ^ 

n n 

a ses deux racines r^elles. 

Soient p^iq ces deux racines, p 6tant > 9. 

On a alors 

u p 1 q 1 

n ' n 

et I'fiquation (4) devient 

dx p du q du 

X p — q ' u — p p — q'u — q ' 

d'oii, en integrant 

^ (u-qy-'^ 

{y-qxy-'' ^^^ 

On obtient done des courbes alg^briques 81 p etq sont commensurables. 



*Ici, comme dans tout le reste du M6moire» nous d^signons par c une constante arbitraire; nous 
conserveronB par suite cette lettre dans lea transformations successives d'une m^me formule, bien que 
Bi on suppose attribute une certaine valeur & cette constante dans une des formules, cette valeur puisse 
ne pas Stre la m^me pour les constantes reprteent^es par la mdme lettre dans les formules subs^uentes. 
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Quels que soient ^ et g, la courbe (5) coupe normalement I'axe Ox\ la 
verification de ce fait est immediate. 

Supposons que p et q soient entiers. 

Si p et q so'nt de meme signe, la courbe appartient au genre parabolique 
c'est-a-dire qu'elle a des branches infinies sans asymptotes. EUe est tangente ^ 
I'origine ^ la droite y=qx. 

Si 2> ^t g^ sont des signes contraires, la courbe appartient au genre hyper- 
bolique. Bile admet pour asymptotes les droites y-^px et y=:qx. Des 
relations , a ma 

on. tire !>? — 1 « 

m = — j — , n = 



i> + 9 P + 9 

Le coefficient m 6tant ind6pendant de a, si le point P se d6place sur I'axe 
Ox, la droite n pour la meme courbe (6) se d6place parallfelement & elle-meme. 
Or, d'aprfes une des propri6tes fondamentales des courbes n (No. 1), les points 
de rencontre de la droite n et de la courbe (5) sont les pieds des normales menses 
& cette courbe du point P. Ainsi done : 

Lorsque le point P (Ucrit Vaxe Ox, la droite qui joint les pieds des normales 
menses de ce point a la courbe (5) se deplace parallMement h elle-meme. 

En particulier pour 2> = 2, g = 1 , la courbe (5) devient la parabole 

{y-2xf _ 

y — X 

On a done ce th6orfeme : 

Si un point dScrit une normale a mie parabole, on peut de ce point mener constam- 
meat deux autres normales h la parabole. La d/roite qui joint les pieds de ces deux 
normales se deplace parallelement a elle-m^me. 

On peut aussi remarquer, en vertu d'une autre propri6t6 fondamentale des 
courbes n, que la droite n passe par les points de rencontre du cercle d6crit 
sur OP comme diamfetre avec les tangentes men6es de S, la courbe (5). 

Lorsque cette courbe appartient au genre parabolique, ces tangentes se 
confondent avec la tangente en S. la courbe (6). Done, dans ce cas : 

La droite nest la tangente au cercle dScrit sur OP comme diamhtre menSe par 
le point oil ce cercle est coupS par la tangente en h la courbe (5), c^est-brdire par la 
droite y^=i qx. 
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En particulier pour la parabole repondant aux valeurs j>= 2, 9= 1, on a 
ce th^or&me : 

La normale en un point d^une parabole coupe cette courbe en nn second point 0. 
D^un point P pria sur cette normale on pent mener h la parabole deux autres nor- 
males. Les pieds de ces normales sont sur la tangente au cercle decrit sur OP oomme 
diametre, menee par le point ou ce cercle est coui)S par la tangente en h la parabole. 

Dans le cas oil la courbe (5) appartient au genre hyperbolique les tangentes 
issues de sont les asymptotes y =px et y = qx. On a alors ce th6orfeme : 

La droite n est la droite qui joint les points de rencontre da cercle decrit sur OP 
comme diamhtre avec les asymptotes de la courbe (5). 

Un cas particulier interessant est celui o\l Ton a 9 = — p^ qui se produit si 
la droite n est perpendiculaire a OP. 

L'equation (5) devient alors 

y* — i>V = c; 

conique de centre ayant ses axes dirig6s suivant Ox et Oy. Ainsi : 

Le lieu des points de rencontre des diamhtres d'ane conique et des paralUles aux 

normales correspondantes, menees par un point de Fun les axeSy est une perpendiculaire 

h cet axe. 

Si nous appliquons ici la construction du centre de courbure donn6e au 

No. 2, nous obtenons precisement la construction qui a 6t6 indique pour Tellipse 

par M. Mannheim* et qu'il a obtenue par une voie essentiellement differente de 

celle qui precede. II est curieux de voir que cette dernifere construction resulte 

simplement d'un cas tr^s particulier d'une propri6t6 extrfemement generale. 

2® Cas. — L'6quation 

g a ma 

n n 

a ses racines egales. 

Soit p cette racine double. On a alors 

u P 



r.+ 



vr wH HI 

n n 



et Tequation (4) devient 



dx pdu du 

.X {u — pf u — p 



♦ Coura de giomitrie descriptive de VEeole polytechnigue, 1® 6d., p. 176 ; 2© 6d., p. 178. 
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Son integrals est 

Ix h l(u — p) =c, 

u — p ^ ^ ' 

ou x{u — p) 

5 = C, • 

c'est-Srdire y — ^ = c&^^, (6) 

3® Cas. — L'equation 

w* U'\ 1-1 = 

n n 

a ses racines imaginaires. On peut alors mettre le trinome du premier membre 

sous la forme (w + (if + 6* 

et r6quation (4) devient 

Ax udu __ 

V"^(tt + a)* + 6»"" ' 
dont l'int6grale est 

Ix+ -y ? [(t^ + a)* + 6*] — -|- arc tang ^^-^==0, 

ou \^(u + ay + b^ _ 

^ ^f arc tang's^ — ^' 

OU encore (y + axf + 6V = ce"^ "° **"* '-^. (7) 

Les Equations (6) et (7) sont trop compliqu6es pour se preter k une discus- 
sion interessante. 

6. Supposons maintenant que la courbe n qu'on se donne soit un cercle 

(xi-a)»+(yi-6)' = 7*. (8) 

Portant dans cette Equation les yaleurs de xi et j/i calcul6es plus haut, on a pour 
rSquation differentielle des courbes c correspondantes, 

[oLQcdx — a {xdx + ydy)Y + [aydx — h {xdx + ydy)Y = r* {xdx + ydyfj 

Equation homog&ne du second degrS que nous ecrirons en posant pour simplifier 
a» + 6» — r« = X*, 

et oii on op&re la separation des variables par la substitution y=:t^, ce qui 
donne 



XV (u+x -^J — 2{abu^ + (aa — A,*) u)(u + x -^J 

+ aV — 2abu + a* — 2aa + X* = 0. ^ 



(9) 
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De la on tire, aprfes reduction, 

du abu + {aa — X^±:a^/(b^—X^)v? + 2abu + (^ — }? 
' dx /*U 



OU d^ , ^'^^ - rio) 

X ^/V — aftu — (aa — /2)q=a>v/(62 — x2)u« + 2a6u + a^— /»"" ^ ^ 

On rendrait cette Equation rationnelle par la substitution k la variable u de la 
variable z d6finie par 

V(6« — X^) u^ + 2abu + a^ — X^=:\/b^ — X^u + %\ 

mais on est ainsi conduit k des calculs d'une grande complication et sans int6ret 
veritable. 

Nous nous bornerons 5. certains cas particuliers. 

7. Supposons d'abord que le cercle ait son centre au point 0. Alors • 

a=0, 6=0, A,*= — r*, 
et r^quation (10) devient 

da? tmAu 



Posons \/ 1 -}. 16* = z, 

d'oii 1 + w* = 2*, vdu = zcfo. 

L'equation pr6c6dente se transforme alors ainsi 

dx rdz 

h —r- =0. 

X rzdoOL 

L'int6grale de celle-ci est 

jc (rg d: a) = c 



OU 

OU encore 



a^ + 2/ = :pr^ ' 



On trouve ainsi deux coniques ayant pour foyer et Ox pour axe. Ces 
coniques sont des ellipses, des paraboles ou des hyperboles suivant que a est 
infSrieur, 6gal ou sup6rieur k r. 

De IJl ce th6orfeme : 

Ze lieu des points de rencontre des rayons vecteurs d^une conique issvs d^vn foyer 
et des parallhles aux normales correspondantes, menSes par un point de Faxe focal, est 
un cercle ayant ce foyer pov/r centre. 
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Appliquant a ce cas particulier la construction g6n6rale du centre de 
courbure donn6e au No. 2, on obtient ce th6orfeme connu : 

Si la normale en un point M d^tme conique de foyer coupe Vaxe focal au 
point iT et que la jperpendiculaire Mev6e enM! a MM coupe le vectev/r OM au point L , 
Ta perpendiculaire &levSe en L h OM passe par le centre de courhvnre fl relatif au 
point M. 

8. Supposons maintenant que le cercle n passe par le point et ait son 
centre sur Taxe Ox. Dans ce cas 

X= 0, h — 0, 
et l'6quation (9) devient 

— 2aaw \u-\' X -t-\ + a*^* + a* — 2aa = , 

ou, toute reduction faite, 

dx 2audu 

V""(a— 2a)(l + u*)' 

L'int6grale de cette Equation est 

lx = —^l{l + u') + c, 
a — 2a ^ / • » 

o 

ou x = c(l + tA*)*-««, 

OU encore a? = c (a:* + y*) * . 

En posant a^ _ m — 1 , 

a ~ 2w ^ ^ 

on voit que cette Equation pent s'6crire 
ou, en passant aux coordonn6es polaires, 

p C0S"*6) = c. 

Cette forme d'6quation met bien en Evidence la nature de ces courbes. 
EUes coupent normalement I'axe Ox au point situ6 k la distance p = c de 
Porigine. 

Si m est positif la courbe est parabolique. 

Si m est n6gatif elle est ferm^e et passe par I'origine. 

De (11) on tire a 

^ = TT ^ (12) 

a — 2a ^ ^ 
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m sera done positif ou n6gatif selon que P sera ext^rieur ou int6rieur au cercle n. 
II en r6sulte, d'apres ce qui a 6te dit au No. 3, que lorsque m est positif, c'est-^ 
dire lorsque la courbe est parabolique, il y a deux points d'inflexion. 

Ces points d'inflexion sont 6videmment sym6triques par rapport a Ox. Soit 
9 rinclinaison de leurs vecteurs sur Ox. 

L'angle s'obtient en menant du point P la tangente PH au cercle n et 
irant OH (Fig. 2). 




Fia. 2. 



Soient A le centre du cercle n, {OA =:a)f B le pied de la perpendiculaire 
abaissee de jETsur OP. On a 



ct2 A — ^ — 0^—0^ _ OB.OD—OB' _ OP— OB _BD_ a — AB 
tangle — ^^,_ ^^, — Q^ Q^ ~ 0B~ a^AB' 

Mais ^^^ 

Done 

tang* = 



ou, d'apr^s (12), 



Off 


~ OB 


AD" o» 




AF ~ a — a' 




c? 




a — a a 


— 2a 


a H 

a — a 


a ' 


tang»e- ^ . 





(13) 
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9. Revenons a la definition des courbes n (No. l) et eupposons main tenant 
que dans cette definition, nous remplacions les parall^les menses par le point P 
aux normales de la courbe c par des parallMes h ses tangentes; nous obtiendrons 
ainsi pour chaque position des points et P une courbe que nous d6signerons 
par la lettre t. 

Les courbes t permettent de r6soudre relativement a la courbe c les memes 
questions que les courbes n . 

On voit immediatement qu'elles passent par les points de contact des tan- 
gentes men6es du point P a la courbe c, par les points communs aux normales 
a cette courbe issues de et au cercle d^crit sur OP comme diam^tre, et que 
leurs asymptotes sont parallfeles aux asymptotes de la courbe c et aux tangentes 
menees de ^ cette courbe. 

Elles permettent 6galement de construire la tangente en un point de la 
courbe c et les points de contact des tangentes k cette courbe, parallMes k une 
direction donn6e. 

10. Elles permettent aussi, comme les courbes n, de determiner le centre de 
courbure pour tout point de la courbe c. 

Appelant H le point de la courbe t correspondant au point M de la 
courbe c (Fig. 3), reprenons toutes les notations du No. 2. Nous aurons encore 
ici par le meme calcul ^^ rrjp 

MN~HT 




Fla. 8. 
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Nous m^nerons aussi par le point JE une perpendiculaire k OM^ mais au lieu de 
prendre son point de rencontre avec HP nous le prendrons avec la perpendicu- 
laire 61ev6e en H\ HP et nous appellerons ce point de rencontre Q. On aura 
alors, en appelant H^ le point oil HQ coupe ON, 

EQ _HE_Ma 
HH'~ ni~ MN' 

et cela montre que le point ft se trouve sur la droite OQ, 

Ici, la simplification que nous avons tir^e, dans le cas de la courbe n, du 
th6or^me des trois hauteurs, ne se produit plus. Done, la construction du centre 
de courbure est plus simple au moyen de la courbe n qu'au moyen de la courbe t] 
et c'est pourquoi nous avons d'abord consider^ la courbe n. 

11. Voici d'ailleurs comment le cas de la courbe t se ramfene k celui de la 
courbe n (Fig. 4) : 




Fio. 4. 

Soit n\e point de la courbe t qui r6pond au point if de la courbe c. En P 
61evonslL P5'une perpendiculaire qui coupe OM en -Hi; J3i est le poiat corre- 
spondant de la courbe n. Pour appliquer la construction simple donn^e i^ la fin 
du No. 2, il suffirait de connaitre la tangente en H^ a la courbe n; or cette 
tangente se d^duit tres ais6ment de la tangente en ^ ^ la courbe <, qui est ici 
r616ment connu, grace k un theor^me que nous avons donne ailleurs.* 

Voici quelle est cette construction : 

La droite OH coupe la perpendiculaire elevee en P d OP, qui est une droite fixe^ 
en un point S. La tangente en H dla courbe t coupant PH^ en J, on tire JS qui 
coupe PH en J^. S\J\ ^t la tangente a la courbe n au point Hi. 

* Journal de MatJUmatiques sp^icdes, 1885, p. 15 et 83. 
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Si done PH est tangente k *, PHi sera tangente k n. Rapprochant ce 
resultat du th6or^me donn6 au No. 3, on voit que les points de la courbe t corre- 
spondant aux points d'inflexion de la courbe c Bont les points de contact des 
tangentes menses du point P k t. 

12. II nous reste k traiter pour les courbes t les memes problfemes que pour 
les courbes n. 

Supposons d'abord que, se donnant la courbe t absolument quelconque, on 
cherche les courbes c correspondantes. 

Prenons pour origine le point 0, pour axe Ox la droite OP. Posons 
OP = a et appelons x et y les coordonnSfes du point if, Xi et yj les coordonnSes 
du point H. Nous avons 

y _ yi 

X SCi 

dx a?! — a' 



d'oil ^ axdy 

~ xdy — i 
_ aydy 



^ xdy — ydx'[ ^^^j 



yi 



osdy — ydx * 



Portant ces valeurs de a^ et yi dans I'equation de la courbe t donn6e, on obtient 
r^quation diffi^rentielle des courbes c correspondantes. 

13. Supposons d'abord que la courbe t donn6e soit une droite 

yi= mxi + n. 
L'6quation diff6rentielle correspondante sera, d'apr^s les formules (14), 

aydy = maxdy + n {xdy — ydx) 
ou [(Twa + n)x — ay] dy — nydx = , 

equation homog^ne dans laquelle on s^pare les variables par la substitution 
y=iux. On obtient alors 

dx . [ma + n — au]du 
X au{m — u) 



. ma + n r dt» dtt n , du 

ma L u u — mJ u — m 



ou da? ^_ ma + n p dt» du -^ ^^ du 

X 
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dont I'int^grale est 

X \ I (u — m) = c , 

Ltt — mJ ^ ^ 

ou y~*+'* = c(y — m»)^ (16) 

Lorsque m, n et a sont commensurables, cette equation peut toujours se mettre 
sous la forme y^^=c{y — mxy, 

p etq 6tant des nombres entiers. 

Pour ma + n = 2n, ou ma = n, on a une parabola 

y^ = c{y — mx), 

qui passe par I'origine ou elle est tangente h, la droite y — mx=:0. En outre, 
puisque ?wa = n, le point P est sym6trique par rapport a I'origine du point oxi 
la droite t coupe Taxe des ir; en d'autres termes le point P est le pole de la 
droite t] de la ce th6orfeme : 

Soi€7it P un point quelamqve pris dans le plan cPune parabole^ O Vextremit^ 
du diametre de cette parabole qui passe par le point P. Le lieu du point de 
rencontre des vecteura des points de la parabole^ issus de 0^ et des parallUes aux 
tangentes correspondantes menees par le point P est la pdaire du point P par rapport 
a la parabole. 

La transformation homographique de ce th6or^me conduit k cet autre : 
Solent P un point quelconque pris dans le plan dHurve coniqve tangente en Ah la 
droite a, le second point oU la droite PA coupe la conique. Si la tangente en un 
point M dela conique coupe la droite a au point T, les droites PTet OM se ooupent 
sur la polaire du point P relativement h la conique. 

La propri6t6 corr61ative peut s'6noncer ainsi : 

Soient p une droite qudconque situee dans le plan d^une conique tangente en Ah 
la droite a; du point commun aux droites p et a, on peut mener h la conique une 
seconde tangente d. Si la tangente en un point M quelconque de la conique coupe la 
droite d au point T et que la droite AM coupe la droite p au point /, la droite IT 
passe par le pole de la droite p relativement h la conique. 

13. A I'aide des formules (14) on formerait de meme T^quation diCFerentielle 
des courbes c ayant pour courbe t relativement aux points et P un cercle 
donn6. Mais on tomberait alors, ainsi qu'au No. 6, sur une Equation homog^ne 
compliqu6e. Nous nous contenterons de traiter un cas particulier, celui oii le 
cercle t a pour centre le point O. 
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Dans ce cas I'^quation diflFerentielle est 

a Vdy* + a^l^dy^ = r* {xdy — yrf«)*, 
ou [(a* — r*) X* + ayj dy^ + 2r^xydxdy — T^i^ds? — . 

Par la substitution ^ = i^, nous donnons h, cette Equation la forme 

(a* — r* -}- ^'^) ^ (^^ + »^^)* + 27^va?dx {udx + xdu) — r^u^a^da? = 0, 

a* — r + a V 
qu'on pent 6crire 

dx (aV + a» — r»)dii _ 

a? "'"au[a(l + u')=Fr\/l + u^]~ ' 

ou da? ^^ audu '_ a' — r* du 

Op6rons le changement de variable 

1 +u^ = z\ 

d'oii udu=^zdz. 

II vient ^ , adz a* — r^ dz _ 

X a«=Fr a (i» — l)(a2 q= r) ~ 

Effectuant la decomposition de la fraction rationnele qui figure au dernier terme 
on a 1 1 ^^ 1 1 



(^_l)(a,=Fr) 2{a^T){z-l)^ 2{a±r){z + \)^ f'-a' . .^ 

L^equation diflFerentielle pr6c6dente devient done 



dx adz 

X az 



idz ^{a±r)dz(a=pr)dz adz 

^"'" 2a{z — l) "^ 2a(z + l)~6wTr~ ' 



dont I'int^grale est 

a!»'(z— l)»±'-(8 + l)*T'' = c, 



ou 



(Vjc* + 2/» — a;)'±'-Ka^ + y* + a:)*'^'* = C 



ou encore ^ /yji^g— a;\±''_ ^ 

•^ VVa!* + y» + a;/ 
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qu'on peut aussi 6crire en multipliant haut et bas par (Va:* + y* — x)***, 

ou (f^±r-Y 2cxy ±»' = 1. 

Pour les doubles signes de toutes les formules pr6c6dente8 il est bien 6vident que 
tous les signes sup6rieurs doivent etre pris ensemble, ou tous les signes inf^rieurs 
ensemble. 

Pour a = r, auquel cas le cercle t a pour rayon OP, on a les deux courbes 

c*y* + 2ca; = 1 , 

paraboles d'axe Ox et de foyer 0, r6sultat qui pouvait etre pr6vu h priori. On 
a ainsi une verification de la solution pr6c6dente. 

14. Si on se reporte i^ la Fig. 3, on voit que le point M peut etre consid6r6 & 
chaque instant comme ayant une vitesse dont les composantes sont les parall^les ^ 
OHet k PO menees par le point M. La tangente S.la courbe que d6crit le point 
M est, en effet, par definition, parall&le k PH. 

PO est fixe. En outre, pour le cas traits au No. 13, OH est constant 
puisque le lieu de J? est un cercle de centre 0. Le point M peut done etre 
alors consider^ comme ayant une vitesse dont la composante parall^le k OP et la 
composante dirig6e vers le point sont constantes. 

La courbe lieu du point if est done celle que cUcrit un point se dirigeant vera un 
point Jixe avec une vitesee constante tout en 6tant entrain^ par via cawrant de direction 
oonstante et de vitesse uni/orme. 

On pourrait I'appeler la courbe du nagev/r car c'est celle que parcourt un 
nageur cherchant a atteindre un point fixe du rivage. 

Cette courbe a d6jSl 6t6 rencontr6e par M, CoUignon.* 

- .. _^ _^ — ^ .^^ > 

* Association franQoise, Gongrds de Toulouse, 1887. 



On the Surfaces with Plane or Spherical Curves of 

Curvature. 

By Peop. Catlbt. 



The theory is considered in two nearly cotemporaneous papers — Bonnet, 
" Memoire sur les surfaces dont les lignes de courbure sont planes ou sph^riques," 
Jour, de VEcoh Polyt t. XX (1853), pp. 117-306, and Serret, "M6moire sur les 
surfaces dont toutes les lignes de courbure sont planes ou sph6riques," Liouville^ 
t XVIII (1853), pp. 113-162. I desire to reproduce in a more compact form, 
and with some additional developments, the chief results obtained in these 
elaborate memoirs. 

The basis of the theory is a theorem by Lancret, 1806. In any curve 
described upon a surface, the angle between the osculating planes at consecutive 
points is equal to the difference of the angles between the osculating planes and 
the corresponding tangent planes of the surface. 

This includes as a particular case Joachimsthal's theorem, Grelle, t. XXX 
(1846) : If a surface have a plane curve of curvature, th^p at any point thereof 
the angle between the plane of the curve and the tangent plane of the surface 
has a constant value. 

Bonnet and Serret each deduce the like theorem for a spherical curve of 
curvature, viz : If a surface have a spherical curve of curvature, then at any 
point thereof the angle between the tangent plane of the sphere and the tangent 
plane of the surface has a constant value. Bonnet (M6moire, p. 235) says that 
this follows from Lancret's theorem. Serret (M6moire, p. 128) obtains it, by the 
transformation by reciprocal radius vectors, from Joachimsthal's theorem. 

I remark that the theorem for a spherical curve of curvature, and (as a par- 
ticular case thereof) that for a plane curve of curvature, are obtained at once 
from the most elementary geometrical considerations, viz : if we have (in the 
same plane or in different planes) the two isosceles triangles NPF, OPP on a 
common base PP, then the angle OPNis equal to the angle OPN. For take 
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P, P' consecutive points on a spherical curve of curvature ; then at P, P the 
normals of the surface meet in a point N, and the normals (or radii) of the 
sphere meet in the centre 0, and we have angle OPN= angle OPN^ that is, at 
each of these points the inclination of the normal of the surface to the normal of 
the sphere has the same value ; and this value being thus the same for any two 
consecutive points, must be the same for all points of the curve of curvature. 
The proof applies to the plane curve of curvature; but in this case the 
fundamental theorem may be taken to be, a line at right angles to the base PP 
of the isosceles triangle NPP is equally inclined to the two equal sides 
NP, NP. 

A surface may have one set of its curves of curvature plane or spherical. 
To include the two cases in a common formula, the equation may be written 
^{^ + ^ + ^) — 2aa; — 2by — 2cz — 2a = ; A: = 1 in the case of a sphere, = 
in that of a plane ; and the expression a sphere may be understood to include a 
plane. I write in general A, B, G to denote the cosines of the inclinations of 
the normal of the surface at the point {x, y, z) to the axes of coordinates (con- 
sequently A^ + B^ + G^=: 1). Hence considering a surface, and writing down 
the equations 

Jc{x^ + y^ + s?)— 2ax — 2by— 2cz— 2m = 0, 

{kx — a) A + {ky — b) B + {kz — c) G= h 

where (a, 6, c, w, Z) are regarded as functions of a parameter t, the first of these 
equations is that of a variable sphere ; and the second equation expresses that at 
a point of intersection of the surface with the sphere, the inclination of the 
tangent plane of the surface to the tangent plane of the sphere has a constant 
value Z, viz: this is a value depending only on the parameter t, and therefore 
constant for all points of the curve of intersection of the sphere and surface : by 
what precedes, the curve of intersection is a curve of curvature of the surface, 
and the surface will thus have a set of spherical curves of curvature. 

Supposing the surface defined by means of expressions of its coordinates 
(a;, y, 2) as functions of two variable parameters, we may for one of these take 
the parameter t which enters into the equation of the sphere ; and if the other 
parameter be called 0, then the expressions of the coordinates are of the 
form ic, y, z=^ x{t, 6), y{tiO), z{t,d) respectively; these give equations 
dx, dy, dz = adt + a'ddj bdt + Vdd, cdt -f- ddB (where of course (a , 6 , c, a', 6', d) 
are in general functions of <, 0), and we have A^ B, G proportional to 
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bcf — Vcj cai — da^ aV — a'6, viz : the values are equal to these expressions each 
divided by the square root of the sum of their squares. In order that the 
surface may have a set of spherical curves of curvature, the above three equa- 
tions must be satisfied identically by means of the values of 

a, 6, c, u, ?, A, jB, (7, a?, y, z 

as functions of (<, ©) ; and it may be seen without difficulty that we are thereby 
led to a partial differential equation of the first order for the determination of 
the surface. But I do not at present further consider this question of the deter- 
mination of a surface having one set of its curves of curvature (plane or) 
spherical. 

Suppose now that there is a second set of (plane or) spherical curves of 
curvature. We have in like manner 

X (a* + 2/* + z*) — 2ax — 2/?y —2yz—2v =0, 
{xx — a)A + [xy — fi) B + {xz — y) C — X=^Oj 

where x is = 1 or = according as the curves are spherical or plane, and 
(a, /?, y, v, A) are functions of a variable parameter 0. We take the t of the 
former set of equations and the 6 of these equations as the two parameters in 
terms of which the coordinates (», y, z) are expressed. This being so (the 
former equations being satisfied as before), if these equations are satisfied identi- 
cally by the values of a, /?, y, r, A, A, B, G, cc, y, z as functions of (<, 0), then 
the surface will have its other set of curves of curvature also spherical. It will 
be recollected that by hypothesis a, 6, c, w, Z are functions of the parameter t 
only, and that a, ^, y, v, X functions of the parameter d only. The foregoing 
equations^ together with the assumed relations 



A' + B^+ C'=l, 
Adx + Bdy+Cdz^^O, 



are the "six equations" for the determination of a surface having its two sets of 
curves of curvature each of them (plane or) spherical. 

Assuming now the values of a, i, c, Z, w as functions of <, and a, /?, y, X, v 

as functions of 0, the question at once arises whether we can then satisfy the 

six equations. These equations other than Adx + Bdy + Cdz = , or say the 

five equations, in effect determine any five of the eight quantities A, B^ C, 

10 
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05, y , z, t, 0, in terms of the remaining three, say they determine A^ B, G, tj Oos 
fimctions of a, y, 2: we thus have a differential equation Adx + Bdy + Cdz = 
wherein J., -B, (7 are to be regarded as given functions of{x,y,z). An equa- 
tion of this form is not in general integrable ; and if the equation in question 
be not integrable, then clearly the system of equations cannot be satisfied by 
any value of 2 as a function of (x, y), or, what is the same thing, by any values 
of (cc, y, 2) as functions of {t, 6). We thus aiTive at the condition, the equation 
must be integrable, viz : the condition is 

./dB dC\ , r>/dG dA\ , ^/dA dB\ 

If this be satisfied, then we have an integral equation /= (containing a con- 
stant of integration which is an absolute constant) and which is in fact the 
equation of the required surface. But it is proper to look at the question 
somewhat differently. Supposing that the condition v = is satisfied, then we 
have the integral equation /=0, and this equation, together with the five equa- 
tions, in effect determine any six of the quantities A^ B, G, x^ y, z, t, 6 in 
terms of the remaining two of them, or, what is the same thing, they determine 
a relation between any three of these quantities. We can, from the five equa- 
tions and their differentials, and from the equation Adx -f ^dy + Gdz = , 
obtain a differential equation between any three of the eight quantities : and it 
has just been seen that corresponding hereto we have an integral relation 
between the same three quantities; that is (the condition v= being satisfied), 
we can from the six equations obtain between any three of the quantities 
J.,-B, (7, a5,y,2j,<,0a linear differential equation of the foregoing form (for 
instance Zdz + Tdt + Qdd = 0, where Z, T, are given functions of 2, ^, 0) which 
will ipso facto be integrable, furnishing between 2, ^, an integral equation which 
may be used instead of the before-mentioned integral equation /= 0. And we 
thus have (without any further integration) in all six equations which serve to 
determine any six of the quantities A, jB, G, x, y, z, t^ 6 in terms of the 
remaining two. It is often convenient to seek in this way for the expressions 
of (-4, jB, G and) x, y^ z as functions of t, 6 in preference to seeking for the 
integral equation /= between the coordinates x, y^ z. 

The condition v = is in fact the condition which expresses that at any 
point of the surface the two curves of curvature intersect at right angles. 
Serret (and after him Bonnet) in effect obtain the condition by the assumption 
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of this geometrical relation, without showing that the geometrical relation is in 
fact the necessary condition for the coexistence of the six equations. They give 
the condition in the form dxSx + dySy + dzSz=z o, where dx^ dy, dz are the 
increments of (x, y, «) along one of the curves of curvature, and 8x, 5y, Sz the 
increments along the other curve of curvature. The equations give 

{Jcx — a)dx + {hy — h)dy -{- {kz — c) dz = , 
AdX'\' Bdy+ Gdz—Q, 

and similarly 

{xx — a) 5a; + {xy — ^)^y + {xz — y)8z=0, 

ASx+ B8y+ G8z=0. 

We thence have 

dx:dy:dz=^ 
B{Jez — c) — G{hy — b):G{kx — a) — A{kz'—c):A{hy — b^ 

and 

Sx : Sy : Sz = 

B{xz — y)— G{xy—^):G{xx — a) — A{xz—y):A{xy — ^) — B{xx—a). 

We have thus the required condition, in a form which is readily changed into 

{A^ + B'+ G')\{hx - a){xx -«) + (%- h){xy -fi) + {Jcz- c){xz - y)\ 
— {A{kx — a)+B{ky—b) + G{Jcz—c)}{A{xx—a)+B{xy—fi)+G{xz—y)]=0, 

and writing herein J.* + 5* + C7* = 1 , this becomes 

-Yx\k{a? +y^ + ^) — 2ax — 2by—2cz\ 

+ ^k[x{a^ + y' + s?)-2axc-2l3y- 2yz\ 

+ (aa + J/? + cy) — ZX = 0, 
that is, 

aa + b^ + cy — IX + xu + kv = 0. 

I proceed to show that this is the condition v = for the integrability of the 
dififerential equation Adx + Bdy + Gdz = . Writing as before 

j,/dB dO\ , jy/dO dA\ . ^/d^ dB\ 
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we have from the six equations 

MA + BdB+ CdC=0, 

{Jcx — a)dA + {ky — h)dB + {Tez — c)dC 

= —h{Adx + Bdy + Cdz) + (iloi + 56i + Cci + l^dt, 
(xx — a)dA + {xy — ^)dB+{xz—y)dC 

=z — x {Adx + Bdy + Cdz) + (^a' + B^ + Cy + X)de, 
{kx — a)dx + {Jey — h)dy -{■ {kz — c) dz = (a^x + h^ •\- c^z + Mj) (ft , 
(xaj — a)d^ + {xy — ^)dy+ {xz — y)<fe = {adx + ^'y + ^2+1/) dQ, 

where ai,hi,Ci,li,Ui denote derived ftmctions in regard to < and a' , ^' , y' , X' , v' 
derived functions in regard to 6. Putting for shortness 

A, B, C, 

kx — a, ky — b, kz — c 

JCX — a, xy — /S, xz — y 
we readily obtain 

adA = [(xy — ^)C—{xz—y)B] ^—k{Adx + Bdy + Cdz) 
Aai-\-Bbt-^ODi-\-li 



£i = 



+ 



— [(ky — b) C— {kz — c)B;\\—x{Adx + Bdy + Cdz) 

say this is 

CldA = [(xy — fi)C — {xz — y)B]i—k {Adx + Bdy + Cdz) 

+ -p { {kx — a)dx -\- {ky — b)dy + {kz — c) <izf [ 

— l{ky — b) C— {kz — c)B]\ — x{Adx + Bdy + Cdz) 

+ -j^ \{xx— a)dx + {xy — fi)dy + {xz — y)dz\y, 

or introducing further abbreviations, and writing down the analogous values of 
CldB and £ldC, we have 

adA= l{xy — ^) C — {xz — y)B'] U— [{ky — b) C — {kz — c)B]T, 
adB = l{xz — y)A —{xx — a)c] U—l{kz — c) A — {kx — a)c]r, 
CidC ={_{xz — a)B — {xy — /8)^] U— ({lex —a)B— {ky —b) ^] T. 
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We hence find 
dB 



il-^= {{KZ — Y)A—{xx — a)G'\(—hC-\-^{hz — c)^ 
— \{Jez-c)A — {hx — a) C'\(— »0'+ -^ (*z — y)), 



-il-^ = -[(«x-a)5-(»y--/S)^](-A£ + -^(%-6)) 

+ \iJcx-a)B-{Tcy-h)A\(-xB + ~{xy-?)y 

and combining these two terms, in the resulting value of £i (-^ TJ ^^®* 

the term without i or A is found to be 



which is 



= — hA\A{xx — a) + B{xy — /S) + G{xz — y)\ 
— Jc{xx — a){A^+B'^G^) 
+ ;c(*» — a)(il»+5»+(7») 
+ xA{A{hx — a) + B{Jcy — l)+ G{hz — c)\, 

= — kA^ + k {xx — a) — x {Jcx — a) + xAl, 
= A{xl — kX) — Jea + xa. 



Next the coefficient of -p- is 

A(kz — c){xz — y) — G {xx — a){kz — c) 
+ A{ky-h){xy-^)-B{xx-a){ki/-b), 
which is 

= Al{kx- a){xx — a) + {ky — b){xy — ^) + {kz- c)(;t« — y)] 

— {xx — a)lA {kx — a)+B{ky — b) + G{kz—c);\ 
= AM+{xx — a)l, 

if for shortness 

Jf = {kx — a){xx — a) + {ky — b){xx — P) + {kz — c){xz — y) ; 

and similarly the coefficient of ^r is 

— A {kz — c){xz — y) + G {kx — a){xx — a) 
-A{ky-b){xy-fi) + B{kx-b){xy-^) 
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which is 

= —Al{kx- a){xx - a) + (hy - h){xy _ ^) -|- (A» - c){xz — y)J 

— (fee — o)[^ (*aj — a) + B{xy — ^ + Cixz — y)] 
=z — AM—{kx — a)X. 

We thus obtain 

a(^-^") = A{»l-kk)-ka + xa + ^{AM+{xx-a)l\ 

-^\AM+{kx-a)X\, 
and similarly 

^(^-^) = S{^-J^)-J^^ + ^ + ^{BM+(»y-^)l\ 

-^{BM+{ky-b)X\, 

^(^-^)^0(xl-kX)-hy + xc + ^{CM+{xz-y)l\ 

-^{GM+{kz-c)X\, 
and hence multiplying by ^, B, (7 and adding, we obtain 
£i^ = xl — kSi — k{Aa -{- B^ + Gy) -{- x{Aa + Bb + Gc) 

+ ^{M-lX)-^{M-n.), 
where the first four terms are together 

=^id — Tdk + Te\x{Ax + By+Gz) — 'k\—»\h{Ax-\-By-\- Cz) — l\ , 
viz. these destroy each other, and the equation becomes 

But we have 
M—U=i-^x{k{a? + f + !?)—2ax — 2by—2cz\ 

+ ^k{x{a? + y" + !?) — 2ax— 2^y—2yz\ + {aa + b^ + oy)- IX, 
which is =aa + 6/3 + cy — Z^ + xu + hv, 

or we find Civ = (^ -^)iaa + b^ + cy -IX + xu + kv), 

viz. the condition v = is 

aa + b^ + cy — l^ + xu + kv=0, 
the result which was to be proved. 
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If we consider separately the cases where the two sets of curves of curva- 
ture are each plane, the first plane and the second spherical, and each of them 
spherical; or say the cases PP, PS and SS^ then in these cases respectively the 
condition is oa + 6/i? + cy — 51 = 0, 

aa + 6/? + cy — ?X + t«=0, 
aa+ 6/? + cy — Cl + u + i/=0: 

we have in. each case to take the italic letters functions of t and the greek 
letters functions of 6, satisfying identically the appropriate equation, but other- 
wise arbitrary; and then in each case the six equations lead to a differential 
equation Adx + Bdy + Cdz = (or say Zdz + Tdt + Odd = 0) between three 
variables, which equation is ipso facto integrable; and we thus obtain a new inte- 
gral equation which with the original five integral equations gives the solution 
of the problem. The condition is in each case of the form Soa = 0, the number 
of terms aa being 4, 5 or 6. Considering for instance the form 

aa + 6/? + cy + <M + e€ +fq^ = 

with 6 terms, it is easy to see how such an equation is to be satisfied by values 
of a, 6, c, d, 6,/ which are functions of <, and values of a, ^, y, ^, e, ^ which 
are functions of d. Suppose that ^, ^, . . . . are particular values of ^, and ai, 
^i> • • • -/i; <hi hi ' ' ' ' Af ®tc-f t^® corresponding values of a, J, . . . ./, these 
values being of course absolute constants; we have a, ^, • . . • ^, functions of d, 
satisfying all the equations 

(ai, 6i, Ci, dy, ei,/i][a, ^, y, S, f, 4>)=0, 
(a„ 6,, c^, (^,^,/J " ) = 0, 

etc., 
and if 6 or more of these equations were independent, the equations could, it is 
clear, be satisfied only by the values a = ^ = y=^ = 6 = ^ = 0. To obtain a 
proper solution, only some number less than 6 of these equations can be inde- 
pendent. Suppose for instance only two of the equations are independent; we 
then have a, ^, y , ^, e, ^ functions of d satisfying these equations, but otherwise 
arbitrary ; or, what is the same thing, we may take a, ^, y, 5, e, ^ linear func- 
tions of 6 — 2, = 4 arbitrary functions, say P^ Q, B, Soid] say we have 

a = (ao, tti, a,, OjjP, ©, jB, S), 
^ = (^0, I " ), 



<?^ = (<^o, I " ), 
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where the suffixed greek letters denote absolute constants; and this being so, in 
order to satisfy the proposed equation oa + 6/8 + cy + d5 + ca + /^^ = 0, we 
must have 

(ao» ^o> yo» ^o» fo> 4>o][«» *> Cj ^1 ^»/) = 0» 

(«n I " ) = 0, 

(a,, ][ " ) = 0, 

K I ^* ) = o, 

viz. a,b, c, d, e, /will then be functions of < satisfying these four equations, but 
otherwise arbitrary. The above is a solution for the partition 2 + 4 of the 
number 6. We have in like manner a solution for any other partition of 6 ; or 
if we disregard the extreme cases a = 6 = c = d = c =/= and a = ^ = y = 5 
=:ez=:^ = 0, then we have in this manner solutions for the several partitions 
15, 24, 33, 42 and 51 of the number 6. 

But applying this theory to the actual problem, there is a good deal of 
difficulty as regards the enumeration of the really distinct cases. I use the letters 
P, Sto denote that a set of curves of curvature is plane or spherical as the case 
may be, the smrfaces to be considered are thus PP, PS, and SS. First, for the 
PP problem where the equation is aa + b^ + cy — 12, =0, the two systems 
{a, hj Cj T) and (a, /?, y , X) are symmetrically related to each other, and instead of 
the solutions 13, 22 and 31, it is sufficient to consider the solutions 13 and 22. 
But here (a, 6, c, Z) are not a system of four symmetrically related functions, 
(a, 6, c) are a symmetrical system, and Z is a distinct term: and the like for the 
system {a, P, y, X). In the PS problem, where the equation is oa + 6/8 + cy 

— ZX + 'M = 0, and thus the systems (a, 6, c, I, u), (a, /?, y, Jl, 1) are of 
diflferent forms, we should consider the solutions 14, 23, 32 and 41: but here 
again in each of the systems separately the terms are not symmetrically related 
to each other. Lastly, in the SS problem where the equation is oa + 6/i? + cy 

— lX + u + v=^Of the systems (a, 6, c, ?, w, 1) and (a, /8, y, Jl, 1, v) are of the 
same form, it is enough to consider the solutions 16, 24 and 33 ; but in this case 
also in each of the systems separately the terms are not symmetrically related to 
each other. I do not at present further consider the question, but simply adopt 
Serret's enumeration. 

It is to be remarked that for a developable (but not for a skew surface) the 
generating lines may be curves of curvature, and regarding the generating 
lines as plane curves we might have developables PP or PS] but a straight 
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line is not a curve in a determinate plane, and it is better to consider the case 
apart from the general theory. Again, the curves of curvature of one set or 
those of each set may be circles ; and a circle may be regarded either as a plane 
or a spherical curve ; regarding it, however, as a spherical curve, it is a curve not 
in a determinate sphere. The cases in question, of the curves of curvature of the 
one set or of those of each set being circles, are therefore also to be considered 
apart from the general theory. The surfaces referred to present themselves for 
consideration among Serret's cases PP l^ 2*, 3^ PS 1\ 2®, 3% 4^ 5^ 6^ 7^ 
and SS 1^, 2®, 3^ 4®; but they are excluded from his enumeration, and he in fact 
reckons in his *' Conclusion," pp. 161, 162, two kinds of surfaces PP, three kinds 
PS, and two kinds SS. 

It is very easily seen that if a surface has a plane or spherical curve of 
curvature, then on any parallel surface the corresponding curve is a plane or 
spherical curve of curvature : and thus if a surface be PP, PS, or SS, then the 
parallel surfaces are respectively PP, PS or SS. The solutions obtained 
include for the most part all the parallel surfaces, and thus there is no occasion 
to make use of this theorem ; but see in the continuation of the present paper 
the case considered under the subheading post, P/S'4® = Serret's third case of PS. 

If a surface have a plane or spherical curve of curvature, then transforming 
the surface by reciprocal radius vectors (or inverting in regard to an arbitrary 
point), then in the transformed surface the corresponding curve is a spherical 
curve of curvature. 'Hence if a surface be PP, PS or SS, the transformed 
surface is SS. Conversely, as shown by Bonnet and Serret, and as will appear, 
every surface SS is in fact an inversion of a surface PP or PS. 

I proceed to the enumeration, developing the theory only in regard to the 
two, three, and two, cases PP, P/Sand aSaS respectively. 

PP, The Two Sets op Curves of Curvature bach Plane. 

The six equations are 

A' + B^ + C' =1, 

ax + by + cz + u=^0, 

4a + Bb + (7e + Z =0, 

^ + Py H-yz + 1^ = 0, 

Aa + B^ +(7y + X=0, 
Adx'\-Bdy + Cd!i =0, 
11 
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the condition is 

aa + J/8 + cy — Cl=0 

(not containing u ot v, so that these remain arbitrary functions of <, 6 respec- 
tively). The cases are 

ppjo 

PP2« 
PP3« 

wi is an arbitrary constant, and in the body of the table c is an arbitrary function 
of <, and a, y, Jl arbitrary functions of 6. 

PP\^ is Serret's first case of PP, included in his second case. 

PP2^ gives developable. 

PP3® is Serret's second case of PP . 

I consider the case 

PP3** = Sbrret's Second Case of PP. 

Writing for greater symmetry w = gr, — =/, so that/gr = 1 ; also mJl = y, 

and consequently ^ =/y, we take c and y for the two parameters respectively, 
or write c = ^, y = 6; also changing the letters -m, i;, we write 
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and the six equations thus are 

A' + B» + C7» = 1 , 

x + tz —P=0, 

A + tC —gt =0, 

y^-Qz — n =0, 

B + BG —ye =0, 

Adx + Bdy +Cdz= 0. 

We seek for the differential equation in 2, t, B. We have 

^» + 5' + C»=l, A = t{g-G), B=e{/-G), 
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and thence <»(^_ c)« + «»(/— C)» + C7»= 1, 

that is C» (1 +<• + «•) + ^C{gfi +/e») = 1 _ j/»<» -/»0», 

or multiplying by 1 + <* + ^ and completing the square, 

= \/+if-9)n\9 + {9 + {9-/)^\ 
_ 1 

-^--9 + {9-fW, 
and thence giving a determinate sign to the square root, say 

an equation which may also be written 

/—9 

In fact, observing that -m% ^ = (/ — fl')(l + <* + ^). we deduce from the 

original form 

' (T^-ir)0'=(/-s')(flr^+y9»)--^, 

= 9 (-^ -/) -/(ir - 9) --^ 

or throwing out the factor — _^ -_ , and reducing, we have the required value ; 
and thence forming the values of J. and B, we have 

we have, moreover, 

x + tz= P, y + 0z = n, 

or differentiating, and writing Pi and 11' for the derived fimctions in regard to 
t and 6 respectively, 

dx= — tck — zdt-\- Pydt, dy=: — edz — zdd — Yl'dd, 
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The equation Ada + Bdy + ^^ = thus becomes 

— Ttdx — e9dy+'^y^^dz = 0, 
viz. this is 

[—tT{—tdz—zcU+Pi€U)^ee{^Mz—zcM+n'dt)]{/—g) + (/T—ge)da = 0, 
or collecting, 
[(/+ (/- 9)^) T- (g + (g -/))e] dz + (tTzdt + OeaW)(/- jr) 

— (tTP^di + een'de){/^ g) = o, 

that is,, 

("i" t)^ + (/-g)z{tTdt + eed$) - {J--g)){tTP,dt + eeD'ciO) = 0. 

which is an integrable form as it should be, viz. the equation is 

d (4? - "I") 2 - (/- g)itTP,di + mn'dQ) = o , 

and we obtain 

(-^-^)z-(/-g)fitTP^dt + een'd$) = o, 

the constant of integration being considered as included in the integral. But 
it is proper to alter the form of the second term. Take F^ 4> arbitrary func- 
tions of t, d respectively; and writing Fi, ^ for the derived functions, assume 

aF, f^ 

P= ^ , n =^ ; we have 

— — jr-)r —f% ^ + "0r • 

In fact this will be true if only 

which are equations of like form m t,B respectively, and it will be suflScient to 
verify the first of them. Effecting the differentiation, the terms in F^ destroy 
each other, and there remain only terms containing the factor F^^ and throwing 
this out we obtain 

viz. this is 

which is identically true, and the equation is thus verified. 
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The foregoing result is 



we then have 



a + fe — ^ =0, y + flz — ^ = a, 



and hence, repeating also the equation for «, 

(i-i>+a-.){-n^+*)+«^- } + ( 1-^)1=0. 

equations which give the values of the coordinates a, y, 2 in terms of the 
parameters t, Q . It will be recollected that/gr =1 {/org being arbitrary), that 
the values of Tj are 

and that ^, 4> denote arbitrary functions of /, respectively. I repeat also 
the foregoing equations 

The equations may be presented under a dififerent form ; we have 

-<7fe-eey+' ^^Z^ g + i^ + <l>=0, 
-/7»(aj + fe) + i?\ = 0, 

where it will be observed that the second and third equations are the derivatives 
of the first equation in regard to t and d respectively. We thus have the required 
surface as the envelope of the plane represented by the first equation, regarding 
therein <, 6 as variable parameters. Moreover, the second equation (which contains 
only the parameter t) represents the planes of the curves of curvature of the one 
set ; and the third equation (which contains only the parameter d) represents the 
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planes of the curves of curvature of the other set. It is to be observed that from 
the equations for Z, ^ (viz. J. + <C7 = gr< and 5 + 0(7=^9) it appears that for 
any plane of the first set the inclination to a tangent plane of the surface is 

= cos"^ ~Ai-i7^' ^^^ ^^^^ ^^^ ^^y pl^^^ ^^ *^^ second set the inclination is 
= cos ^ — 



It may be remarked that the last mentioned results may be arrived at by 
the consideration of an equation Ax + By + (7z + i) = 0, where the coefficients 
are functions of t and $ {A o, function of t only, and B a function of d only) such 
that the derived equations A^x + Oiz +i)i = and JB'x + C^z+D'=:0 depend 
the former of them upon t only, and the latter of them upon 6 only. 

A very simple case of the equation is when /= gr = 1 ; here T=z =: l , 
and the surface is the envelope of the plane z — tx — 6y + i^+4> = 0. 

Returning to the general form 

J •/ 
I transform this by introducing therein in place of ^ 6 two variable parameters 

a, /? which are such that ^ = — tT, k^=:&&(ka. constant which is presently 

put = ,. ], we find 
v/ — gr/ 

and thence 



2'=^Vl-(/-^)A?a*, e = ;^Vl-(sr-/)i«^- 

or putting Jc = , these last values are 

J If 



r=;^Vl-a», e=;^^Vr+^. 



and we hence obtain 



f—9 f—9 f—9 ^ 
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say this is = *jXVl — a* — /£\/l + /?} , 



where a = —rr= » /^ = .^ ^ , and therefore ;i^ — a* = 1 or a = V;i* — 1 . 

Hence writing -F+4> = fc(il + -B),Jfc times the sum of two arbitrary func- 
tions of a and ^ respectively, the equation becomes 

a» — iSy + 2 { a V 1^=^* — V^ir=^l V M^ } + ^ ^ 

viz. the surface is given as the envelope of this plane considering a, /9 as two 
variable parameters. This is the solution given by Darboux, " Lepons sur la 
th^orie g6n6rale des surfaces, etc.," Paris, 1887, pp. 128-131. He obtains it in a 
very elegant manner, starting from the following theorem: Take -4., -4i, etc., 
functions of the parameter a, and -B, JB^, etc., functions of the parameter ^; then 
if we have identically 

( Jl - A)* + (^ - 5.)» + (^ - 5,)' = (^4 - A)*, 

the required surface will be obtained as the envelope of the plane 

where -4, B are two new functions of a, /? respectively. 

The foregoing identity is the condition in order that each sphere of the 
one series (a? — A-^ + (y — •^)*+ {? — -^s)* = -^1 ^^7 touch each sphere of the 
other series (x — B^ + (y — B^ + (z — B^ = -84; the two series of spheres 
thus envelope one and the same surface which will have its curves of curvature 
of each set circles : viz. this will be the surface of the fourth order called 
Dupin's Oyclide, the normals whereof pass through an ellipse and hyperbola 
which are focal curves one of the other, and which contain the centres of all the 
spheres touching the surface along its curves of curvature. The equations of 
the ellipse and hyperbola may be taken to be 

(sc* + -^ = l, y = o) and ^2/» _ ^^--^ = _ l , x = o) 

respectively, and we thence obtain the required PP surface as the envelope of 
the plane 

ax — ^y + {WT^^* — V:\?—Wl + ^)z + A + B = 0. 
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The Case PP1» = Serbbt's Fibst Case of PP. 

We deduce this from the second case by writing therein m = 0, that is, 
^=0, /= 00 ; but it is necessary to make also a transformation upon the 
parameter d, viz. in place thereof we introduce the new parameter ^, where 

^ = 7^^«-t*iis gives 

0. -9-^{9-fW-g[}+ f-g^)- f-g^^ ' ^-/--r^ 

and thence 

^ = ^ ^i /f P = ::7z:7^— x^ ; -^^-^ for <^ = o 18 = 7. 

We have also T= . .— -^- — -^r^ , = —7j~,\ -.-i when a = 0, and subati- 

tuting these values, considering 4> as a function of <^, and for J'+4> writing 

, p j^ * , . , 

as we may do — y^ , the equation becomes 

where the divisor V/ is to be omitted. Hence finally, instead of 4) restoring the 
original letter d, and again considering 4> as a function of d, the equation is 

g — tx 6y 



Vl + ^ Vl — 



+ i?'+4) = 0, 



viz. here F, 4> are arbitrary functions of <, d respectively, and the surface is the 
envelope of this plane considering <, as variable. 

We obtain an imaginary special form of PPl* by writing in this equation 
TcQ for Q and then putting *= 00; the 4> remains an arbitrary function of the new 
0, and the equation is 



(i = V — 1 as usual). This is in fact the equation which is obtained from PPZ^ 
by simply writing therein ^ = without the transformation upon 6. 
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PS. The Sets of Curves op Curvature, the First Plane, the Second 

Spherical. 
The six equations are 

A'+B'+(P =1, 

ax+by + cz + u =0, 

Aa + Bb+ Gc + l =0, 

a^+2^+z*— 2aa5— 2/?y — 2y2 — 2i; = 0, 
A{x — a)+B{y-^)+G{z — y)—X =0, 
Adx + Bdy + Gdz =0. 

The condition is 

aa + b^ + cy — l^ + u=:0, 

(not containing i; so that this remains an arbitrary function of $). The cases are 
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where m is an arbitrary constant and in the body of the table the other italic 
letters are arbitrary functions of <, and the greek letters arbitrary functions of 6. 

PSl^ is Serret's first case of PS, included in his second case. 

PS2f^ gives developable. 

PS3^ is Serret's second case of PS. 

P/S4® is Serret's third case of PS. 

PS5^ gives circular sections (surfaces of resolution). 

PS6^ gives circular sections (tubular surfaces). 

PS7^ gives circular sections. 



12 
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I consider 

P/Ss" = Sebbet's Second Case of PS. 

The six equations are 

A* +S? + (7 = 1, 

ax -\-ly -\- cz = , 
Aa +Bh + (7c = — cm, 
a^ + 2/* + (z — m^f = + «i» ^», 
Ax +By + C(z — m^) = ^, 
Adx +Bdy\- Cdz — 0, 

(where a, h, c are assumed such that o* + i* + c* = !)• We easily ohtain 

{l—(?)A = — ac{G + m) — h^£l, 

{\—<*)B = — be (C + m)+ a-v/n, 
and thence 

aB — hA=: VCl, 
where 

ii = (l-c»Xl— G') — <^{0+m)\ =1— c» — (7— 2c»(7»i — c«w»; 

also 

xVl — <?m^ = A^Vl — (^m* + {bG— cB) Vd + {m* — 1) <^», 

3^Vl — c*m» = 5(^^/1— c»m» + (cJL — a0 V0 + (m» — 1)«^», 

z^l_c»w» = ( C + m) <^Vl — c*7n» + (a5 — 6^) V0 + (/n^— i)^«. 

We seek for the differential equation in (7, <, 6. From the equation 

Ax + By -\-{C— m^) z = ^, 

and attending to Adx + jBdy + Cdz = , we deduce 

xd4 + ydB + (a — w?^)) c?C — (1 + Cm) ^'dB = 0, 

and we have herein to substitute for dA, dB their values in terms oidG, dt, d$. 

We have AdA + BdB = — CdC, 

odA + bdB = — cdG—Q, 

if for shortness Q = Ada + Bdb + {G + fn)dc. Hence 

-v/a dA = {—cB + bG)dG — BQ, 
VadB = (— oC+ cA) dC + AQ. 

We find without difficulty, 

(1 — c») g = (C + m) Jc + {adb — bda)\^Ti, 
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and consequently, 

— B \{G -\- m)dc + (adb — bda)A/a\, 

(1 _ c»)Vn dB={—a{G + (^7n) — bc^^£l} dG 

+ A{{G + m)do+ {adb — bda)VCl\. 
Substituting these values we have 

{ {bx — ay){ C + c»»n) — (osc + hy) c^£i\ dG 

— {Bx — Ay){{G + m)dc -\- {adb — Ida) ^£1} 
+ (1 — c»)VXl|(z — m^)dG—{l + Gm)(i,'dB\ = 0, 
viz. this is 

\{Tbx — ay){G + c»m) — {ax + hy) cVIi + (1 — c»)(a — m^)^/£i\ dG 

— lBx—Ay)\ (C + m)<fc+ {adb — Ma)^£i\ 

— (1 — c»)(l + Gm)^£^,'dB = 0. 

The coefficient oi dG contains a term — {aac •{- hy + cz) c^/ Ci which is=0. 
Moreover, we have 

hx-ay=z- ^VU + ;^i~ V0"+(m^^^^)^ 

and then 

(1 — <?){Bx —Ay) — — c{G+ m){bx — ay) — czV^ 

-c^a[{G + m)^ + :^r=7^ ~\' 

which, observing that the terms in G^^£l destroy each other, and that we have 
{G + m)(C + c»m) + ii = (1 — c*)(l + Gm), gives 

Bx-Ay = ^^f^^ Vr+ K -i)-^, 
and the equation becomes 

I (- 4»Vn + ^^-t^ -i V(J + (m»-l)4»'')(0' + c«m) + zVil 

— (1 — c»)w<^Vii|(iC 

— c (1 + Cm) ^l±i^ll-t'|(C + m)dc + {adb- hda)./^] 

— (1 — c»)Vfl(l + C7»n)4>'c?e = 0. 
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Here the coefficient of dC is = {z—{0+ m) 4>] Va+ ^^^^ Vd+K— 1)^«, 

or substituting for z — (0+m)^Cl its value = ^:^^^ + {^-J^^* ^ ^^d 

V 1 — <*m* 

observing that £i + {G + c*»»)* = (1 — c*m')(l — c*), this coefficient is found to 

be = Vl — c*w* (1 — c*) V0 -I- (?n* — 1) ^, and we have 

Vl — c»«i»(l — c») Ve + (m»— l)^»dC7 

- c (1 + <7»n) ^^M-4 — 1 (C + m) dc + (a<» — Jda)^^! 

— (1 — c*)(l + (7m) Vili^'eW = 0, 
or as this may be written 

1 Wl—d'm^dG (G + m)cdc 1 _ c{adb — b da) 

Vil 1 1+Gm (1 — c«)>v/ i^lW J (1 — c») Vi"— c»m> 

— ^de 

where from the foregoing value of fl we have identically 

il (1 — m») = (1 — c»)(l + (7m)* — (1 — (^m'){G + m)\ 

Here a, b, c are functions of < and we have thus the required differential equa- 
tion in G, t, 0. 

It is convenient to multiply by the constant factor Vl — m*. The first 
term is an exact differential, viz. writing 



sm ^ = —y^ , and therefore cos ^=— - ~ 

vl — c* 1 + Gm V 1 — c*(l + (7fn) 

we have 

/7/— ^1 — ^' ( s^l — <^m^dG , (g+?y2)ccfc _ | 
^~ A/a 1 1 + ^m "^(1 — c^)Vl — c*mM ' 

as may easily be verified. And the second and third terms are obviously the 
differentials of a function of t and a function of respectively. But to obtain 
the integral functions, a transformation of each term is required. 

First, for the term — ,~^f ?- ~ W J ^^ take a, b, c functions of t 

(1 — cr)vi — c*m^ 

which are such a' + b* + c* = l; and then writing ai, bj, Ci for the derived 

functions so that aai + bbi + cci = 0, we assume a', b', c' = Faj, Fbj, Fc^ where 

— = a? + bf + cf ; we have therefore aa' + bb' + cc' = 0, and a'*+ b'*+ c'*= 1; 
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and then writing a", b", c" = bc' — b'c, ca'— c'a, ab'— a'b respectively, we 
have aa" + bb" + cc''=0, aV + b'b" + Cc" = 0, a"» + b"»+ c"» = 1; thus 
a, b, c, a', b', c', a", b", c" are a set of rectangular coefficients. We then write 

a,h,c=— (a' + mb"), — (b' - ina"), — C, 

determining p so that a' + 6^ + c*= 1 as above, viz. we thus have 

p» = (1 + ornf + d^mK 

Observe that we thus have p* (1 — c*) = p' — c^ and p* (1 — (?m?) = (1 + cm)'. 
Writing now 



r= tan~^ » ., a , and therefore sin r= . ^ ,. , cos T= — . ^ ^« » 

u V 1 — nr V p* — c'* V p* — c'* 

we find that ^t— ^^ — rri?c{adb — hdci) 

(1— c'Kl — c»in» * 

The verification is somewhat long, but it is very interesting. We have 

^T— ^1 — rn^W'dxi — (c + m)dc!'\ 

or observing that c" = ab' — a'b , = F(abi — aib) , efc = Cieft , this is 

^^=^yir^{^(abi-%b)c,-(c + m)[Fi(^^^ 

where we have 

1 y 

^ = aj + bj + (^, and therefore ^ = aia^ + bibu + CiCu; 

also from aai + bbi + ccj = , we have aj + bf + cj + aa^ + bbn + ccn = , 
and we thence obtain 



^^= p» _ c/« \ — (a^i — ^ib) Ci (aan + bbn + cCu) 

— (c + m){— (aian + bibn + CiCu)(abi — a^b) + (aj + bj + c!)(abu — ^bau)] }, 

the term in [] is found to be = — Ci{ an(bci — bjc) + bu (cai — qa) + Cn (abj — aib) } , 
hence Cj appears as a factor of the whole expression, and reducing the part inde- 
pendent of m, we find 

^^= — ^^—d^ ^ ^ ^ ^^^^ ~ ^^^^^^ + ^ fa^^ (^^^ "" ^^^^ 

+ bii (cai — Cia) + c^ (abi — aib)] } . 

Next calculating the value of adh — hda, we have 

V V 

a = — {ai + m (ca^ — Cia) | , 6 = — ]bi — m (bc^ — b^c)}, 
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or as these may be written 

V V 

a = — \^{i + cm) — aCiTn}, b = — {bi(l + cw) — bcim}, 

and we thence easily obtain 

V^dt 
adb — bda = —^ (1 + cm){aibu — ftu^i) 

+ m [an(bci — bic) + bu(c5ai— Cja) + Cii(abi — a^b)]}, 
viz: the factor in { } has the same value as in the expression for dT^ and we 
thus have dT _ \/ 1 — m* Fcip* cV 1 — m^ 



adb — bda (1 + cm)(p* — c'*) Vl — c»m«(l — c») ' 

that is, ^m V 1 — m* c (ad b — bda) 

(1— c>)Vl —Vm^~~ ' 
the required equation. 

Secondly, for the term -, .- -— , ^ -\- ^ , we introduce 4) a function of 6, 

such that writing *' for the derived function we have 

CD _ 2$^ _ 4)— 2»y 

^ ~ VT- 4Xl -~^*) <D4>' +4 (1 -m') e<P^' ' ~ s^M «^PP^^^' 
whence also 



Then writing . <1)V~1 — »«» ^ V0 + (»»»— !)<!»» 
g,n e = - - -^-g- , cos =^ Vfl • 



we find 






that is, ^A — ~ i^ ^~ *"' (* ~ 2e^de 

and similarly Ck ^n — — t "V^ 1 — w^* (<^ — 2e4>') rfO 

cos "j wtyQ — n , A ~" , 

that is, _ — |Vl — OT»(4) — 2^4)') <^^ 
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Hence 



20 
the required equation. 

We find, moreover, 



( J> — (4> — 20^0 I VI — w»4)'de 



which will be presently useful. 

The difTerential equation now is d^ — dT+ dS — dS^ = 0, hence the inte- 
gral equation (taking the constant of integration =0) is ^= 7" — © + ©oi ^^ 
say 

sin^ = sin(r— + ©o), 

viz. substituting for sin 2^ and cos T their values, and observing that 



sin 

1 



^ _ \/ 1 — c^rr^ G + m _ 1 + cm G+m 
^ ~ VT^~(^ 1+ Gm' ~ Vp* — c^ 1 + Gm' 



the factor , ^ ^g multiplies out, and we have 



G+ m 



(1 + cm) ^ ' g^ = (c + m) cos (0 — ©o) — c'Vl — w» sin (0 — 0o). 

And I further remark here that a former equation is 

n (1 — m') = (1 — c»)(l + Gmy — (1 - d'm^){G+ m)\ 
that is, 

We thus have 

Vii = . ' . —^ cos ^, 

V 1 — mr p 

= -L+^. {c'Vl — m» cos(n — flo) + (c + m) 8in(n — no)[ . 

We have thus G, and consequently also A, B, x,y,z all of them given as 

functions of <, 0; but the formulae admit of further development. 

Write (7+7n , -^ « — m 

« = ^ I ^ , whence also G = :; . 

1 + Gm ' 1 — rriH 
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We have C{1 — »i»») + m=«, and hence (l+cm){ (7(1 — fn«)+»if, =(l+cm)«, 
= (c + wi) cos (0 — 0,) — d'Vl — m' sin (0 — 0,). Using the value of C 
given by this equation, and calculating from it those of A, B; then writing for 
shortness 

X = aV 1 — m» cos (0 — 0,) — (a" — mV) sin (0 — 0,) , 

7 = bVl — m» cos (0 — 0,) — (b" + ma!) sin (0 — 0,) , 

Z= {c + m) cos (0 — 0,) — c'Vl — m» sin (0 — 0,) , 
we have 



-4(1 — m«)(l + cm) = Vl — tn*X, 
B{1 — »ii«)(l + cm) = Vl—m' Y, 
(7(1 — »w«)(l + cm) = Z— m (1 + cm), 

to which I join » (1 + cm) = Z. 

By way of verification observe that A* + B* + C*=: 1, and that the equations 

give 

(1— m«)»(H- cm)»= (1— m*)(X«+P+Z») + m»Z»— 2mZ(l + cm)+m»(H-cm)»; 

we have X*+ T* + Z* = {!-{- cm)*, Z=«(l+cm), and hence the identity 
(1 — m»)»(l + cm)* = (1 — m» + mV — 2mu + m»)(l + cm)». 

Proceeding to calculate the values of x, y, z, recollecting that Vl — <^m* 

= — (1 + cm), we have 



X (1 + cm) = A^{1 + cm) + p (J(7— cB) »/$ + (m» — 1) ^», 



= A^{1 + cm) + {(V — ma") C — <^B\Ve + {m'— 1)^«, 
that b, 

a (1 + cm)(l — ma) = ^Vl — m»X + Y+~cm ^ ^' ~ ^^")(^ — m (1 + cm)) 

— c' V 1^^^» Y] V e + {m*—l)^* 



= ^Vl — m*X+ j^j^^(b' — ma'O^T-c'^/l — m»r}V0 + (m»— 1)^* 

— m (V — ma") Ve + {m*—l)^*, 

where the term (V — ma") Z — c'Vl — m*Y contains the factor 1 + cm ; in fact 

this is 

= (b' — ma"){ (c + m) cos (0 — 0o) — c'V 1 — m» sin (0 — 0,) } 

— c'Vl— m» { bVl — m» cos (0 — 0,) — (b" + ma') sin (0 — 0o)| . 

The coefficient of the cosine is (b' — ma")(c + m) — be' (1 — m'), which is 
= b'c - bc'+ m (V— ca") + m» (— a" + be') , = — a" + m (b' - ca") + m» (— b'c) , 

= (H-cm)(— a" + mb'), 
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and similarly the coeflBcient of \/l — m* sine is — c"(b' — ?na") + c'(b" + wa')> 
= _b'c" + b"c' + m(aV + aVO, = — a + m(— ac), =(1 ^ cwi)(— a). Cal- 
culating in like manner the values of ^ and z, and putting for shortness 



JTi = (— a" + mb') cos (0 — 0o) — a\/l — w» sin (0 — 0o), 

Fi = (— b" — wa') cos (0 — 0o) — bVl— w* sin (0 — 0o), 

Z= (— c'Vl— m*) cos (0 — 0o) + (c + m) sin (0 — 0o), 
we have 

X = ^sf f— wilT + -Zi\/F+(m»— 1)4>»— w (b' — ma"Ve+(w*— 1)4)*, 

y = (^V r=w"2 F + Fi V + (wi^^-^iy^*+ m (a' + mb'0V6 + (wi*— 1)<?>*, 

z — sf\ — w' {<^\/T=^Z + ZiVe"+(w'^-=^T4)*}, 

which are the required expressions of a, y, z in terms of t and 6. It will be 
noticed that X, X^, F, Fi, Z, Zi, each contain a term with cos(0 — 0o) and 
one with sin(0 — 0^), but as the terms in -Zj, F^, Z| are each multiplied by 
V6 H- (m* — 1) 4>^ the cosine and sine terms of X, X^, of F, Fi and of Z, Z^ do 
not in any case unite into a single term. 
I remark that we have identically 



ttjr+6F + c\/l — m»Z = 0, 
aJTi + 6Fi + cVl — w»Zi = 0. 

The foregoing values of x,y,z thus satisfy ax + 6y + C2; = 0, which is one 
of the six equations. The others of them might be verified without diffi- 
culty. I recall that we have a, b, c=z — (a' + ^b"), — (b' — ma"), — C; the 
six equations might therefore be written 

(a' + mb")x + (b' — 7na")2/ + dz =0, 
(a' + Twb") A + (b' — wa'O B + dG'=—dm, 
^ + y' + {z—m^y =0+ wV, 

Ax^ By+ C{z — mq>) =4>, 

Adx -{- Bdy + Cdz =0. 

The Case PSl^ = Seeret's First Case op PS. 

This is at once deduced from PSSf* by writing therein m = ; the formulae 
are a good deal more simple. We introduce as before the rectangular coefficients 
13 
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a, b, c, a', V, d, a", b", d', and the values of a, b, c theu are a', b', c*. The six 
equations, using therein these values for a, 6, c, are 

A*-\-EP +(7« =1, 

a'x + b'y +<y« =0, 

a'il + h'B + tf (7 = 0, 

a* + y» +s» -a, 

Ax + By + Gz =^. 

Adx-^- Bdif+ Gdm=.0. 

4» — 2M»' 4> SM** ™^ . 

The function <I> is such that d» =-> - -- _ . :vr - = ttj— • We have 

'^ vl — 4<IxI>' + 4M>^ V^ 

sin = -yv cos = — — ^A — . 

sin 0, = 
and thence 



sm 0, = ^A co80o= ♦g - ' 1 



sin (0 — 0,)= -^-^ ; cos(0— 0o)= ^^ • 

Also 

sin f = 7 , - j , cos f = 7- j— ; sin Trr 7- ~- „ , cos T= ,- - _» , 

' Vl— c* ' vl — c* VI— c'* VI— c* 

^= 7'— + 00, C7=ccos(0 — 0o) — c"sin(0 — 0,), 

Vl — c»— ^« = c" cos (0 — 0,) + c sin (0 — 0,) . 
We have 

A = X= a cos(0 — 0o)— a" sin (0 — 0o) ; JTi = a" cos (0 — 0o) + a sin (0—0,) , 
B= F=bcos(0 — 0,)- b"sin(0— 0,); Fi=:b"cos(0— 0,) + b8in(0— 0,), 
C= F= c cos(0— 0,) — c" sin (0—0,); Zj =c" cos(0 — 0,)+c sin (0— 0,), 
and then _ 

x = X^-\- XWd — ^», 

y=I>+ Y^e^, 

z=:Z^ + ZiVe — ^*, 

which are the expressions of the coordinates in terms of the parameters t and d . 
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I consider 

PaSs^ = Serebt's Second Case of PS. 

The six equations are 

A* +& + (7» = 1, 
ax +by -\- cz = , 
Aa -\-Bb + Cc:= — cm, 
3^ + 2/* + (z — m^y = e + »i* ^*, 
Ax +By + G{z — tn^) = 4», 
Adx +Bdy\- Cdz — 0, 

(where a,h, c are assumed such that o* + 6* + c* = 1). We easily obtain 

(1 — c») ^ = — ac ((7 + m) — J-s/Xi, 

[\ — (?) B =. — hc{G -\- m) + aVft, 
and thence 

aB — hA= Vil, 
where 

ii = (l-c»Xl— 0») — c»(C+7n)», =l-c» — (7»— 2c»C»n — c»m«; 

also 

a;V 1 — c*?/!" = ^4»VT^^m» + (6(7 — cjB) -v^d + («i» — 1) ^», 

yVl — c*w» = B^s^i'-^^m* + (c4 — o(7) VM- (n»» — l)"^», 

zsf\ — <?m^ = (C + m) <^Vl — c»w»» + (a5 — iJl) Vf+Tm« — "l)>». 

We seek for the difiFerential equation in C, <, d. From the equation 

^a; + % + (C — fii4>) 2 = ^, 

and attending to Adx + Btiy + Cdz = , we deduce 

xd^ + ydB + (z — w<^) (ZC — (1 + Gm) ^d% = 0, 

and we have herein to substitute for dA, dB their values in terms of dG, dt, dd. 

We have AdA + BdB = — GdG, 

adA + MB = — cdG— Q, 

if for shortness Q = Ada + Bdb + {C -{- m)dc. Hence 

Va dA = {—cB + bG) dG — BQ, 
^IidB=z{—aG+cA)dG-\-AQ. 
We find without difficulty, 

(1 _ c») g = (C + m) (Zc + {adb — bdaWa, 
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and consequently, 

{l — <^WTidA = { b{G-\-(*m) — acVa\dG 

— B \{G -{- m)dc + (adb — bda)V^\, 

(1 — <?)^^Tl dB = {—a{G + (*7n) — bcVCl} dG 

+ A\{G + m)dc + {adb —bda)\^a\. 
Sabstituting these values we have 

\ (bx — ay){ G+(^m) — {ax + by) cVflf dG 

— (Bx — Ay){{G +m)dc + {adb — bda) V^] 
+ {l—<^)s^£l\{z — m^)dG—{l+ Gm)^'dd\ = 0, 
viz. this is 

\{bx — ay)(G + <^m) — {ax + by)W£L + (1 — (^^^z — m^)^£i\ dG 

— {Bx — Ay)\ {G + m)dc+ (adb — bda)^/il\ 

— (1 — c«)(l + Gm)\^U^'dd = 0. 

The coefficient of dG contains a term — (ax + by + ez) ci>/ O. which is = 0. 
Moreover, we have 

and then 

(1 — <?){Bx — Ay) = — c{G+ m)(bx — ay) — czy^Cl 

-cVa[iG+m)^-i- -^^-L^-J^l, 

which, observing that the terms in G^^/D. destroy each other, and that we have 
(C + m){G+c^m) + fl = (1 — c«)(l + Gm), gives 

Bx-Ay=. =~^^J~^ Vd + (m» ^l)>^ 
and the equation becomes 

I (- W^ + ;^-~J^-i V0 + (m»-l)^«)(O' + <*m) + zVCl 

— {! — <*) m^^a\dG 

-c{l+Gm)^t^^^-^^*UG+rn)dc-\-{adb-bda)^a.\ 

— (1 — c»)VXi(l + Gm)^'de = 0. 



92 Oatlbt : On the Surfaces toith Plane or Spherical Curves of Curvature. 

Here the coefficient of dC is = [2 — ( C7 + w) 4>] Vft + ^jt^* Vd+(m»— 1)4»», 

or substituting for z — (C+mVfl its value = —----^±I?-^W, and 

observing that £1 + {G + (?mf = (1 — c*m*)(l — <?), this coeflScient is found to 
be = Vl — c*7w* (1 — (?) \/© + (?n*— 1)4>*, and we have 

Vl — c»7n*(l — (?) s^d + {m^—l)q?dG 

- c (1 + (7m) ^:^i^-J^)J^ UG+m)dc + {adb — bda)^a I 

— (1 — c*)(l + Gm) V^'dd = 0, 

or as this may be written 

1 ( ^/l—(?m*dG {G+m )cdc |_ c{adb — b da) 

Vn 1 1+Gm (1 — c*)^/^^c*mM (1 — c*) VF— Vm» 

__^dd_ 

where from the foregoing value of £1 we have identically 

il (1 — m«) = (1 — c«)(l + Gmy — (1 — c>7/j»)( (7 + my. 

Here a, i, c are functions of t and we have thus the required differential equa- 
tion in G, t, 6. 

It is convenient to multiply by the constant factor Vl — m*. The first 
term is an exact differential, viz. writing 



. y s^l — (?m^G+m ...J, y Vl — mVil 

sm L = — /, a ^ , ^ , and therefore cos c = —p-- - - — — — , 

^ Vl — c* l + (7?n' ^ Vl — c»(l + C7fn)' 

we have 

,s._ ^/\ — m^ { ^\ — (?m^dG , {G+m)cdc ) 
"^ Vn { 1 + Gm ■*"(! — c*)Vi- c*m*r 

as may easily be verified. And the second and third terms are obviously the 
differentials of a function of t and a function of d respectively. But to obtain 
the integral functions, a transformation of each term is required. 

First, for the term — ^ gig^^^^ J . ^^ take a, b, c functions of t 

(1 — cr) VI — crm- 

which are such a*+ b* + c*=l; and then writing ai, bj, Cj for the derived 

functions so that aa^ + bb^ + cci = 0, we assume a', b', c' = Fa^, Fbi, Fci where 

— = af + bf + cf ; we have therefore aa' + bb' + cc' = 0, and a'*+ b'*+ c'*= 1; 
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and then writing a", b", c" = bc' — b'c, ca' — c'a, aV— a'b respectively, we 
have aa" + bb" + cc"=0, a'a" + b'b" + c'c" = , a"» + b"» + c"» = 1 ; thus 
a, b, c, a', b', c', a", b", c" are a set of rectangular coefficients. We then write 

a,h,c=— (a' + mb'O, — (V - ^na"), — C, 
P P P 

determining p so that a* + 6* + c* = 1 as above, viz. we thus have 

p* = (1 + c?n)» + d^Tf?. 

Observe that we thus have p* (1 — c") = p* — c^ and p* (1 — (?rri?) = (1 + cm)'. 
Writing now 

-,^_iC+7n JXI.P ' m c + w -, c'Vl — m* 

r= tan ^ » ., a , and therefore sm r = , ' ,^ , cos 7= — . ^ ^ i 

c" V 1 — m* V p* — c'* V p* — c^ 

we find that jjt— ^^ — ^* ^ (^^ — *^^ 

~ (l-c*)Vl — c»m» ' 

The verification is somewhat long, but it is very interesting. We have 



'^^~ p» — c'* 

or observing that c" = aV — a'b, = F(abi — ajb), da = Cicft, this is 



8 



where we have 

1 V 

-^ = a} + bj + c}, and therefore — -|^=: ajan + bibn + CiCu; 

also from aa-i + bbi + cci = 0, we have aj + bj + cj + aan + bbn + cCu = 0, 
and we thence obtain 



— (c + m)\— (aian + bibn + CiCn)(abi — a^b) + (a| + bj + c?)(abn — 'bau)] f , 

the term in [] is found to be = — Ci|aii(bci— bic)4-bn(cai — Cia)4-Cii(abi — ajb)}, 
hence Cj appears as a factor of the whole expression, and reducing the part inde- 
pendent of m, we find 

^^= — ^^—d^ ^ ^ ^ (^^^" ~ ^^^^^ "•■ ^ t^" (^^ ~ ^1^^ 

+ bi, (cai — Cia) + Cu (abi — a^b)] [ . 

Next calculating the value of adh — hda, we have 

V V 

a = — {aj + w (cai — Cja) ( , 6 = — ]bi — m (bc^ — b^c)}, 
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or as these may be written 

V V 

a = — ]ai(l + cm) — acim}, 6 = — {^(1 +cw) — bCiW}, 

and we thence easily obtain 

V^dt 
adb — bda. = —^ (1 + cm){aibu — aubi) 

+ m [an(bci — bxc) + bu (cai— c^a) + c^ (abi — ajb)]}, 
viz : the factor in { } has the same value as in the expression for dT, and we 

thus have dT _ V 1 — m* Fcip * c^/ 1 — m^ 

adh — hda ~ (1 + cm)(p» — d^) ~ VT —(?m^ {!—(?) ' 

that is, dTzz, ^^ — ^' ^ ^^^ ^ — ^^^ 

~ (1— c*)Vl— c*m* ' 
the required equation. 

Secondly, for the term -. . - - . \, • • we introduce 4> a function of d, 

vfl + {wr— 1)4)' 

such that writing ^ for the derived function we have 

'^~Vr-4(l-m*)<lKl>' + 4(l-m«)e^^^ ~ ViJ^ suppose, 
whence also 



Then writing . *VT^~»i» ^ VO + (m*— 1)<I)» 
sm0=- --^^~-, cos0=. Ve~ ' 



we find 






that is, _ — |V 1 — jn» (4> — 2e<D'|rfe 

0vr-f(i;i»-i)<i^~ 

and similarly a, jr\ — — Y ^ 1 — »»* (^ — 20^') cifO 

that is, _ — |Vi — wi» (» — 26^') dO 
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Hence 

the required equation. 
We find, moreover, 

Bin (e - ©.) = ?*'5^i^^^+ K-J.) *■ . «,B(e-e.) = '-^('j-/>*^, 

which will be presently useful. 

The diflferential equation now is d^ — dT^ dS — d&Q = 0, hence the inte- 
gral equation (taking the constant of integration =0) ib ^= T — + 00, or 
say 

8inf = sin(r— + 0o), 

viz. substituting for sin T and cos T their values, and observing that 

^ _ \/l —(?rf? C + m _ J^-f cm G+m 
^ ~ Vr=^? 1 + Cm' ~ V^—^ l + Gm' 

^^^^^^ /-2^^g multiplies out, and we have 



sin I 
the 



C+m 



(1 + cm) ^ ^ ^^ = (c + Tw) cos (0 — 0o) — c'V 1 — w» sin (0 — 0o). 

And I further remark here that a former equation is 

n (1 — m^) = (1 — c»)(l + Cmf — (1 — (^m^){G + m)\ 
that is, 

We thus have 



/n - 1+ Gm \V — c" V 

\/il = . g — ^^ cos ^, 

V 1 — m' p 



P 

l+(7m 



{c'Vl — m« cos(a — flo) + {o + m) sin(a — flo)}, 



p V 1 — m^ 

We have thus G, and consequently also A, B, x, y, z all of them given as 
functions off, 0; but the formulae admit of further development. 



Write (7+m , . ^ n — m 

H = ., , ^y , whence also G = -i 

1 + Gm ' 1 — mn 
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616ments. Les deux suites conduiront done au meme r68ultat. II en serait de 
meme si Ton avait 

<^h = <^ii ai = a]t. 

2"^^ cas a^ = a^, 

tandis que a^ est diflFerent de ai. Dans ce cas je d6duis de la suite {A) la suite 
{A^') suivante aj^^^^i, . . . . 

oil le pointille indique tous les 616ments de la suite (^1), moins aj^, a^ et a,. De 
meme de la suite {^) je deduis la suite (J^'^) suivante 

^»,i,<i • • • • 

oil le pointing indique tous les 616ments de la suite {A) moins a^^ (qui est 6gal ik 
«a) > <^i 6t a< . Or on a 

les suites {A'^) et (^'') ne peuvent done diflPSrer que par Tordre de leurs 61ement8 
et conduiront par consequent au meme r^sultat. La supposition 

«* = ai 

et a^ different de a^ rentre dans le meme cas. 

3™® cas. L'616ment a^ est diflFerent de a^ et de a, et F^lement a^ est diflfiSrent 
de a^ et de a^. Dans ce cas je d6duis de la suite {A') la suite {A^') suivante 

oii le pointill6 indique* tous les 616ments de la suite (^1), moins a^y a^, a^t et a,. 
De meme de la suite {^'), je d6duis la suite (3^'0 suivante 

oil le pointillef indique en core tous les 616ments de la suite (A) moins a^, Ui, a^ 
et a,. Les suites (J.^') et (^'') ne peuvent done diflF6rer que par Tordre de leurs 
616ments et conduiront par consequent au meme r^sultat. La proposition se 
trouve ainsi demon tr6e dans toute sa g6n6ralite.t 

* Pour v = 8 le pointing est d supprimer. 
t Pour v = 8 le pointing est d supprimer. 

t Cf. Lejeune Dirichlet, YorlesuDgen tiber Zahlentheorie, herausgegeben von Dedekind, 9^ Auflage, 
Braunschweig, 1879. 
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En partlculier, on pent distribuer les Elements de la suite {A) en un certain 
nombre u de compagniea^ 

^11 -Bi, .... ^„— 1, B^ 

puis r6unir les elements de chaque compagnie B^ en un seul 616ment 6^; on aura 
toujours ai., m = 6i.i «• 



La grande analogie qui existe entre la composition et la multiplication 

permet d'emprunter k la th^orie de cette dernifere beaucoup de termes d6ji con- 

sacr6s par I'usage. Si, en composant r616ment bi avec r616ment Jj, on obtient 

r616ment c, nous dirons qu'en multipliant bi avec b^ on obtient c; bi sera le 

multiplicande, 6, le multiplicateur et c le produit. Mais comme le produit c ne 

change pas, si Toii prend 6, pour multiplicande et bi pour multiplicateur, on pent 

donner tant h, bi qu'a b^ le nom g6n6ral de facteur. D'une mani^re g6n6rale si, 

en r6unissant m 61ements 

bij 6,, . . . . 6»»_i, b^ 

en un seul, on obtient c, r616ment bien determine c portera le nom de produit, 
et chacun des 616ments b sera d6sign6 sous le nom de facteur. Obtenir r^l6ment 
c k Paide des 616ments 

par la reunion de ces derniers en un seul, s'appelle eflFecteur le produit des dits 
Elements. Nous avons vu qu'il y a plusieurs maniSres de r6unir les Elements 

bi, 6,, . . . . &„»-!, 6« 

en un seul, mais que toutes ces mani&res conduisent au meme resultat. A cha- 
cune de ces mani^res correspond une certaine mani&re d^effectuer le produit des 

Elements Jj, 6j, . . . . 6«_i, 6«. 

En 6crivanti 6i6, .... 6m-i&« 

nous supposons qu'on eflfectuera le produit en composant bi avec b^, puis le 
r6sultat de composition avec ftg, et ainsi de suite. Mais toutes les fois qu'il 

♦ J'6vite le mot groupe. 
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B^agit uniquement du produit, la mani^re da Feflfectuer est indifiFerente. L'6galit6 

hib^ .... b^^ib^ = e 

peut done etre consid6r6e comme exprimant ce fait que, en r6unissant les 616- 

ments 61, Jj? • • • • ^«-i) ^m ^^ un seul, on obtient r616ment c. Si, en composant 

61 avec bi, puis le r^sultat de composition avec b^ et ainsi de suite m fois, on 

obtient T^lement c, nous dirons qu'en 61evant Tel^ment 61 k la puissance m on 

obtient c et nous 6crirons 

b^ = c. 

L'el6ment c portera le nom de puissance w-6me de 61 • On aura d'ailleurs, 
comme en alg^bre, 

{b,b,r=b',ii 

et (Jf)* = 6?*. 

Tout element b du groupe £1 peut done etre donne soit explicitement soit impli- 
citement sous forme d'lm produit non effectu6 de plusieurs Elements qui h. leur 
tons peuvent etre donn6s soit explicitement soit implieitement sous forme d'un 
produit de plusieurs 616ments et ainsi de suite jnsqu'a ce qu'on parvient k des 
616ments donn6s explicitement. Si un 616ment b donn6 explicitement on impli- 
eitement est identique* k un 616ment c donne soit explicitement soit implieitement 
pourvu qu'on execute toutes les operations indiquees, nous 6crirons 

b=c (gr.a) 

afin de mettre en Evidence le groupe fl. Une telle formule portera le nom 

d'6galit6. Si Ton a 

b = c (gr.n) 

et 6i = ci (gr. n) 

on peut en tirer 

bbi = cci (gr. £i) . 

En eflFet, si Von obtient les 61ements b et &i sous forme explieite et que Ton 
effectue le produit bbi, le resuitat sera identique a celui auquel on arrivera en 

*Les identity que nous consid^rons seront tou jours d^une teUe nature que si un 616nient est iden- 
tique d un autre, cet autre est identique au premier et que deux 616ment8 identiques d un troisidme, 
sont identiques Tun d Tautre. 
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obtenant d'abord c et Cj sous forme explicite et en aflfectuant le produit cci. II 

en r6sulte que F^galitS 

bbi = cci (gr. 11), 

a lieu de quelque maniSre que I'on r^unisse en un seul les 616ments qui figurent 
dans b et bi d'un c6t6 et aux qui figurent dans c et Ci de Tautre c6t6. De meme, 

si Ton a b = o (gr. £i) , 



on en tirera 

6&1 . . • . 6«_i = cci. . . . c^_i (gr. H) 

et on pent r6unir en un seul tant les 616ments qui figurent dans &, &i, . . . . 6«-i 

que ceux qui figurent dans c, Ci . . . . c„_i d'une maniSre quelconque. Cette 

proposition s'6nonce en disant qu'on peut multiplier un nombre quelconque 

d'6galites membre a membre. Dans le cas particulier, oik il s'agit d'une seule 

et meme 6galit6 

b = c (gr.n) 

r6j)6t6e m fois, on aura 

J- = c~ (gr.fl), 

c. a d. que Ton peut Clever les deux membres d'une 6galit6 k ime puissance 
enti^re quelconque. 



Passons maintenant k la resolution du probl^me snivant. Etant donn6s 

deux elements quelconques a et 6 du groupe H, on demande de trouver un 

616ment x tel qu'on ait 

ax=b (gr. £i) . 

Nous allons montrer qu'il existe toujours un Element x satisfaisant k cette 6galit6 
et qu'il n'en existe qu'un seul. En efiFet, en composant r616ment a avec tons 
les 616ments du groupe O on obtient m 616ment8 dififerents, c. a d., abstraction 
faite de Tordre, tons les elements du groupe 11 . En particulier, la composition 
de a avec un certain 616ment u du groupe H donnera I'eiement b. On voit qu'un 
tel Element u est imique. On aura done 

x = t^ (gr. H). 
16 
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Une 6galit6 telle que 

ax=h (gr. £1) , 

oii Tinconnue x entre au premier degr6 porte le nom d'6galit^ de premier degr^ 
et u est la solviixm de cette 6galite. Trouver la solution d'une 6galit6 de premier 
degr6 se dit r^oud/re une telle 6galit6. On voit qu'une 6galit6 de premier degr^ 
admet toujours une seule et unique solution. En particulier, T^galit^ 

ax=^a (gr. ft) 



admet une seule et unique 


solution 








5C = w 


(gr.ii). 


Soit de meme 




X= V 


(gr. n) 


la solution de r6galit6 




hx=h 


(gr.il) 


et 




aj = w 


(gr. il). 


la solution de r6galit6 




ax=^b 


(gr. fl) 


on aura 


bu 


= awu=^ 


aw=^b 


d'oii 




u=:v 


(gr. ii). 



(gr. il). 



Le groupe 11 renferme done un seul et unique element u tel qu'en le composant 
avec tout 616ment du groupe H, on obtient ci dernier 616ment lui-meme. L'616- 
ment u portera le nom dH^Ument-unit^ ou tout bonnement 6!imit& et sera design^ 
par 1. 

6. 

Soit a un 616ment quelconque du groupe H, en le composant avec lui-meme 
on obtient a*; de meme en composant a* avec a on obtient a', et ainsi de suite. 
Or comme la suite 

peut.etre prolong6e ind6finiment et que tous ses termee font partie du groupe il, 
elle doit renfermer des termes 6gau2 ; on aura, par exemple, 

a* = a' (gr.il), 

o^ I'on pent supposer «>«. II en r^sulte 

o»— a' = o' (gr.il), 
d'oil a"-'=l (gr.il). 
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Une certaine puissance de r616ment a est done 6gale k Tunit^. Soit t Pexposant 
le plus petit pour lequel on a 

a*=l (gr.a), 

il est clair d'abord que, quel que soit le nombre en tier positif A;, on aura 

a«=l (gr.a). 

Je dis qu'inversement, si Ton a 

a^=l (gr.fl) 

le nombre u est divisible par t. En effet, divisons u par ;, si la division se fait 
sans reste, la proposition est demontr6e ; si non soit k le quotient et I le reste 
qu'on pent toujours supposer positif et inf!5rieur kt. On aura 

a« = a**+'=l (gr.n) 
d'oi a'=l (gr. n), 

contrairement h, notre supposition que t est le plus petit exposant pour lequel 

on a a* = 1 (gr. H) . 

Le nombre u est done divisible par t. En general, si Ton a 

a^ = ar (gr. H) 

on en tirera u = v (mod. t) 

et inversement. 

Cela 6tant ainsi, on pent donner un sens aux puissances de a ayant pour 
exposant z6ro ou un nombre entier n^gatif. En effet, on pent faire 

a^ = a*=l (gr. H). 

De meme si — u est un nombre n6gatif divisible par t, on fera 

a-« = a^=l (gr. n). 

Si — u n'est pas divisible par t, soit k le quotient et I le reste qu'on pent toujours 
supposer positif et inferieur kt-, on fera 

a-^ = a**+' = a' (gr. H). 
Si Ton a a*=l (gr. H) 

et que t est le plus petit exposant positif pour lequel une telle 6galit6 a lieu, on 
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dit que, dans le groupe H, r61ement a appartient h Pexposant t. Tout 616ment 
du groupe £1 appartient done h, un certain exposant. 

Appliquons les considerations pr6c6dentes k la resolution de F^galit^ 

ax=^b (gr. D) . 

Si a appartient k Fexposant t, la valeur 

X = baf-^ (gr. n) 

satisfait 6videmment k r6galit6 pr^c^dente. C'est done la solution cherch6e qui 
est unique comme nous le savons. Si Ton connait I'exposant ^* auquel appar- 
tient un element a, il est facile de d6terminer Texposant auquel appartient une 
puissance de a telle que a*, par exemple. En effet, soit d le plus grand commun 
diviseur de ^ et de jfe, on aura evidemment 

a*-3-z=:a*7= 1 (gr. fl). 

Si a* appartenait k un exposant r inferieur a -^ , on aurait 

a*'=l (gr.n) 
d'oii ht = (mod. t) . 

Le nombre Arr serait done un multiple tant de k que de < , ce qui est impossible 

car on a ?_ ^ ? ^ 

a 

et A;-^ est le plus petit commun multiple de k et de t. 

Si a appartient k Texposant t etb k Uexposant u et t et u sont premiers 
entre eux, T^lement ab appartiendra k Fexposant tu. En efifet on aura Evidem- 
ment (ai)** = a'^^y^* = 1 (gr. H) . 

Si ab appartenait a un exposant g inferieur ktu, on aurait 

tu = (mod. g) 
et le quotient — serait divisible par un nombre premier tel que jp. D'oii 

{ab)T=zl (gr.n). 

*Lie cafl particulier de cette proposition oil t est une puissance de nombre premier nous suffirait. 
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Or un des nombres ^ et u et un seul seulement sera divisible par p. Que ce soit 
le nombre t] on aura 

{ahf = a' ~6^- = a^" = 1 (gr. Q). 

D'oiH, en posant v/o=l (mod. <), 

a'^' = a^=l (gr.fl) 

contrairement & la supposition que a appartient h, Fexposant t. 

6. 

Soit £i un groupe eul6rien quelconque d'ordre /i, si une partie des 616ments 

du groupe £i forment ii. eux-seuls un groupe* J., le groupe A est dit sovs-groupe 

du groupe £i . II est clair que le groupe A sera aussi un groupe eul6rien. Par 

extension nous consid6rons le groupe A comme un sous-groupe de lui-meme. 

Solent ^1 et A^ deux sous-groupes du groupe £i d'ordres t^ et t^ respectivement 

et consid6rons I'expression 

a^a^ (gr. £i) 

oii aj d6signe un 616ment du groupe ilj et a, un 616ment du groupe J.,. L'en- 
semble de toutes les valeurs difFSrentes que cette expression est susceptible de 
prendre formeront 6videmment un groupe f JJ, car si aiOji et aioi/ sont deux 
valeurs de cette expression 

a{aia['oi' = {aia['){aifl',') (gr. H) 
en sera ime aussi. Dans le cas particulier oii I'expression 

«i«2 (gr. O) 
est susceptible de prendre v^u^ = v valeurs dififerentes, c. k d. dans le cas oil 
r6gaUt6 aiai = ai^ai^ (gr. H) 

n'a jamais lieu h, moins qu'on n'ait en meme temps 

ai = ai' (gr. £1) 
et ai = oj" (gr. £i) 

* On compose les 616inents du groupe A oomme s'ils faisaient partie du groupe Q . 

t Tous les groupes que nous consid^rons d^sormais seront des sous-groupes du groupe Q . 
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nous dirons qu'on peut combiner les groupes A^ et A^ et nous ^crirons 

A^A^ = B (gr.n). 
Oomme on a toujours 

aio, = a^tti (gr. £i) 

I'expression A^A^ aura aussi un sens et nous aurons 

^^1=^4, (gr. H). 

L'ordre de combinaison de deux groupes est done indifferent. Si les groupes 
Ai et A^ ont en commun un 616ment a different de r616ment-unit6, il n'est pas 
possible de les combiner. En effet, on aura alors 

aia^=za\!ai! (gr.H), 
en posant soit ai=^a o^ = 1 (gr. £1) , 

soit ai'=il a!^ — a (gr. H). 

Je dis que si les groupes A^ et A^ n'ont de commun que r616ment-imit6, il est 
toujours possible de les combiner. En effet, si Ton avait 



o{o},= a!^o:< 


(gr.i: 


sans avoir en meme temps 




ai = < 


(gr.il), 


<=^o!i 


(gr. n). 


on poserait Oi'ai" = a{ 


(gr.il). 


aifii" = a't' 


(gr. n), 



oil ai^ et oj^' feraient partie des groupes A^ et A^ respectivement et ne seraient 
pas en meme temps identiques a r616ment-unit6. L'6galite 

aH = a'M^ (gr.n) 

entrainerait alors la suivante : 

ai^ai'^ai = ai^aiai'^ (gr. fl) 
d'oii ai^^ = ai'' (gr. ft), 

contrairement a la supposition que les groupes Ai et A^ n'ont de commun que 
rel6ment-imit6. 

Soient main tenant Ai, A^, . . . . A^ 

m groupes d'ordres %, t/j? • • • • w« 
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respectivement, s^il est possible de combiner les groupes Ai et A^, puis les 
groupes AiA^ et A^ et ainsi de suite jusqu'au dernier groupe A^y nous dirons 
qu'il est possible de combiner les groupes 

Ai9 A^, . . . • A^ 

dans I'ordre indiqu6 et si le r6sultat qu'on obtient est un groupe J5, nous 6crirons 

A^A,....A^=B (gr.n). 

II est clair que le groupe B sera d'ordre 

V= UiV^ .... u^. 

Soit d'une mani^re g6n6rale a^^ un 616ment du groupe Aj^^ I'expression 

Oio, . . . . o^ (gr. £i) 

est alors susceptible deprendre v valeurs diflferentes et Ton n'aura jamais 
a[ai . . . .ai = a^aJ^ . . . . aH (gr. D) 

h moins d'avoir en meme temps 

ai = a[^ (gr.n), 
ai = ai^ (gr.n), 



aL = aZ (gr.n). 

Cela est clair d'abord si Ton fait prendre k OiO^ toutes ses valeurs, puis h, (oia,) a, 
toutes ses valeurs, et ainsi de suite jusqu'au dernier a^. Or nous avons vu qu'il 
y a plusieurs mani^res de r6unir les 616ments 

en un seul et que le r^sultat sera le meme de quelque mani&re que Ton procMe. 
C'est ainsi que de Texpression 

ai(i% . . • • a^i (gr« II) 

on pent deduire une autre en r^unissant les 61ements aj^ et a^ en un seul eI6ment 
a^aj,. L'expression ainsi d^duite ne sera qu'un produit de tw — 1 elements. En 
faisant prendre k af/i^ toutes ses valeurs qui seront au nombre de u^u^ , on obtient 
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tous leB 616ments du groupe Aj^A]^.. En operant de la meme mani^re sur la suite 
de m — 1 Elements a laquelle on parvient en remplapant dans la suite 

les 616ments % et a^^ par leur produit ^aj^, on obtient une nouvelle suite de 
m — 2 616ments et ainsi de suite jusqu'i ce que tous les Elements 

ai, O), . • • . a^ 

se trouvent r6unis en un seul. A chacune de ces mani^res de r6unir les 616ment8 

^x, Of, .... a^ 

en un seul, correspond une mani^re de rSunir les groupes 

Ai, A^f . . . • Aj^ 

en un seul; les operations seront toujours ex6cutables et Ton parviendra au 
meme r^sultat. Si done il est possible de combiner les groupes 

Ai, A^j .... A^ 

d'une certaine mani^re, il est aussi possible de les combiner de toute autre 
mani^re et le resultat sera toujours le meme. Nous avons done deux crit^res 
pour juger de la possibility de r^unir les groupes 

•^1) A^, .... Aju 

en un seul ; le premier est de voir s'il est possible de les reunir en un seul en 
proc6dant d'une certaine mani^re, le second c'est de s'assurer si I'expression 

Oio, . . . .a^ (gr. fl) 

admet v = Uitt^ . . . . w^ 

valeurs diflFerentes. 

Un sous-groupe A qu'il est possible d'obtenir par la combinaison de deux 
ou plusieurs sous-groupes est dit groupe combing. Au contraire tout sous-groupe 
qu'il est impossible d'obtenir par la combinaison de deux ou plusieurs sous- 
groupes est dit groupe simple. Soit A un sous-groupe quelconque d'ordre m et a 
un element de ce groupe. Si a appartient k un exposant t, les puissances de a 
donneront t 616ments difiF6rents 

1, a, a*, a^, ... . a*"^ 
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et pas plus. To us ces 616inents font partie du groupe -4, done t<m. Dans le 
cas particulier oi <= m, tous les Elements du groupe A sont des puissances de a 
qui porta alors le nom de base. Tout Element du groupe A qui pent servir de 
base est dit racine primitive. Tout groupe qui admet des racines primitives est 
dit mombase, tandis qu'un groupe pour lequel il n'existe pas de racines primitives 
est Ait polybase. Le sens etymologique de ce mot sera justifi6 plus tard; pour 
le moment nous designerons sous le nom de polybase tout groupe qui n'est pas 
monobase. 

Soit a un 616ment du groupe £i appar tenant a un exposant t 6gal ^ une 
puissance de nombre premier «" , les elements 

1, a, a^ . . . . a*"""^ 

formeront un groupe monobase A d'ordre s*. Je dis que le groupe A est un 
groupe simple. En effet, si A 6tait decomposable en un produit* de plusieurs 

groupes ^1, J,, Ai 

on aurait A = AiA^ . . . . A,^ (gr, fl). 

Tout groupe du second membre doit renfermer r61ement-unite et par suite tous 
les 616ments d'un groupe tel que Aj, font necessairement partie du groupe A. Si 
le groupe Aj, renfermait un Element a* du groupe A appartenant k Fexposant «", 
il renfermerait aussi les elements 

qui sont tous diff^rents entre eux. Le groupe Aj, serait alors d'ordre «" et les 
autres facteurs seraient identiques au groupe-unite, c. ^ d. a rel6ment-unit6 con- 
8id6re comme un groupe. Le groupe -4* ne pouvant renfermer aucun Element 
appartenant k Texposant «", tous ses elements appartiendront k un diviseur de 
«*""*. II en sera 6videmment de meme de tout Element du produit 

•^i^-^j • • • • ^/^ • 

Comme le groupe J., renferme des 616ments appartenant k Uexposant «", il ne 

pent etre identique au produit 

AiA% .... Aj^. 

Tout groupe monobase dont Tordre est une puissance de nombre premier est 
done un groupe simple. 

*NoaB empruntons encore la terminologie de la multiplication. 
16 
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Passons maintenant a la resolution de r6galit6 

x'-=l (gr.n) 

oh 6 est un nombre premier et u un nombre entier positif. L'ensemble de 
toutes les solutions de cette 6galit6 formeront un groupe que nous d^signerons 
par Bu- En effet, si Ton a 

a'"= 1 (gr. n) 

et 6'"=1 (gr. n), 

on aura aussi (ai)**= 1 (gr. 11). 

Consid6rons d'abord regalit6 

uf=l (gr. ft). 

Les solutions de cette 6galit6 se composent de r616ment-unit6 et des 616ments 
appartenant a I'exposant e. Si le groupe Hi ne renferme aucun 616ment appar- 
tenant ^ I'exposant s , on aura 6videmment 

Hi=?7 (gr.ft), 

oh U d&igne le groupe-unit6. Si, au contraire, le groupe Si renferme un 
616ment Oi appartenant a I'exposant s^ les puissances 

1, ail ai, • • . . aj— , 

formeront un groupe monobase A{ d'ordre s qui sera 6videmment un sous-groupe 
du groupe Bi- Si le groupe Si ne renferme aucun 616ment en dehors de ceux 
du groupe -if, on aura 

ttri = -d-i . 

Si non, soit a, un element du groupe Si different de ceux du groupe -4}, les puis- 
sances 1, O), of, ... . oj""^ 

formeront un groupe monobase d'ordre a qui n'aura de commun avec le groupe 
A{ que rel6ment-unit6. En effet, si un 616ment du groupe A\ autre que r616ment- 
unit6 faisait partie du groupe A{, tout le groupe -4J ferait partie du groupe -4j, 
contrairement ^ la supposition que Telement a, ne fait pas partie du groupe A[. 
De meme, si le groupe Si renferme un 616ment a^ ne figurant ni parmi ceux du 
groupe A{ ni parmi ceux du groupe A\ , les puissances 

1 , (^3 , (I3 , . . . . CZs 
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formeront un groupe monobase Al qui n'aura de commun avec les groupes 
A{ et J.J que r616ment-unite. En continuant de la meme maniSre, on finira par 
former un certain nombre h de groupes monobases d'ordre s tels que deux quel- 
conques de ces groupes n'auront de commun que r616ment-unit6 et que tons les 
h groupes pris ensemble renfermeront tons les 616ments du groupe Bi et meme 
chaque element une seule fois, si I'on convient de ne compter qu'une seule fois 
rel6ment-unit6 qui fait partie n6cessairement de tout sous-groupe de £i . Soit ^i 
I'ordre du groupe Bi, nous aurons 

^, = h{8-l)+l. 

Soit maintenant Ui un 616ment du groupe Bi different de l'616ment-unit6, les 
616ment8 1 , ai, a}, . . . . aj""^ 

formeront un groupe monobase -4* d'ordre 8. Si a, est un Element du groupe 
Bi ne faisant pas partie du groupe A{, le groupe monobase Al form6 par les 

616ments 1, a,, a}, ... • oj""^ 

n'aura de commun avec le groupe A{ que r616ment-unit4 Posons done 

^r., = ^I^; (gr.n), 

le groupe Al*^ d'ordre «* sera 6videmment un sous-groupe du groupe Bi- Si le 
groupe Bi ne renferme pas d'autres 616ments que ceux du groupe A{\^, on aura 

Bi = A{Al (gr.n). 

Dans le cas contraire, soit a^ un 616ment du groupe Bi ne faisant pas partie du 
groupe A{\^, le groupe monobase -45 form6 par les elements 

n'aura de commun avec le groupe A{\ , que T^lement-unite. Autrement le groupe 
Al serait un sous-groupe du groupe A{\ , et I'element Og ferait partie du groupe 
A{\ g contrairement h notre supposition. Posons 

A{\,^, = A{AlAl (gr.n), 
-^1* s, 3 s^i'^, un sous-groupe de Bi* Si I'on n'a pas 
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soit a^ un Element du groupe Hi ne faisant pas partie du groupe -4i%,8, etc. 
En continuant de la meme mani&re on finira par trouver une decomposition telle 

^""^ U, = A{Al....Al^ (gr.n), 

d'oii ^1 = 8^' 

et par suite , _ g"*' — 1 

~ 8 1 

Comme tous les elements du groupe Ei satisfont a l'6galit6 

7f = \ (gr. n), 

il est clair que tout sous-groupe monobase du groupe Bi sera d'ordre «, saut le 
groupe-unit6. Toute decomposition de Si en un produit de groupes monobases 
contiendra done mi groupes monobases d'ordre 8. Nous exprimerons ce fait, 
en disant que la decomposition de Hi en groupes monobases est univoque quant 
au nombre de ces groupes monobases composants d'un ordre d6termin6. Tout 
sous-groupe monobase de Hi est simple. En effet, un tel groupe — abstraction 
faite du groupe-unite — est d'ordre 8 et par suite il est simple comme tout groupe 
monobase dont I'ordre est une puissance de nombre premier. Tout sous-groupe 
simple ;^ du groupe Si est monobase. En effet, un tel groupe x ^st identique 
^ Fensemble des solutions de Tegalit^ 

^ — i (gr- x) 

et sera par consequent 6gal a un groupe monobase. 

II est facile de determiner le nombre des decompositions de Hi en groupes 

monobases. En effet pour -4i il y a choix entre groupes. Pour A^ il y 

8 —^ J. 
g^ \ 

aura choix entre 1 groupes. Le groupe A^^^ etant identique ^ Ten- 

8 J. 

semble des solution de Fegalite 

a'=l (gr. A.Oi 

^— 1 
renfermera r- groupes monobases d'ordre s. Pour A^ il y aura done choix 

8 — — X 

entre — groupes. De meme, pour A^ il y aura choix entre — ^ groupes 



o«,— 1 



et ainsi de suite jusqu'au groupe A^^ pour lequel il y aura choix entre — 

8 A. 
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groupes. Le nombre des decompositions de U\ en groupes monobases est done 

ggal a «~> — 1 5~> — « «*» — «* 8^ — 8"^ ^ , 
^ • • • • — — • jtt\ • 

8—1 8—1 8—1 8—1 

puisque nous ne consid^rerons comme distinctes les decompositions qui ne differ- 
ent que par Tordre de leurs facteurs. 

II est clair que tout element du groupe Hi n'est representable que d'une 
seule mani^re comme un produit d'^lements appartenant respectivement aux 

groupes ^1, Af ^m, 

si Ton fixe ces derniers groupes. En particulier, si Ton veut repr^senter F^le- 
ment-unite comme un produit d'61ements appartenant respectivement aux groupes 

il faut prendre r616ment-unit6 dans chacun de ces groupes. 

Nous pouvons rechercher maintenant le nombre des solutions d'un egalit6 

*"""^"" «- = a (gr.n). 

En effet, soient 1 , Cj, Oj, . . . • c,"»i_i 

les 5*» solutions de r^galite* 

x'=l (gr.n), 

si r6galite a* = a (gr. 11) 

admet une solution 6q, les elements 

seront encore des solutions de la meme egalit6 differentes entre elles. Inverse- 
ment, si bi^ est une solution de Fegalite 

ofzzia (gr. £i) J 

Felement bo^b,^ satisfera k r6galit6 

a* = 1 (gr. n) 

et sera par consequent identique a une solution c^ de cette egalit6, d'oii 

b^ = bQch (gr.n). 
*Nou8 suppoBODS que le groupe Q contient des 616inent8 appartenant & Texposant 8. 
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On peut done faire correspondre ^ chaque solution de Fegalit^ 

Qif^=ia (gr. 11) 

une solution bien determine de r6galit6 

7f=l (gr.n), 

de manifere qu'S, deux solutions differentes de r6galit6 

Qcf ^-a (gr. 11) 

correspondent deux solutions difif6rentes de I'^galit^ 

a'=l (gr.n) 
et inversement. Le nombre des solutions de FSgalite 

a^ = a (gr. H) 

est done 6gal a s"^ dans le eas oil elle en a aumoins une. II est fitcile de prouver 
par des exemples que le eas oh I'^galit^ 

Qf=ia (gr. fl) 

n'admet aucune solution se pr6sente aussi. 

8. 

Nous pouvons maintenant aborder Tetude du groupe Hu^ c- ^ d- de Fensemble 
des solutions de r^galit6 

a:'"=l (gr.H) 

ou 8 est un nombre premier et u un nombre entier quelconque. Si s^ est la puis- 
sance la plus elev6e de « a laquelle comme exposant peut appartenir un Element 
du groupe H, nous dirons que le groupe H est de rang d par rapport au nombre 
premier s. Dans le eas oii le groupe H ne renferme aucun ^16ment appartenant 
k une puissance de s, nous dirons qu'il est de rang 6 par rapport audit nombre 
premier 8. Le groupe H* se r6duit alors a un Element unique, k r61ement-unit6. 
Laissons done de c6t6 ce eas, c. a d. supposons © > , et proposons nous d'6tudier 
le groupe H^. II est clair d'ailleurs que pour toute valeur de u 6gale ou supe- 
rieure a © on aura H = E . 

Nous pouvons done nous bomer h la consideration des groupes Bu ou w< 6. Soit 
Hu un tel groupe, 61evons tons ses elements a la puissance s; les elements 
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diff^renta qu'on obtiendra de cette mani^re fonneront a eux-sexils un groupe eul6rien 
que nous d6signeroD8 par H^ et qui sera 6videmment un sous-groupe de H,*. De 
meme, nous d^signerons par UH le groupe form6 par Fensemble des elements 
diff^rents qu'on obtient par Felevation de tous les 616ment8 du groupe H« ^ la puis- 
sance t^f et ainsi de suite jusqu'au groupe &u^ qui se r6duira ^videmment au 
groupe-unit6. Cela 6tant ainsi, je dis que le groupe jET^ form6 par Tensemble des 

solutions de F^galit^ 

uf=l (gr.Hi*-^0 

est ind^pendant de u pourvu qu'on ait 

u>k. 

En eflfet, un groupe tel que Bu+i oil w + 1 <d, ne difffere du groupe Uu que par 
les 616ment8 appartenant h Fexposant «"+^ que le premier a en plus sur le der- 
nier. Le groupe Hi*+i^ ne differera du groupe BJf~^^ que par les 616ment8 appar- 
tenant & Fexposant «"""*+• que le premier aura en plus sur le second. Or comme 

u — k + 2> 1, 
ces Elements n'entrerons pas dans le groupe jEQ*"*"^ et par suite on aura 

Nous pouvons done ecrire d^sormais 5^ au lieu de iJ". Ce point admis, je 
d6signe respectivement par 

les ordres des groupes S^y E^^ . . . . H^ 

et je dis qu'on aura 

En effet, H* est un sous-groupe de H*, et comme UL ne renferme pas d'616ments 
appartenant & Fexposant «* , H* est aussi un sous-groupe de B»_i , et par suite B?"""^^ 
est xm sous-groupe de BifTi*^ et fii est un sous-groupe de -5i_i; done rwjt_i>mfc. 
L'in6ffalit6 ^ ^ 

r&ulte de ce que le groupe B« renferme, d'apr&s la supposition, au moins un 
element appartenant a Fexposant «*, et par suite le groupe B?"^^ ou H^ renfermera 
au moins un 616ment appartenant a Fexposant s ; son ordre sera done sup6rieur 
a Funit6. 
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Soit J.'" un sous-groupe monobase Be d'ordre «" et a^ une raciiie primitive 
du groupe A''*. Le groupe J.'" se compose ra des Elements 

Soit maintenant s^ une puissance de «, non sup6rieure a 6**, Pensemble des 
616ments du groupe A"^ appartenant a des exposants non superieurs a ^ sera 
donn6 par les puissances suivantes 

On voit que ces Elements sont au nombre de s* et qu'ils constituent un groupe mono- 
base A'" k eux-seuls. A'^ est d'ailleurs le seul sous-groupe de A'* d'ordre ^, car 
tons les 616ments du groupe A'"" qui ne font pas partie du groupe -4.**, appartien- 
nent k des exposants superieurs a 6-*. Un tel groupe J.** portera le nom d^Smet- 
taiit d'ordre «* du groupe A^. On voit que le groupe A** n'a qu'un seul emet- 
tant d'un ordre d6termin6 ^ non superieur a «". Le groupe A'" porte le nom 
dUemanant d'ordre «" du groupe A**. Un sous-groupe monobase J.** du groupe 
Ub 6tant donn6 et une certaine puissance «** non inferieure i 8^ et non superieure 
k s^ etant fixSe, trois cas pourront se presenter : 1) le groupe A^ n'aura aucun 
6manant d'ordre «~; 2) il n'en aiira qu'un seul; 3) il en aura plusieurs. Un 
sous-groupe monobase de Ue est dit de porth (range, Tragweite) «" s'il admet au 
moins un 6manant d'ordre «** et n'en admet aucun d'ordre d**'*"^ La portee d'un 
groupe d6pend naturellement du groupe H*, car si un groupe monobase A'" oil 
1c<iQ est de port6e 8^ dans le groupe H*, il ne peut etre que de port6e fi^~* dans le 
groupe Htf-i. Tons nos groupes seront d'ailleurs des sous-groupes de H^ a moins 
que nous n'avertissions du contraire. Oela 6tant ainsi, voici le problfeme qu'il 
s'agit de r6soudre : Soit A'^ un groupe monobase d'ordre «* inferieur a s^ et 4e 
port6e fi" superieure sb «*, on demande le nombre de ses 6manants d'ordre s^"*"^ et de 
port^es «"*, 5"^*, .... s*"*"^ respectivement. II est clair que le groupe -4'* ne 
pourra avoir d'autres 6manants d'ordre ^"^^ que ceux que nous venons de men- 
tioner. 

Soit done J.** un groupe monobase d'ordre 5* et de portee «" et a^ une racine 
primitive de ce groupe. D'aprfes la supposition, il existe un groupe monobase 
J.'" d'ordre «" ay ant J.'* pour 6mettant. Soit a„ une racine primitive de -4'", a^; 
sera egal k une puissance telle que ag*""* ou g n'est pas divisible par 8. L'616- 
ment a* est done 6gal ^ une puissance s"""* d'un element appartenant a Texpo- 
sant 8^ et fait par consequent pactie du groupe H« ""^^- Soit maintenant A**"*"' un 
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^manant* de J.** de port6e «" et a^^i une racine primitive de J.'***, a^ sera 
6videmment 6gal d. aj*+i oil ^ n'est pas divisible par s. Or aj+i 6tant aussi une 
racine primitive de J.****, on pent remplacer al^^ P*r aj^^i de sorte que a^ soit 
6gal ^ aj+i. Comme le groupe ui'**' est de port6e s", sa racine primitive a^^i 
fera partie du groupe HIr'"*"'^\ D'ailleurs a* fait aussi partie du groupe H2*'"*""^\ 
k cause de ce que HJT""*^ ©st un sous-groupe de B?"*"^^- Oela 6tant ainsi, tout 
6manant -4'**^* (du groupe J.'*) d'ordre «*+^ et de port6e «~ pent etre consid6r6 
comme engendr^ par une base a^^i satisfaisant ^ r6galit6 

Inversement, si 6^4.1 est une solution de cette 6galit6, 6*4. 1 appartiendra i Fexpo- 
sant «*+^ et les 616ment8 

If Ojfc^i, oj + i, . . . . oj+i"" 

formeront un groupe JB**** d'ordre «*+^ Le groupe i?**"*** aura 6videmment pour 
sous-groupe le groupe ui** car ce dernier se compose des 616ments 

1, 6*4-1, 6t^.i, .... 614.7 '. 

D 'autre part le groupe 5**^* est de port6e «" tout au moins en tant que hj^^i fait 
partie de BJ;*-*-i) et par suite est 6gal ^ une puissance «"-*^^ d'un 616ment appar- 
tenant i^ I'exposant «^ Le groupe JB**"*"' ne pent etre d'une port^e sup6rieure d. 
«•; autrement le groupe ui**, le serait aussi; done jB**'*^* est un 6manant (du 
groupe A**) d'ordre «*"*"^ et de port6e 8\ 

L'6galit6 of = au (gr. BJr-*-^0 

admet n^cessairement la solution 

x=(ag'-*-Ot (gr.BL--*-"). 

Les solutions de cette 6galit6 seront done au nombre de «"^-*; nous les d6signe- 
rons par ^ ^ ^ ^ 

Or si la base c^ engendre un 6manant ui**^* (du groupe A^) d'ordre 5*+^ et de 
port6e «", les bases 

* L'6mettant d'ordre 8>^ + 1 du groupe A*^ est un tel 6manant du groupe A'^ . 

t Les parenthdaes yeulent dire que l'6l6ment aS** obtenu ezplicitement fait partie du groupe 

17 
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engendreront le meme groupe -4'*"^' et satisferont h I'^galitS 

^ = a, (gr. Hi-'^-^) 

et en dehors de la base Cj, ce seront les seules bases de A'*"^^ qui jouiront de 
cette propri6t6. II y aura done 8 solutions de F^galit^ pr6c6dente pour chaque 
6manant tel que A'*'^\ Le nombre des 6manants (du groupe -4.'*) d'ordre «*+^ 
et de port6e *" est done egal k d**"-*""^. On prouvera de la meme mani^re que le 
nombre des 6manants (du groupe -4**) d'ordre «*+^ et de port6e *" tout au moins 
est 6gal k s'^-*-»""^ Le nombre des 6manants (du groupe A^) d'ordre «*+^ et 
de port6e s*""^ est done 6gal h 



.*-i 



-1 ^"••-ik-i 



nombre qui pent se r^duire quelquefois k z6ro. D'une mani&re g6n6rale le 
nombre des ^manants (du groupe A**) d'ordre ^+^ et de port6e «"•"* oii 

u^u — i>k -f 1 
est 6gal k 5«.-*-i-i — g»»M-*-<+i-i 

nombre qui pent se r6duire quelquefois k z6ro. 

Cherchons maintenant le nombre des groupes monobases d'ordre 9 et de 
portSes s^j s*""^y «•■"*,.... ^, « respectivement car il ne pent y en avoir d'autres. 
Soit A' un groupe monobase d'ordre s et de port6e «* et aj une racine primitive 
de ce groupe. Soit A'* un 6manant (du groupe -4') d'ordre «* et a« une racine 
primitive du groupe A' . L'616ment a^ sera 6gal k une puissance de a« telle que 
aj'*~^oili g n'est pas divisible par s. L'el6ment Oi est done une puissance s^"^ 
d'un 616ment ag appartenant k I'exposant s^; il s'ensuit que P616ment Ui fait 
partie du groupe Be"^^ ou du groupe n^ qui lui est identique. Le groupe A' 
est done un sous-groupe du groupe 5^. Inversement tout sous-groupe monobase 
d'ordre s du groupe J2i est de port6e s*. En effet, soit B' un tel sous-groupe, bi 
une de ses racines primitives et b^ une solution de r6galit6 

uf'''' = b, (gr.S,) 

solution qui existe n6cessairement, car bi fait partie du groupe Ue''^^ L'616ment 
bfi pourra servir de base k un groupe B'^ d'ordre «* qui sera un 6manant du 
groupe B'. Le groupe B' est done de portee «* au moins. Or comme aucun 
groupe ne peut avoir une port6e superieure k 5*, il en r6sulte que B' est de 
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port^ ^. Done tout groupe monobsuse d'ordre s et de port6e s* est un sous- 
groupe de H^ et inversement tout sous-groupe monobaae de 5i d'ordre s est de 
port^ 8^. Le nombre de tels groupes est done 6gal it 

g**^ — 1 

De meme, tout groupe monobase d'ordre 8 et de port6e «*"^ est un sous-groupe 
de -Si_i et tout sous-groupe monobase de fli_i d'ordre e est de port^e «*~^ au 
moins. Le nombre des groupes monobases d'ordre 8 et de port6e «^"^ au 

moins est done 6gal ft g""*-! i 

8-1 • 

Le nombre des groupes monobases d'ordre s et de port6e «*"^ est done 6gal & 

«"*»-l — 8^9 
8—1 

nombre qui se rSduit quelquefois ^ z^ro. D'une mani^re analogue, on trouvera 
que le nombre des groupes monobases d'ordre 8 et de port6e «*, oii t^<[©, est 

6gal a «*" — «"*«+» 

8—1 

nombre qui se r^duit quelquefois Jt z6ro. 

Rangeons done tons les groupes monobases d'ordre e en elasses suivant qu'ils 
sont de port^ «*, «*"^, ...,«* ou 5. Faisons emaner de ehaque groupe d'ordre 
8 et de port6e 8^ ses ^manants d'ordre ^ distribute en elates suivant qu'ils sont 
de port6e «*, «•""*, . . . . ^ ou «*. Ces 6manants seront respeetivement au 
nombre de 

De meme faisons 6maner de ehaque groupe monobase d'ordre 8 et de port^e «** 
Q}X t6<0, ses emanants d'ordre ^ distribues en elasses suivant qu'ils sont de 
port^es «", «"""\ ....«*, ^ respeetivement. Ces Emanants seront respeetivement 
au nombre de 

Faisons de meme 6maner de tout groupe d'ordre s* ainsi obtenu et de port6e «~, 
oil 3<w<0, tous ses emanants d'ordre e' distribues en elasses suivant qu'ils 
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eont de portee «", 5""^ . . . . ou «^ Cee 6manants seront respectivement au 
nombre de 

Oontinuons la meme operation jusqu'a ce qu'on soit parvenu aux groupes mono- 
bases d'ordre «*. Enfiu, on pent faire 6maner du groupe-unit6, les groupes 
monobases d'ordre s ranges en classes suivant qu'ils sont de port6e s*, «*""*, .... 
ou 8 respectivement. Nous avons dej^ d6termine le nombre de ces hnanants du 
groupe-unit6. Le groupe-unit6 pourra etre consid6r6 comme 6mettant d'ordre s* 
de tout groupe monobase d'ordre «". Tout groupe monobase d'ordre s" trouvera 
n^cessairement une place dans cette classification, car il a ces 6mettants bien 
d6termin6s d'ailleurs d'ordres «"""^ s"""*, . . . . ^, ^ et s^. Les 616ments que deux 
groupes monobases -4'* et J.'' d'ordres 5" et s'^ ont en commun, constituent un 
groupe monobase & eux-seuls. En effet, en laissant de c6t6 le cas o^l les groupes 
j1** et A'* n'ont en commun que Pel6ment-unit6 qui peut-etre consider^ comme 
constituant un groupe monobase ^ lui-seul, soit a un 616ment faisant partie tant 
du groupe A'" que du groupe A'* et s"^ Texposant auquel a appartient. On pent 
supposer que les groupes -A'* et J.'' n'ont en commun aucun 61ement appar- 
tenant sb un exposant sup^rieur ^ s"^. Cela 6tant ^insi, tons les 616ments du 
groupe monobase A'' form6 par les puissances 

1, a, a*. . . . a**""* 

feront partie tant de A** que de J.*' et ces derniers groupes n'auront en commun 
aucun 616ment ne faisant pas partie du groupe -4.*", car le groupe A** renferme 
tons les 61ements des groupes A'^ et A^ qui appartiennent ^ un exposant non 
sup6rieur ^ a"^. Un tel tableau de classification de tons les groupes monobases 
de Btf est susceptible d'une representation g6om6trique. En efFet, menons une 
ligne d'une longueur egale d. I'unit^ pour r6presenter le groupe-unite et faisons 
6maner de cette ligne des faisceaux de lignes de longueur s — 1, une pour 
chaque groupe d'ordre 8 de manifere qu'il y ait un faisceau s6par6 pour 
chaque portee. Une telle ligne representera les 616ments d'un groupe 8 qui 
appartiennent a Texposant 8, De chaque ligne de longueur a — 1 faisons emaner 
des faisceaux de lignes de longueur «• — s, une pour chaque groupe d'ordre 6* et 
de mani&re qu'il y ait un faisceau separ6 pour chaque portee. Une telle ligne 
de longueur s* — 8 representera les elements d^m groupe d'ordre s* qui appar- 
tiennent a Texposant ^. De meme, de chaque ligne de longueur ^ — 8 faisons 
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6maDer des faisceaux de lignes de longueur «* — «* pour repr6senter les 616ments 
des groupes d'ordre «* qui appartiennent & Texposant «', et ainsi de suite. Une 
telle figure pourrait porter le nom de patron (pattern, Schablone) et etre d6sign6e 
par la notation P^im^j wi^.j, . . . . tti,, nii) de manifere k mettre en Evidence les 
nombres dont le patron depend. Au lieu du patron, on peut se servir du tt/pe 
qui repr^sente la meme chose sous une forme plus abr6g6e. Un type diff^re 
d'un patron en ce que : 

1). Toutes les lignes sont de longueur 1. 

2). II n'y a qu'une seule ligne* pour chaque faisceau d'^manants d'ordre 
«"+*et d'une meme port6e qui ^manant d'un groupe d'ordre a* qui lui-meme 
n'est repr^ent^ qu'implicitement comme faisant partie d'un faisceau repr6sent6 
par une ligne. Un tel type pourra etre d6sign6 par la notation T{d) . 

Cela 6tant ainsi ^ il est facile de determiner les nombres des 616ments du 
groupe B$ qui appartiennent k I'exposant «'. En effet, pour avoir le nombre des 
groupes monobases d'ordre «', il faut multiplier le nombre des groupes monobases 
d'ordre a et de port6e «*, par le nombre des 6manants d'ordre «* et de port6e «• 
qui 6manant de chaque groupe monobase d'ordre s et de port^e a^; puis multi- 
plier le resultant par le nombre des 6manants d'ordre «* et de portee s' qui 
6manent de tout groupe monobase d'ordre ^ et de port6e «*, et ainsi de suite. 
Cela donne pour r^sultat 

6 — 1 

Comme chaque groupe monobase d'ordre s* contient «* — s'~^ 616ments appar- 
tenant & I'exposant a*, le nombre de tels 61ementsf dans le groupe B$ est 6gal k 

Comme le groupe H„, oil 1 <[w<0 est de rang u par rapport au nombre premier 
a et est identique a I'ensemble des solutions de I'^galit^ 

ar=l (gr.Bu), 

tout ce que nous avons dit du groupe Be s'applique au groupe Bu pourvu qu'on 
remplace le nombre 6 par le nombre u. Les nombres 

^i> ^»> • • • • ^tt 



* Le nombre des groupes reprdsent^ par une telle ligne peut se r6duire quelquefois fl z6ro. 
tDeuz groupes monobases d'ordre s^ ne peuvent avoir en commun un Element appartenant & 
Texpoeant afi sans etre identiques. 
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auront d'ailleurs la meme valeur dans les deux cas. La nombre des 61^inent8 du 
groupe Hfl appartenant h Fexposant 0^ est done 6gal ^ 

Quant au groupe Si, il a k\A 6tudi6 k part dans le §7 et nous savons que le 
nombre de ses 616ments appartenant a Fexposant e est 6gal ^ ^*» — 1 . Oela 
6tant ainsi, si I'on d^signe par ^, Tordre du groupe E«, on aura 

Et de meme, si Ton d^signe par f„ Fordre du groupe Bu oil < t^<d, on aura 

9. 

Passons maintenant ^ la determination de Fordre maximum d'un produit 
de sous-groupes monobases de H^- Je m'occuperai d'abord du probl&me suivant. 
Etant donnas les sous-groupes monobases 

-^li -^»i -^8> • • • • -^n» 

on demande la condition n6cessaire et suffisante pour qu'on puisse les combiner 
en un produit. Soient respectivement 

^1, jB,, . . . . B^ 

les emettants d'ordre 8 des groupes 

-^l> ^%j • • • • -a,i, 

si Fon pent combiner les groupes 

-^ii -^21 • • . . -a,^» 
il est clair qu'on pourra aussi combiner les groupes 

-Bj, Sjj, . . . . -B„. 
Je dis qu'inversement, si Fon peut combiner les groupes 

-Bi, 5jj, . . . . B^, 
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on pourra aussi combiner les grouped 

En effet, s'il est impossible de combiner les groupes 

cela provient de ce que, par exemple, on pent combiner les groupes 

-^ii -4t» ' • • • -^fc 

oii 1 < fe< w, mais qu'il n'est plus possible de combiner les groupes Ai, A^, . . . . A„ 
et Aj^^i parce qu'ils ont en commun un 6l6ment a^ + i different de PelSment-unit^, 

Soient a^, a^, . . . . a^ 

les 616ments des groupes 

-^ii A^f • • • • All 

dont le produit donne a^^i. Quelques-uns des 616ment8 

Ox, a^, . . . . ajt 

peuvent etre identiques h r616ment-unit6, mais T^l^ment a^+i est, d'aprSs la sup- 
position, diflF6rent de r616ment-unit6. Cela 6tant ainsi, soient 

les ezposants auxquels appartlennent les Elements 

^ij ^» • • • • ^»+i- 
Quelques-uns des nombres ^i» A,, . . . . hj, 

peuvent etre 6gaux ik z^ro^ mais I'on aura n^ssairement, d'apr^ la supposition, 

Cela 6tant ainsi, d6signons d'une mani^re g^n^ale par i?«, ou u<k+ 1^ l'unit6 si 
h^ est 6gal k z6ro ou un, et «*— * quand A« esrt sup6rieur k I'unit^. Soit v, le plus 
grand des nombres v^f nous aurons 





ol-o? at = a^^x 


et je dis que Ton aura 


V, = Vu^l. 


En effet, si Ton avait 


^*+l<IV#f 


mais 


v, = v^ 
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par example, oii w< A? + 1 , le second membre de I'^galite 

serait 6gal a runit6, tandis que le premier membre serait different de Fmiit^. 
Tout 616ment oj- oil w < A; + 1 est 6gal a r616meat-unit6 on appartient S, Pexpo- 
sant 8] les 616ments al% aj-, aJVi 

font done partie respectivement des groupes 

II en r^sulte qu'on pent combiner les groupes 

-Bi, -Bg, . . . . B^ 
puisqu'on peut combiner les groupes 

-^i» -^gj • • • • -^*j 

mais qu'on ne peut plus combiner les groupes B^, B^^ B^ et Bj^^i parce qu'ils 

ont en commun l'616ment aj'^i different de l'61ement-unit6. Comme cette con- 
clusion est contraire k notre supposition, la proposition est d6montr6e. La 
condition n^cessaire et suffisante pour qu'on puisse combiner les groupes 

-^ij -^$1 • • • • -^ 

en un produit, est done qu'on puisse combiner leurs 6mettahts d'ordre a 

Bij B^f , • . . B^ 

en un produit. La valeur maximum de n est done 6gale kmi, car on peut com- 
biner Wi groupes monobases d'ordre «, mais il n'est plus possible d'en combiner 
un plus grand nombre; autrement Hi admettrait un sous-groupe d'ordre «* 
sup6rieur k ^i . Quel est maintenant le nombre maximum de groupes mono- 
bases d'un ordre sup6rieur k s, qu'on puisse combiner en un produit ? Les 6met- 
tants d'ordre s de tels groupes seront de port6e ^ au moins. Tons ces 6mettante 
seront done des sous-groupes de H^ et inversement tout sous-groupe monobase 
d'ordre s de H^ est de port6e ^ au moins. Le nombre maximum de sous-groupes 
monobases d'ordre ^ et de port6e «* au moins qu'on puisse combiner en un pro- 
duit, est done 6gal hm^. Le nombre maximum de groupes monobases d'ordre 
s* au moins qu'on puisse combiner en un produit est done aussi 6gal a ^. Et 
d'une manifere g6n6rale le nombre maximum de groupes d'ordre s et de port6e 
s" au moins, o\iu<dy qu'on puisse combiner en un produit, est 6gal k m^. Done 



6v/r Vinfinit^ du nombre des nomhres premiers. 131 

le nombre maximum de groupes monobases d'ordre «"* au moins qu^on puisse 
combiner en un produit est aussi 6gal a tn^. Or on pent trouver une decompo- 
sition de Hi oii il y aura m^ groupes d'ordre s et de port6e «', ?n^__i — m^ groupes 
d'ordre a et de portee «*~\ m^_, — m^_i groupes d'ordre s et de portee s*"*, enfin 
mi — m^ groupes d'ordre s et de port6e s* En effet, il suffit de decomposer J3^, 
puis si -5i_i est diflF6rent de H^ achever la decomposition de fi^-i en commen- 
pant par la decomposition de i3i, puis achever la decomposition de H^^^ en 
commenpant par celle de iSi^i et ainsi de suite. Une telle decomposition de Bi 
portera le nom de convenabh (par rapport au groupe Be) • Je me propose de 
rechercher le nombre des decompositions convenables de Hi . 

Pour obtenir une decomposition convenable de Bi il faut d'abord decomposer 
H0 en facteurs monobases, ce qui se fait de 



8^9 — 1 8^9 — 8 S"*» — «• «*• — 8^9 " ^ 



8 — 1 8 — 1 8 — 1 8 — 1 



771, 



\ 



mani^res, puis achever la decomposition de fl^-i ce qui se fait de 



maniferes,t puis il faut achever la decomposition de fii-n ce qui se fait de 
. : (m^_, — me__i) ! 

8 — 1 8 — 1 8 — 1 

mani^res, .... puis achever la decomposition de H^ ce qui se fait de 
_— ^ —-^ ___ :(^,_„,,)! 

mani^res, enfin achever la decomposition de JETi = Bi ce qui se fait de 



8 1 8 — 1 8 1 



:(mi — m,)! 



mani^res. Le produit de ces nombres donne le nombre des decompositions con- 
venables de Bi« Si dans une decomposition convenable de Bi on remplace chaque 

*Qaelque8-QneB des differences in»_i — m» peuvent se rMuire A z6ro. 

t Quand on a J5# _ 1 = jET^ il faut remplacer Texpression pr^cMente par lHinit6 et de mSme pour les 
autres cas oil Ton aurait H^'=-Hy^^\. 
18 
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groupe d'ordre s par sont 6manant de Pordre le plus 61ev6, le produit des groupes 
monobases qu'on obtient de cette mani^re sera d'ordre 

de sorte que nous avons obtenu ainsi une decomposition de Ub en un produit de 
groupes monobases. Je dis que cette d6composition est univoque quant au 
nombre de ses groupes monobases composants d'un ordre d6termin6. 

En effet, si le groupe Ub est decomposable en un produit contenant tib groupes 
monobases d'ordre s^ n^_i — Ub groupes monobases d'ordre «*"*, .... n„ — n^^i 
groupes monobases d'ordre «",.... rii — n^ groupes monobases d 'ordre s, on aura 

d'ou ttib + niB^i + . . . . w, + ?ni = w« + n^_i + . . . . a^ + nj . 

Or le nombre maximum de groupes monobases d 'ordre «* au moins, qu'on puisse 
combiner en un produit 6tant 6gal a w?^, on aura pour toute valeur de n non 
sup6rieure ad n^ < m^ 

et par suite en vertu de r6galit6 

Wtf + w«-i + . . . . Wi = m^ + wi^_i + . . . . wii, 

Cherchons maintenant le nombre des decompositions de Hb qui correspondent i 
une decomposition convenable de Bi- Nous avons vu que chaque groupe d'ordre 
« et de port6e «" admet 

6manants d'ordre s**. Le nombre des decompositions de E^ qui correspondent S. 
une decomposition convenable de Bi est done 6gal ^ 

— g^B^B ^ 1 "^ "^tf X^B J + • • • • **»''4 + Wim, — /w^ -f- m^ j4-... •'•j)^ 

En multipliant ce nombre par le nombre des decompositions convenables de Bi , 
on aura le nombre des decompositions de H^ en un produit de groupes mono* 
bases. 

Nous avons vu dans le §6 que tout groupe monobase dont I'ordre est une 
puissance de nombre premier, est simple. II s'ensuit que tout sous-groupe 
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moDobase de He est simple. luversement, tout sous-groupe simple de B^ est 
monobase. En efifet, soit A uq tel sous-groupe et w son rang par rapport au 
nombre premiers, le groupe A sera identique a Tenserable des solutions de 
l'egalit6 a;'-= 1 (gr. A). 

Le groupe A est done 6gal a un groupe monobase ou a un produit de groupes 
monobases. La demi&re supposition 6tant a excluse, le groupe A sera n6ces- 
sairement monobase. 

J'aurai besoin encore du lemme suivant. 

Soit A' un groupe monobase d'ordre s et de port6e s"*, on pent faire figurer 
explicitement, dans une decomposition de B^, le groupe A' comme 6mettant d'un 
groupe monobase composant d'ordre «*. En effet soit d'abord w<C 0, le groupe 
A' 6tant de portee «"*, le groupe H^ renfermera des 616ments ne faisant pas partie 
deiZ^^i- Decomposons d*abord H^^i^ mais de mani^re que cette decomposi- 
tion de iZ^+i puisse servir de commencement a une decomposition convenable de 
Si et puis achevons la decomposition de H^ en commenpant par A* et apr^s cela 
achevons la decomposition convenable de 3i d'une mani^re quelconque. Toute 
decomposition de B# correspondant ^ cette decomposition convenable de Bi aura 
les conditions requises. Pour w:=0, un ferait commencer la decomposition 
convenable de Si par le groupe A*. 

10. 

Nous avons vu que le groupe B^ peut etre decompose en un produit de 
groupes monobases* 

— A** A"^ A*^ A*^"^ A"^"^ A'^"^ A*^"^ A'^ A* A* A* 

et que cette decomposition est univoque en ce sens qu'elle renferme un nombre 
determine de groupes d'un meme ordre. 

Soient Oi, o^, . . . . a^^ 

les bases des groupes monobases composants d'une decomposition de H^ et 

t?i, Wg, . . . . v^^ 

*Le nombre m» peut Stre 6gal d m«-t-i ', alors les groupes d 'ordre 8* disparaissent dans la decompo- 
sition. 
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es exposants auxquels ces bases appartiennent, I'expression 

al'dS^^ .... ajj-i (oil Xfc = 0, 1 , 2, . . . . x^^^^ 

repr6sentera tous les elements du groupe Hb et chacun d'une seule mani^re. Je 

dis que si fti» &»» • • • • &n 

sont des Elements du groupe Be et que Texpression telle que 

ou 2/1, y,, y„ 

sont des nombres entiers quelconques, est susceptible de representer tous les 

616ments du groupe H^ , on a 

n > mj . 

En eflFet, soient «**», «"*% . . . . s*^- 

les exposants auxquels appartiennent les 616ments 

6i, fej, . . . . 6„, 

il suffit de faire parcourir k yj^ toutes les valeurs depuis jusqu'a s^^ — 1 ; si Ton 
faisait aller y^. au delsl de «*•* — 1, on n'obtiendrait aucune valeur nouvelle. 

Soient Bi^ B^, B^^ .... B^ 

les groupes auxquels ^i , 6, , . . . . 6„ 

servent de bases et ^i, (7,, . . . . (7^ 

leurs 6mettants d'ordre 8. Si Ton pent combiner les groupes 

on aura 6videmment 

Be = BiB^ . . . . 5„ 

et w = mi. 

Si non, consid6rons les eraettants 

s'il y en a des 6gaux entre eux, Gj, et Gi par exemple, on pent remplacer les 
groupes Bt et Bi par d'autres et il y aura deux cas k considerer : 

1). Un des deux groupes Bj, et B( est un sous-groupe de Tautre, jB, est un 
sous-groupe de Bj, par exemple ; dans ce cas on pent remplacer Bj, et Bi par le 
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seul groupe Bi,] tout 616ment qui est susceptible d'etre represente comme un 
produit d'un 616ment de B^^ par un 616ment de Bi fait partie de Bj,. 

2). Aucun des deux groupes B^ et Bi n'est sous-groupe de I'autre. Daus ce 
dernier cas on pent remplacer les groupes Bj, et Bi par deux autres groupes 
monobases Bf, et Bj ayant des 6mettants Gu et Ci d'ordre s differents entre eux 
et de manifere que tout 616ment qui est susceptible d'etre represent^ comme un 
produit d'un 616ment du groupe Bj, par un 616ment du groupe 5,, soit aussi rep- 
r6sentable comme un produit d'un Element du groupe Bj^ par un Element du 
groupe Bi. En eflFet, les 6mettants d'ordre s des groupes Bj^ et Bi etant 6gaux 
entre eux, soit d'une mani^re generale CC 1 emettant de B^, d'ordre s^ et de 
meme Cf I'^mettant de Bi d'ordre «"*; on aura 

cr= or 

jusqu'a une certaine valeur de u egale a v par exemple o\i 

l<v, 

et v<iwi. 

On pent supposer d'ailleurs 

Cela etant ainsi, les el6raent 61*** "• et bf'^^ appartiendront k Texposant «' et 
feront partie de C := Cf= Gf par consequent ; on aura done 

6.-.- = 6*.-.- (gr.B.). 
oil h n'est pas divisible par a. Posons 

6ft»''*-V^ = X (gr.B,), 
je dis que L appartiendra ^ Texposant «*^*-"'. En efFet, on a 
2>^.-' =6fa.-.-'6r«-'-= 1 (gr. E.), 
tandis que si Ton avait 

2>^'"'-' = 6J*«* — '6r«^' - '-' = 1 (gr. B,) 
on en tirerait 

Les groupes "jBjfc et B^ auraient done en commun un 616ment appartenant i 
I'exposant «'+^ et par suite aussi I'emettant d'ordre «•"•■* contrairement & la 
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supposition. D^signons par A le groupe qui a L pour base. Je dis que le 
groupe Bj^ n'a de commun avec A que I'element-uiiit^. En eflfet, si ces groupes 
avaient en commun en 616ment appartenant k Texposant «**»"•, le groupe A 
serait un sous-groupe de Bj, et 

ferait partie du groupe B,, ; le groupe Bi serait done un sous-groupe de Bf, con- 
trairement h la supposition. De meme, si Bj, et A avaient en commun un 
element L"* ou 0<Ct<iwi — v et z non divisible par s, on aurait 

ihzs^^ - «* + 'J- «' = £«* (gr. B,) 

et les groupes Bj, et Bi auraient eii commun un 616ment 6f "* appartenant a un 
exposant s^''^* oil Wi — < ]> v, et par suite les groupes Bj, et Bi auraient aussi en 
commun I'^mettant d'ordre «^' ""' contrairement k la supposition. Soit done 

B,A = 4^ (gr.B.). 

Je dis que le groupe '4^ d'ordre 5«^* + «^«-' contient tons les 616ments qu'on pent 
obtenir en combinant un 616ment du groupe B^, avec un 616ment du groupe Bi. 
En eflFet, un tel 616ment 

m 

sera aussi 6gal k 

et ferait partie de i^ par consequent. Si dans la suite 

Bi, B^, . . . . B^ 

on remplace jB, par A, tout element de Be pourra encore etre repr6sent6 comme 

un produit d'616ments de la nouvelle suite de groupes que nous venons d'obtenir. 

Cette nouvelle suite difF^re de la pr6c6dente en ce qu'un groupe A y est d'un 

ordre s*^^^"" inf^rieur k Vordre «*•* du groupe correspondant de la premiere suite. 

Tons les autres groupes correspondants des deux suites sont de meme ordre. 

Si la nouvelle suite renferme des groupes ay ant des 6mettants d'ordre s 

identiques, on pourra appliquer la meme transformation et Ton remplacera 

encore un des groupes par un autre d'un ordre inf^rieur. Comme cela ne pent 

aller a Tinfini, on finira par arriver k une suite que nous d^signerons encore par 

-Bi, B^, . . . . B^ 
et dont les 6mettants d'ordre s 
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seront toue diflESrents entre eux. Le nombre n a d'ailleurs une valeur egale ou 
infSrieure k celle qu'il avait pr6cedemment. Oela etant ainsi, si Ton peut com- 
biner les 6mettants 

^i> ^«> .... G«, 

on aura B^ = BiB^ . . . . jB„ 

et » = iWj par cons6quent. Si non, supposons qu'on puisse combiner les emet- 
tants Ci, Oji, . . . . Oic, 

mais que (7»^i ait en commun avec le groupe 

un Element diff6rent de relement-unito ; Cj^+i sera alors un sous-groupe de G. 

Posons de meme 

B = BiB^ • • . • Bj^ 

et remplapons la decomposition pr6c6dente par une autre 

B = BiBi ^i, 

oil r^mettant (7^+1 entre explicitement comme ^mettant 01 d'un groupe Bh par 
exemple, oil h<k. Si dans la demi^re suite, on remplace les groupes 

A, -Bj, . . . . jB» 
par les groupes Bi, Bi, . . . . Bj, 

on obtient une nouvelle suite dont les 6mettants d'ordre e ne seront plus diff6r- 
ents entre eux. Les ordres des groupes correspondants seront d'ailleurs les 
memes dans les deux suites. II y aura done lieu d'appliquer une nouvelle trans- 
formation ^ la suite 

Bi, B^f ... . Bjgf -Ofc-f-i, .... B^ 

et de continuer k appliquer une .telle transformation jusqu'i ce qu'on obtienne 
une suite que je d^signerai encore par 

^i» ^Sf • • • • -Bfi 

et qui n'aura plus d'6mettants 6gaux. Si Ton ne peut combiner les 6mettants 
d'ordre s de cette nouvelle suite, on la transformera encore en une suite ajant 
des 6mettant8 6gaux. 

On voit qu'i toute suite telle que 

A» ^%i • • • • ^» 
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dont les groupes ne sont pas susceptible d'etre combines en un produit, on pent 
appliquer soit une operation ^ qui consiste ^ supprimer un groupe tel que B^ ou 
a le remplacer par un autre d'un ordre inf6rieur et cela de mani&re que la 
nouvelle suite puisse repr68enter, par la composition, les memes 616ment8 que 
celle dont elle provient ; soit, dans le cas oii Poperation ^ n'est pas applicable, 
une operation i^ qui consiste & remplacer quelques uns des groupes de la suite 
par d'autres de meme ordre et cela de manifere que la nouvelle suite puisse repr6- 
senter, par la composition, les memes 616ment8 que celle dont elle provient et 
que la nouvelle suite soit susceptible d'etre Tobjet de Top^ration ^ . 

De telles operations doivent n6cessairement aboutir, et Ton finira par arriver 
^ une suite de groupes 

susceptible d'etre combines en un produit et de repr6senter, par la composition, 
tous les ^16ments du groupe H#. On aura done 

H# = -^1^% • • • • B^ 

et par suite n = ?Wi . 

La derni^re valeur de n est, comme on le voit 6gale h wii; il s'ensuit que la 

premiere valeur de n est 6gale ou sup6rieure k m^ . C'est pr^cisement ce que 

nous voulions 6tablir. 

(dsuivre.) 
10 juillet 1888. 



On the Theory of Chroups. 

By Prof. Cayley. 



I refer to my papers on the theory of groups as depending on the symbolic 
equation 6* = 1, Phil. Mag., vol. VII (1854), pp. 40-47 and 408-409 ; also vol. 
XVIII (1859), pp. 34-37; and "On the Theory of Groups," Am^. Jovm. of 
Math,, vol. I (1878), pp. 50-52, and "The Theory of Groups: Graphical Repre- 
sentation," id., pp. 174-176; also to Mr. Kempe's "Memoir on the Theory of 
Mathematical Form," Phil. Trans., vol. 177 (1886), pp. 1-70, see the section 
"Groups containing from one to twelve units," pp. 37-43, with the diagrams 
given therein. Mr. Kempe's paper has recalled my attention to the method of 
graphical representation explained in the second of the two papers of 1878, and 
has led me to consider, in place of a diagram as there given for the independent 
substitutions, a diagram such as those of his paper, for all the substitutions. I 
call this a colourgroup ; viz. for the representation of a substitution-group of h 
substitutions upon the same number of letters, or say of the order », we employ 
a figure of » points (in space or in a plane) connected together by coloured lines, 
and called a colourgroup. 

I remark that up to « = 11 , the first case of any difficulty is that of » = 8 , 
and that the 5 groups of this order were determined in my papers of 1854 and 
1859. For the order 12, Mr. Kempe has five groups, but one of these is non- 
existent, and there is a group omitted ; the number is thus = 5. 

The colourgroup consists of » points joined in pairs by -^ » (a— 1) coloured 

lines under prescribed conditions. A line joining two points is in general 
regarded as a vector drawn from one to the other of the two points ; the cur- 
rency is shown by an arrow, and in speaking of a line ah we mean the line from 
a to 6. But we may have a line regarded as a double line, drawn from each to 
the other of the two points ; the arrow is then omitted, and in speaking of such 
a line ah we mean the line from 6 to a and from a to 6 . A fresh condition is 
19 
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that for a given colour there shall be one and only one line from each of the 
points, and one and only one line to each of the points. We may have through 
two points a, h only the line ah of the given colour; this is then a double line 
regarded as drawn from a to 6 and from 5 to a ; and there is thus one and only 
one line of the colour from each of these points and to each of these pointa. 
The condition implies that the lines of a given colour form either a single polygon 
or a set of polygons, with a continuous currency round each polygon ; for 
instance, there may be a pentagon abode ^ meaning thereby the pentagon formed 
by the lines drawn from a to 6, from 6 to c, from do d, from d to e, and from 
e to a. An arrow on one of the sides is suflBcient to indicate the currency. In 
the case of a double line we have a polygon of two points, or say a digon. 

There is a further condition which, after the necessary explanation of the 
meaning of the terms, may be concisely expressed as follows : Each route must be 
of independent effect, and (as will readily be seen) this implies that the lines of a 
given color must form either a single polygon or else two or more polygons each 
of the same number of points : thus if a = A»i, they may form k «i-gons ; in par- 
ticular, if 8 be even, they may form -ya digons. 

To explain the foregoing statement, first as to the term " route." I denote 
the several colours by capital letters, R = red, G = green, B = blue, etc. Any 
capital or combination of capitals determines a route ; R means go along a red 
line; RRBG^ go along a red line, a red line, a blue line, a green line, and so in 
other cases. Given the starting point, or initial, the route determines the 
several points passed through, and the point arrived at, or terminal, thus 
aRRBG=^ abefkf = Jc, means that the route RRBG leads from a through h, e^f 
to A;, viz. that the red line from a leads to 6, the red line from h leads to e, the 
blue line from e leads to /, and the green line from / leads to h. We may give in 
this way the Itinerary, or write simply aRRBG=^Jc, meaning that the route 
leads from a to Jc. We may of course write R^ for RR, and so in other cases. 
A single capital, as already mentioned, is a route, but it may for distinction be 
called a stage. A stage, and thence abo a route, may be reversed; R^^ means 
go along the red line drawn to the point ; if aR = 6, then bR~^ = a; and so if 
aRRBG = abefJc, = Ic, then JcG'^B^^R-^R-^ = kfeba, = a; R^^R"^ = i^-^ 
and so in other cases. 

The effect of a route depends in general on the initial point : thus, a route 
may lead from a point a to itself, or say it may be a circuit from a ; and it may 



Cayley: On the Theory of Groups. 141 

not be a circuit from another point ft. And similarly two diflFerent routes each 
leading from a point a, to one and the same point x, or say two routes equiva- 
lent for the initial point a, may not be equivalent for a diflferent initial point 6. 
Thus we cannot in general say simpliciter that a route is a circuit, or that two 
different routes are equivalent. But the figure may be such as to render either 
of these locutions, and if either, then each of them, admissible. For it is easy 
to see that if every route which is a circuit from any one initial point is also a 
circuit from every other initial point, then two routes which are equivalent for 
any one initial point will be equivalent for every other initial point. And con- 
versely, if in every case where two different routes are equivalent for any one 
initial point, they are equivalent for every other initial point, then every 
route which is a circuit from any one initial point is a circuit from every other 
initial point ; and we express this by saying that every route is of independent 
effect : this explains the meaning of the foregoing statement of the condition 
which is to be satisfied by a colourgroup. 

It is at once evident that a colourgroup, qua figure where each route is of 
independent effect, furnishes a graphical representation of the substitution-group 
and gives the square by which we define such group. For in the colourgroup of 
H points we have the route from a point to itself and the routes to each of the 
other (a — 1) points, in all » non-equivalent routes ; and if starting from a given 
arrangement, say ahcd . . . . , of the » points, we go by one of these routes from 
the several points a,5,c,d,.... successively, we obtain a dilQferent arrange- 
ment of these points. Observe that this is so ; the same point cannot occur 
twice, for if it did, there would be a route leading from two dijQferent points 5, / 
to one and the same point x, or the reverse route from x would lead to two 
different points J,/. The route from a point to itself which leaves each point 
unaltered, and thus gives the primitive arrangement ahcd . . . . , may be called 
the route 1 . Taking this route and the other (« — 1) routes successively, we 
obtain h different arrangements of the points, or say a square, each line of which 
is a different arrangement of the points. And not only are the arrangements 
different, but we cannot have the same point twice in any column, for this would 
mean that there were two different routes leading from a point to one and the 
same point x ; hence each column of the square will be an arrangement of the 
tt points. We have thus the substitution-group of the h points or letters ; the « 
routes, or say the route 1 and the other (« — 1) routes, are the substitutions of 
the group. 
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The complete figure is called the colourgroup. As already mentioned, the 
lines of any colour form either a single polygon or two or more polygons each of 
the same number of points. The number of lines of a given color is thus = «, 
or when the polygons are digons (which implies « even), the number is = 4"«* 

The number of colours is thus = -g- (« — 1) at least, and = (a — 1) at most. A 

general description of the figure may be given as in the annexed Table. Thus 

for the group 6B we have ' .~ ; we have the red lines 

^ ^ fi, G, F. (3 2gons)»=_9' 

15 

forming two trigons, 6 lines, and the blue, green and yellow lines each forming 
three digons, together 3X3, =9 lines, in all 15, =^ 6.5 lines. Such descrip- 
tion, however, does not indicate the currencies, and it is thus insufficient for the 
determination of the figure. But the figure is completely determined by means 
of the substitutions as given in the outside column of the square, thus 
jB = (a6c)(cZ/e) shows that the red lines form the two triangles abc, d/e with 
these currencies, (t= {ad){he)(cf) , that the green lines form the three digons 
ad, he, cf, and so for the other two colours B and Y. 

The lines of a colour may be spoken of as a colour, and the lines of a colour 
or of two or more colours as a colourset. The colourset either does not connect 
together all the points, and it is then a broken set ; or it does connect 
together all the points, and it is then a bondset. A bondset not containing 
any superfluous colour is termed a bond, viz. a bond is a colourset which connects 
together all the points, but which is moreover such that if any one of the colours 
be omitted it becomes a broken set. The word colour is used as a prefix, colour- 
set as above, colourbond, etc., and so also with a numeral, a twocolourbond is a 
bond with two colours, and so in other cases. Observe that we may very well 
have for instance a threecolourbond, and also a twocolour or a onecolourbond, 
only the colours or colour hereof must not be included among those of the three- 
colourbond, for this would then contain a superfluous colour or colours and would 
not be a bond. 

A colourgroup may contain a onecolourbond, viz. this is the case when all 
the points form a single polygon ; it is then said to be unibasic. If it contains 
no onecolourbond but contains a twocolourbond, it is bibasic ; if it contains no 
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oneoolourbond or twocolourbond but contains a threecolourbond, it is tribasic, 
and so on. In all cases the number of bonds (onecolour-, twocolour-, etc.) may 
very well be and in general is greater than one ; thus a unibasic colourgroup will 
in general contain several onecolourbonds, a bibasic colourgroup several two- 
colourbonds, and so on. 

The bond of the proper number of colours completely determines the colour- 
group ; in fact the colourbond gives the route from any one point to each of the 
other (a — 1) points; that is, it determines all the « routes, and consequently the 
colourgroup. The only type of onecolourbond is the polygon of the » points ; we 
have thus for any value whatever of » a unibasic colourgroup which may be called 
hA. The theory is well known. If a be a prime number, the number of colours 

is = ^ (« — 1), each colour gives a polygon through the a points, so that we have 

here only onecolourbonds ; but in other cases we have broken sets, and there 
will be in general (but not for all such values of a) twocolourbonds. Observe, 
moreover, that for a a prime number the only colourgroup is the foregoing uni- 
basic group hA . I have just employed, and shall again do so, the word type ; 
the sense in which it is used does not, I think, require explanation. 

Passing next to the bibasic colourgroups hB : there will be in general for a 
given composite value of a several of these, and in the absence of a more com- 
plete classification they may be called a-Bl, a52, etc. In regard hereto observe 
that supposing for a given value of a that we know all the different types of two- 
colourbond, each one of these gives rise to a group, but this is not in every case 
a group hB] hhj twocolourbond contained in the corresponding group a^ would 
give rise to the group sA which contained it, and not to a group bB. We have 
thus in the first instance to reject those, twocolourbonds which are contained in 
the group a^. But attending only to the remaining twocolourbonds, these give 
rise each of them to a group a-B, but the groups thus obtained are not in every 
case distinct groups. For looking at the converse question, suppose that for a 
given value of a we know the group 8 A and also the several groups uB. In 
any one of these groups, combining in pairs the several colours hereof BG, BY^ 
GY, etc., we ascertain how many of these combinations are distinct types of 
twocolourbond, and in this manner reproduce the whole series of types of two- 
colourbond, not in general singly, but in sets, those which arise from uA, 
those which arise from a5l, those which arise from bB2, etc.; and we thus have 
(it may be) several types of twocolourbond each leading to the unibasic group 
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sAf several types each leading to the bibasic group nBl, several each leading 
to «52, and so on. 

The like considerations would applj'^ to the tribasic colourgroups «<7. Sup- 
posing that we had for a given value of » the several distinct types of three- 
colourbond, it would be necessary first to exclude from consideration those which 
give rise to a uni basic group nA or a bibasic group nB, and then to consider 
what sets out of the remaining types give rise to distinct tribasic groups oG. 
But in the table we have only one case 8 C of a tribasic group. 

I give now a table of the several groups »= 2 to 12, viz. these are as 
above : A, unibasic; jB, bibasic; (7, tribasic; the several groups being 

24, SA, 4A, 5A, 64, 74, 84 , 94, 104, ll4, 124 , 



in all 23 groups. 



45, 



65, 



SBl, 95, 105, 


1251, 


852, 


1252, 


853, 


1253, 


8C , 


1254, 



Table of the Groups 2 to 12. 



2A 



a 


h 


b 


a 



1 colour. 



R, 1 digon _1^ 

1 



R=z{ab) = R 



SA 



AA 



a c 
h c a 
e a h 



1 colour. 
1 =1 =1 



R =(a5c)=jB 



R. ISgon^ 
8 



abed 
b e d a 
c d a b 
d a b c 



% colours. 

1 =1 1 =1 R. 1 4gon 4 

Q, 2 digons^ 

6 

R =z(abod) =B = 



R^ = {ac)(bd) = G 
R^ = {add>) =«-* 
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AB 



abed 
bade 
e d a b 
d c b a 



8 colours. 
1 =1 =1 



R =(ab){cd)=zR 
G =z(ac)(bd)=:0 
RO = {ad){bc) = Y 



R, G, r. (2digon8)»J^ 
6 













5^ 


a 


b c 


" - 
d 


e 


V C010UTS> 
1 =1 =1 

R =:(abcde)zzR 
R^ - iacebd) - G 
R*=(adbec)=G-' 
R*=:(aedd>)=zR-' 


R, G. (16gon)» 10 
10 




b 


e d 

1 


e 


a 






e 


d 


e 


a 


b 






d 


e 


a 


b 


c 






e 


a 


b 


c 


d 




















^A 


a 


b 


c 


d 


e 


f 


8 colours. 
1 =1 =1 

R —{ahcdef) —R 

R^ = {ace)(bdf) =G 

R*zz{ad){be){ef)=zY 

R^ zz {aee)(bfd) =0^^ 

R^zz{afedcb) = F-* 






b 


c 


d 


e 


f 


a 


R, 1 6gon 6 
(?. 2 8goDS 6 




e 


d 


e 


f 


a 


b 


F. 8 digons 8 
15 




d 


e 


f 


a 


b 


c 






e 

f 


f 
a 


a 


b 


c 


d 






b 


c 


d 


e 




















6B 


a 


b 





d 


e 


f 


4 colours. 
1 =1 =1 

R ={abc){dfe) =B 

R^ =(acb)(de/) zzR-' 

G ={ad.){be)(cf) zzG 

RG ={ae){bf){cd) =Y 

R^G={af){bd)(ce)=:B 


R, 2 Sgons 6 
G, y, B. (8 digons) » 9 




b 


c 


a 


f 


d 


e 


15 




c 
d 


a 
e 


b 

f 


e 


f 


d 






a 


b 


c 






e 


f 


d 


c 


a 


b 






f 


d 


e 


b 


c 


a 
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lA 



a 


h 


c 


d 


e " 


f 


9 


h 


c 


d 


e 


/ 


9 


a 


c 


d 


e 


f 


9 


a 


b 


d 


e 


f 


9 


a 


b 


c 


e 


f 


9 


a 


b 


c 


d 


f 


9 


a 


b 


c 


d 


e 
f 


9 


a 


h 


c 


d 


e 



1 =1 



8 colours. 
= 1 



R ={abodefg) = R 
R^ = (acegbdf) = G 
R* = {adgcfbe) = Y 
R^z=(aebfcgd) = Y-' 
R'^ =z {afdbgec) = 0-' 
R^ = {agfed4^)=:R-' 



R, G, F. (1 7gon)» 21 
21 



8^ 



a 


b 


c 


d 


e 


f 


9 


h 


b 


c 


d 


e 


f 


9 


h 


a 


c 


d 


e 


f 


9 


h 


a 


b 


d 


e 


f 


9 


h 


a 


b 


e 


e 

f 


f 


9 


h 


a 


b 





d 
e 

f 


9 


h 


a 


b 


c 


d 


9 


h 


a 


b 


c 


d 


e 


h 


a 


b 


c 


d 


e 


f 


9 



4 colonra. 
1 =1 =1 

-B =(dbcdefgh) =R 

R^zz(aoeg){bdef) =F 

R^ = {adifiehcf) = O 

R^ = (ae){bf)(c9){dh) = B 

R^ =1 {ctfehebgd) =(?-» 

R^ - {affec){bhfd) =y-» 

i2» = (ahgfedcb) = iJ-» 



R, O. (18gon)» 16 

F. 2 4^ons 8 

B. 4 digons _4 

28 
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8B1 



8B3 
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d 
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d 


a 


b 
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e 
b 
c 


f 




9 
d 


e 


f 
9 


9 


h 

e 


a 


/ 


b 


d 


a 





h 


e 


f 





d 


a 


b 


h 


e 


f 


9 


d 


a 


b 


c 



a 


b 





d 


e 


f 


9 


h 


b 


e 


d 


a 


h 


e 


f 


9 


e 


d 


a 


b 


9 


h 


6 


f 


d 


a 


b 


e 


f 


9 


h 


6 


e 


f 


9 


h 


a 


b 


e 


d 


f 


9 


h 


e 


d 


a 


b 


e 


9 


h 


e 


f 


e 


d 


a 


b 


h 


e 


f 


9 


b 





d 


a 





5 colours. 


1 


= 1 


= 1 


R 


~ (abcd)(efgh) 


= R 


R^ 


= {ac){bd)(eg){fh) 


-Y 


R* 


=z {addf)(ehgf) 


= R-' 


O 


= (ae){bf)(cg)(dh) 


-Q 


RQ 


= {<^eh)(bgde) 


= 1 


R*0 


= {ag){bh){oe){df) 


= B 


R*Q 


= (ah^){bedg) 


= /-» 




1 colours. 


1 


1= : 


= 1 



^ ^^£' (2 4gon8)2 16 
Y, O, B, (4digon8)» 12 



B = {abed){ehgf) =zR 
B« =(ao)(M)(eg)(/A)i=y 
B* ::^ {adcb){efgh) =R-' 
G ={ae)(!bf){cg)(dh)=G 
BO =(€tf){bg){eh){de)=zl 
B^G={ag)(bh){ce){df) =B 
B»G=(afc)(6e)(qn(dfir) = 



R. 2 igons 
T,G.LB,0. (4d3gon8)» 



8 
28 



20 
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8B3 



SC 



a 


b 


c 
d 


d 
a 


e 
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f 
e 


9 

f 


h 


b 


c 


9 


c 


d 


a 
b 
9 


b 
c 
h 


9 
f 
a 


h 

9 
b 


e 
h 


f 
e 


d 
e 


a 

f 


c 


d 


f 


9 


h 


6 


d 


a 


b 


c 


9 


h 


e 


f 


c 


d 


a 


b 


h 


e 


f 


9 


b 


c 


d 


a 



4 colours. 
1 =1 

R =z{abcd)(efgh) =R 

R^ ={ac)(bd)(ef){gh) = Y 

R^ = (adcb)(€hgf) =R-' 

Q = {aecg)(bhdf) =Q 

R^Gz^{afch)(bedg) =B 

R^G={agce)(bfdh) =G-> 

RG z=i{ahcf){bgde) =B-' 



R,G,B. {2 4^onB)» 24 
F. 4 digons j4 
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b 
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d 


e 


f 
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h 
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a 


d 


e 


f 


e 


h 


9 


c 


d 


a 


b 


9 


h 


e 


f 


d 


c 


b 


a 


h 


9 


f 


e 


6 


f 


9 


h 


a 


b 


c 


d 


f 


e 


h 


9 


b 


a 


d 


c 


9 
h 


h 


e 


f 


c 


d 


a 


b 


9 


f 


e 


d 


e 


b 


a 



1 =1 

R ={db)iod){en{9h)=R 

G ={ac)(bd)(eg){fh) = G 

RG = (ad)(]bc)(eh){fg) = B 

Y ={ae){bf){og)(dh)=Y 

RY =z{<fi{be)(eh){dg)=I 

GY -(ag)(bh){oeHdf)=zO 
RGY={dh){bg)(en{de) =V 



7 oolonrs. 

= 1 R,G, By F, I, O, V. (4 digons)* 28 

28 
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9A 



9B 



a 
h 


b 






d 


d 
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e 


f 


9 


h 


i 


f 
9 


9 


h 
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c 
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a 


b 


d 


e 


f 


9 


h 


i 


a 


b 


c 


e 


f 


9 


h 


i 


a 


b 


e 


d 


f 


9 


h 

ft 


i 


a 


b 
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d 


e 



h 


h 

i 
a 


a 


b 


c 


d 


e 


f 


a 


b 


c 


d 


e 


f 


9 


i 


b 


c 


d 


e 


f 


9 


h 



4 colours. 
1 =1 

R = {abcdefghi) = R * 

R^ = {aoegibdfh) = G 

R»=i(adg)(beh)(cfi)=:Y 

R^=:{aeidhGgbf) =iB 

R^ =: (afbgchdie) =B"» 

R^ = {agd)(bhe){cif) = Y-' 

R' —(ahfdbigec) =G-' 

R* = {aihgfedd}) =12-> 
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i 
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h 


c 


a 
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9 
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a 


b 


c 


d 


e 


f 


h 


i 


9 


b 


c 


a 


e 


f 


d 
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9 


h 


c 


a 


b 


f 


d 


e 



4 colours. 
1 =1 =1 

R =(abc)(def){ghi) = R 

R* = (acb) (dfe) (gih) = R- 

G =i{adg)(beh)(cfi)=G 

RG = (aei)(bfg){cdh) = B 

R^G ={qfh)(bdi)(ceg) = Y 

G^ =(agd)(bhe)(cif) = G-' 

RG^ zz {ahf)(bid)(cge)=:Y-' 

R^G^ = ((ne)(bgf){chd) = B-' 



R,G,B. (19gon)»37 
F. 8 8gons _9 

86 



R, G, B, Y. (8 8gonfl)* 86 
86 
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d 
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ft 



S ooloura. 
1 =1 

-B zz{abed^gkij) =:R 

R^z=:(acegi)(bdfhj) =0 

R* = {adaiqfibeh) = F 

R^ = {aeicg)(bfcfih) =B 

R' = {af){bg)(eh)(di)(^) = 

R^ := {agoie){bhjdf) =Jr> 

R'^ - (ahOrifi^) =Y-' 

R*z:z{cdg0c)(ljhfd) = G" » 

R* = (iVihqfedcb) =ir* 



R, O, F, B. (1 lOgon)* 40 

O. 6 digons _6 

46 
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=lR 
= F 

= F-' 
= R-' 



1 =1 

R = {abcde)(fjihg) 

R^ = (acebd){figjh) 

R* = {adbec)(fhjgi) 

R* =(aedd>)(fghij) 

G =(qf)(bg){ch](di)(ei)z^G 

RG =(ag)(bh)(ci){dj)(ef) = B 

R'G=(ah)(bi)(ci){dfneg) = 

R'G=(ai)m(cf)(dg)(€h) :=V 

R*G = (€^)(bf){cg)(dh){ei)=I 



7 colours. j^Y. (2 5gon8)« 20 

= 1 G,B, O, F, L (5 digona)* 25 
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1 1=1 



S eoloan. 
= 1 



B, G, F, B, O. (1 llgon)» 55 
55 



R =i(abcdefgh^Tc) = R 

R^ ^{aeegaMfhS)-G 

R* =(adafbehhcfi)z=Y 

i2* =(aeibfjcgkdh)=B 

R^ =: (ctfk^ichbg) zz O 

i2« =(agbhcuJliekf)=zO^' 

12' ={€Mkg<^yi)ie)=B-' 

R^ =(aifckhetogd) — Y-' 

R* =(qjhfdbkigee)z=G-' 
R^''-{dksihgfedch) — R'' 
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R =(abo){def)(ghi)Ukl) =R 

i2> = (acb) {dfe) {gih) {jUc) = R- > 

RGR^ ={ad)(bl){cgKei){ff){hk) = Y 

RG = (aeg) (ya) (cW) {fki) =B 

RGR = {<tfl){bkg) (oW) (e^;) = O 

GR* = (age) {bdfj (dh) {fik) = B- » 

G ={ah){be){qi)(dk)(fg){U):^G 

GR = (ov) (bfh) icke) (dig) = P 

R^G =(qji)(bhf)(oek)(dgl) =P-' 

R^GR = (ak)(bi)(cf)(dh)(el)(dj) = V 

R^GR^ = (alf)(bgk)(cdi)(^'h) zzO-^ 
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Cayley : On the Theory of Groups. 



Extracting from these colourgroups the twocolourbonds contained in them 
respectively, we have the twocolourbonds shown in the annexed series of iBgures. 
I have in each case given the number 45, 6J., etc., of the colourgi'oup in which 
the bond is contained, and which colourgroup is given conversely by the two- 
colourbond. The several points may have letters a, ft, c, ci, etc., attached to them 
at pleasure, but as the particular letters are quite immaterial, it seemed to me 
better to give the several figures without any letters. 
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Cayley : On the Theory of Groups. 



In any one of the foregoing forms of twocolourbond, each point is in its 
relations to the other points indistinguishable from each of the other points. 
This would seem to be a relation of sytometry equivalent to the before-men- 
tioned condition that each route is of independent effect ; and it would moreover 
seem as if the relation of symmetry were satisfied for each of the following 
forms : 

12 (wrong form). 



12 (wrong form). 





12 (wrong form). 



12 (wrong form). 




■> 
•> 
^ 

> 



V V 



Each^of these is, however, a wrong form, not satisfying the condition that each 
route is of independent effect. As to this, observe that when the condition is 
satisfied, there are in all («=)12 non-equivalent routes, and there is thus a 
completely determinate square. When the condition is not satisfied, there are 
more than this number of non-equivalent routes, and there may very well be 
8 routes giving rise to a latin square, viz. a square each line of which, and also 
each column of which, contains all the letters, and which thus seems at first sight 
to represent a substitution-group ; but the substitutions by which each line of the 
square is derived from itself and the other lines of the square are not the same 
a^ those by which each line is derived from the top line, and thus the square 
does not represent a group. Thus in one of the above wrong forms, starting from 
the routes E = {abcdef){gJkjih) and G = (agciek)(bhdj/l), we have 
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12 (wrong form). 

\ \ 

1 =1 

R zz(dbodef){gl](tnh) 

R^ =(aee)[bdf)(gki)(h^) 

R^ ={ad){be){cf){go){hk){a) 

R* =: {aec){hfd){g(k){hfl) 

ie» =:{af€dd}){ghifld) 

O = (affciek){hhclifl) 

RQ :=! (ajhcjel){hidkfg) 

R^Q={aickeg)(ljdlfh) 

R*G= {qjcleh){bkdgfi) 

R^G=:{akcgei){hldhfJ) 

R^G={<dcheo){hgdifk) 



which is not a group ; there is no substitution 0^^=:{akeicg){bl^'dh). And we 
see that in fact each route is not of independent effect ; the route OR^O leads as 
shown from the primitive arrangement ahcdefghijM to dbcdefklghij^ viz : it is a 
circuit from each of the points a^h^c.d^e.f but not from any one of the remaining 
points g, h, iyj, h, I. 
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Vortex Motion in certain Triangles. 

By a. E. H. Love, B. A., Fellow of St JokrCs College^ Gamhridge. 



1. In the Proceedings of the London Mathematical Society, Vol. XII, Routh 
has explained a method whereby the motion of a fluid in two dimensions due to 
sources or vortices situated within a given region can be inferred from the motion 
due to sources or vortices of equal strength placed at the corresponding points of 
another region, whenever, by means of a transformation by conjugate functions, 
we can obtain a correlation* ("conforme Abbildung") of the first region with the 
second in such a way that elementary portions of the two regions are similar. 
The conditions for such correlation may be expressed as follows : Let Z be a 
function of a complex variable 2, and suppose Z and z represented in the usual 
manner by points on two planes, then the boundary of any region in the z plane 
will be transformed into a certain curve in the Z plane. The function Z is to be 
chosen to be finite, continuous, and one-valued within the region in the z plane, 
and points on the boundary in the z plane are to correspond to points on the 
boundary in the Z plane in such a way that one point on either boundary corres- 
ponds to 0716 point on the other. 

If <I> and * are the velocity- and stream-functions of any fluid motion in the 
Z plane, then <I> -f 6* is a function of Z, and Routh shows that the velocity- and 
stream-functions in the corresponding motion within the correlated region of the 
Z plane can be inferred by simply substituting for Zin^ -{• C9 its value expressed 
as a function of z. 

In Art. 21 of Riemann's " Inaugural Dissertation " (Ges. Werke, p. 40) it is 
stated that the problem to find a correlation of two simply-connected plane regions 

*For the theory of the correlation of two plane regions the reader may consult Darbouz, '•*' Th^orie 
(}6n6rale des Surfaces," ch. IV, or HolzmtUler, ^^ EinfOhrung in die Theorie der isogonalen Verwandt- 
schaften und der conformen Abbildungen. " 
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has always one and only one solution,* and thus in particular it is always 
theoretically possible to correlate any given sinaply-connected plane region with 
that part of a plane which lies on one side of the axis of real quantities. In a 
memoir in Borchardt's Journal (Bd. 70), Schwarz has discussed the solution of the 
problem when the region to be correlated with the half plane is bounded by a 
polygon, and he has shown that when the polygon is a triangle in the z plane, the 
function ^ is in general a transcendent having an infinite number of values at 
every point of the z plane, of which the value along any given branch of the 
function is, however, singly determinate (eindeutig) within the triangle. But there 
are certain exceptional cases in which Z is an algebraic function of an elliptic 
function fz oi z^ fz being one-valued at every point of the z plane. These excep- 
tional cases are those of a triangle whose angles are 

V3 ' 3 ' 3y' \2 ' 3"' Ty' VT' 6 ' 6/' ^HT ' 4 ' T^ ' 

The integration of the differential equation on which the correlation depends 
had been considered by Briot and Bouquet in their "Th6orie des Ponctions 
doublement p6riodiques."f 

In what follows I propose to work out in detail these cases, and to apply the 
solution to the problem of the motion of a single vortex within the triangle. 
The solution for any number of vortices can be found by summation, while that 
for sources is obtained by interchanging <I> and ^. 

2. Schwarz shows that if a, h, c are points on the real axis in the Z plane, 
then a triangle whose angles are an, ^n, yn in the z plane can be correlated 
with the half plane above the real axis in the Z plane by means of the equation 

dZ \ ^ dZJ Z—a^ Z— b^ Z—c' 

and the corners of the triangle will correspond to the points Z^=a, 6, c. 

This appears because (1) the function a of Z is plainly in any correlation of 
the form OiZ+ C,, where Oi, G^ are arbitrary constants, and z is one determina- 
tion of the function ; (2) the transformation 

d A ^\ a — 1 

dZ\^ dz)~ Z—a 

*Ail solutions are counted as one solution in which jfZm^e triangles remain similikr. 
t See the same author's ^'Th^orie dee Fonctions EUiptiques," pp. 888 seq. 
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effects a correlation of the half plane Z (imaginary part positive) with the space 
bounded by two lines in the z plane inclined to each other at angle an, and 
meeting in the point corresponding to Z=: a. 

It follows that the desired correlation is effected by means of the equation 

GiZ+G,=flz—aY-\Z—by'-\Z—cy-'dZ, (A) 

in which the points a, by c are taken to lie in a definite order on the real axis, 
viz. if J., 5, G he the order of the corners of the triangle in the z plane at 
which the angles are an^ /?7«, yn when its contour is described in the positive 
sense, i. e. with its area on the left, then a, ft, c is to be the order of the points 
in the Z plane which correspond to the comers, the real axis being described in 
the positive sense. 

Case I. — The equilateral triangle. 
3. In this case the equation (A) becomes 



(,Z—a)\Z^h)\Z—cf 



We may take a = 0, 6=1, c = — 1; then, supposing Z= — ^r » ^® ^*^® 



^^^^ 1 — Z'» = cc» = l — -i^, (2) 






thus ^ , ^ Z p' dx 



or 



-|(C.^+C'.)=/";77^. 



Hence, adjusting constants, we may write 

x — »z, (3) 

where fz is defined by the equation 



— l) = 4(f>a — ei)(«>2 — ^Kfz — «8). ) 
. V3 ^ _ , ^ _ 1 V3 ^ 



A = 4 (p'a — 1) = 4 (f>a — ei)(«>3 — ej)(f>z — c,) , 

_ 1 . V3 _, _ 1 V3 }■ (4) 

&i — — 
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The correlation is effected by means of the equation 
giving ^ _ 1 —1 

l—V^Z (p2_e,)(p2 — «,)(|P2 — ^)' 

thus '^ _ 1 /c\ 

4. The elliptic functions given by (4) have been discussed by GreenhilL* 
We have to notice that the discriminant is negative and equal to — 432. The 
real half-period (d^ is given by the equation 

the corresponding imaginary half-period o^ = lo^^S. The periods Oi, o, corres- 
ponding to ei, ^ are Oi= — ((a, — (ai), % = -g" (<^ + <^')- 

We can also express in a simple form all the roote of the function fz. We 
know that for pure imaginary values of z, pz passes through all real values 
between e|(= 1) and — oo, and takes the same value at points whose z differ by 
multiples of Ho^i. Hence there is a root for some value of z a, pure imaginary 
between and 2ci^. Now we may show that if jf>2 =: 0, then p {Sz) = oo , this 
follows at once from the formula 

2 
by putting pz=^0. Thus it appears that -r- 6)j( is a root of pz which is pure 

4 
imaginary and lies between and 2c4, the other root -^o^ may be regarded as 

2 

^(j^-h 26>i, so that it differs from the former by a period and a change of 

o 

sign. 

5. Returning to equation (5), we see that ph = gives the values of z which 
correspond to Z = ifc 1 , and jpz = oo corresponds to Z = . We may choose 



*^^ The Trajectory for the Cubic Law of Resistance, " Proc. Royal Artillery Institution, 1886. 
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the pole 2 for Z= to be 2=0, and the root z for Z= — 1 to be z = — a,'; 

then since _ —q^' = ^(j^^ + —o^^ _ 203, we have p ((^ + ^(^i) = 0, and 

z = c^ + —oi may be taken to correspond to Z= 1 . 

The function Z= 2t/§/2 is finite, coDtinuous, and one-valued within the 
equilateral triangle in the z plane whose corners have coordinates 



(0,0). (o,A^), (<^,-L^), 



and the points on the real axis in the Z plane correspond to points on the sides 
of the triangle, the points Z=0, 1 , — 1 being those which correspond to the 
comers. The height of the triangle is the real half-period cj,. 




■^ 



The figure represents the boundaries of the two correlated regions, the points 
0, 1, — 1 correspond to the angular points of the triangle and these are marked 
with the same numbers in both figures. 

6. Now let Zq be the point at which is a vortex of strength wi, and let Z^ be 
the corresponding point of the Z plane, the imaginary part of Z^ being supposed 
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positive. Then if Zq, z^ be the conjugate imaginaries of Zqj Zq, the fluid motion 
is given by 

The position of «© is given by p%= 1 — -^,, and if z© be one of the roots of 

this equation, there will be other roots which do not differ from z^ by multiples 
of the periods. There are in fact two such roots ^i, 25, for which fZi^=ze^^^^ 
fz^ = 63Jf>2o» and then z^ =eiZo and 2, = 63^0. 
This appears from the equation 

61 being a cube root of unity, from which we deduce 

ipe^z=e^ipz) ,y^^ 

so f€sz = e^ipz) 

The roots s^t z^ z^of the equation p^z = 1 — -=^ satisfy the relation z^ + Zi 

+ 2, = 0. If Zo be the conjugate imaginary to Zo, then the conjugate imaginaries 
zi, Zg' to zi, z, are e^z^, Cyzl^. 

Now consider the function 



^,(z)= 



1 


PZ 


f'z 


1 


P2l 


»'z, 


1 


f^ 


V% 



= (P28 — VhW^ — iP%) , (8) 



where p'zi = p% = p'zq. 
We know that 

^^'^-^ &z&z,&z, • (^) 

Hence, remembering that 6z is an odd function, and that 

*areeiihm, loo. oit. Art. 6. 

t Halphen, ''Traits des Fonctions EUiptiqueB/' p. 219. 
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we obtain 

60 that the fluid motion is given by 

27t ^ 6(z — 2^)6(«— zi')(3(2— zi) ^ ^ 

7. Greenhill* has considered this case of fluid motion proceeding by the 
method of images. He observes that the images are 

and the similar sets grouped round centres of hexagons whose coordinates are 
2iwcA|, 2m(jgV3; (2m + 1)^,, (2m + 1)(^^/S. As the vectors of all these are 
included in the formula 2moi + 2m 'og , the solution found by summation will be 
that in (12), since 

6z = zn^fi — —^ e^-+i^« t 

where w has all the values taken by the quantity 2mG)i + 2m '(03, when m, m' are 
integers varying from to ifc 00 , except the value 0. In Greenhill's solution, 
which differs from (12) in form, the 6 functions are formed with (d% and cai as 
fundamental half-periods, and, since 0x2 + "2 is a period, the S, so formed is 
included in the (3 formed with g>i , 6)3 as fundamental half-periods. 

Case II.: — TTie right-angled triangle containing an angle of 60°. 

8. In this case equation (A) becomes 

{Z—a)\Z—b)\Z—c)^ 

~Z> 



Take a = 0, 6=l,c = — 1, and suppose a = -^ , then 



Oiz +C, f^^ _ ^^,^j _^ ^,^, . 



Write ^'-1_^_1-'^ f,,. 

Z^l-"" ~1 + Z' vl4) 

• " Applications of Weierstrass's Elliptic Functions," Proc. Lond. Math. Soc., Vol. XV ill, p. 877. 
t Schwarz, *^ Formeln und Lehrs&tze zum Gebrauche der elliptischen Functionen," p. 5. 
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then 



CrZ+C, = -^fs/^^ 



>dx 



Hence, adjusting constants, 

x = 9z, (16) 

where the invariants and periods of the elliptic functions are the same as in 

Case I. 

The correlation is effected by means of the equation 

1—Z 



-=f'«. 



or 



1 + f^z 



(17) 



The point Z=0 corresponds to jp'2= 1 or jp'^zz 0, giving 2 = 01, o^, or ^3, we 
may choose z:=:cd,. The point Z=zl corresponds to ^'2 = 0, we may choose 

« = co| + "Y ^* The point Z= — 1 corresponds to p'2 = 00, and we may choose 

2=0. 

The function Z={1 — fh)/{l + f^z) is finite, continuous, and one-valued 
within the right-angled triangle in the z plane whose corners have coordinates 

(0,6),), Ttt,, -7^^i)» (0» 0), and the points on the real axis in the Z plane 
correspond to the points on the sides of the triangle, the points Z = , 1 , — 1 
being those which correspond to the corners. The side opposite to the angle of 
60^ is of length equal to the real half-period c^. 



-i 



-i 



The figures are drawn as in Case I. 
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9. Suppose there is a vortex of strength m at 2o, and let Z^ be the corres- 
ponding point in the Z plane, and Zq, ^o the conjugate imaginaries to Zq, Z^, 
then the fluid motion is given by 

The roots of f^z=^p\ are Zo» ^i^o* ^s^o* s^ty z©, Zi, Zj, and those of p'z = |f^Zo 
are the conjugate imaginaries, say Zq, z/, z^, resolving the numerator and denomi- 
nator of (18) into factors and remembering the fundamental equation (10), we 
find 

ffi J. ,Cb — -^ Incr ^(g— go)^(g— gl)^(g — g2)g(g+go)g(g+gl)g(2 + gg) /. qN 

*"^'^~ 27t^^S(3(g_2^)(5(2-2^)6(z-z^)S(z+z^)6(z+zOS(z+zO* ^ ^ 

Case III. — 7%e isosceles triangle containing an angle of 120°. 

10. In this case the equation (A) becomes 

G^z + C, =f './_^,..z_^,i . - (20) 



Take a = 0, 6=l,c = — 1, and suppose z = ^ , then 



_ /M' dZ ' 



Write ^__J__ ^ (21) 

Hence, adjusting constants, 

x=pz, (23) 

where the invariants and periods of the elliptic functions are the same as in 
Case I. 

The correlation is effected by means of the equation 



Z» = 



»'z—l' 



2^2^. (24) 

The point Z = corresponds to jf>z = and we may choose z = tt^ + -^ Og. 

o 

The points Z= ±: 1 correspond to pz = <». and we may choose z = for ir= 1 
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and 2= 26)2 for Z= — !• Then since the function pz does not vanish anywhere 

within the triangle whose corners are z = («)8 + -^cj,, 0, 26>2, it follows that the 

function piz has no branch-point within the triangle, and is consequently finite, 
continuous, and one-valued within the triangle when its vahie has been chosen 
for one point. 

Thus, choosing one branch of the function f\z, we may say that the func- 
tion Z= 2fph/p'z is finite, continuous, and one-valued within the isosceles 
triangle in the z plane whose corners have coordinates 



(o„ -^o,), (0, 0),(26),,0), 



V3 

and the points on the real axis in the Z plane correspond to the points on the 
sides of the triangle, the points Z= 0, 1, — 1 being those which correspond to 
the corners. The length of the base of the triangle is the real period 26>g. 




The figures are drawn as in Case I. 

11. Suppose there is a vortex of strength m at Zq, and let z© be the conjugate 
imaginary, Zq, Zq the corresponding points in the Z plane. Then the fluid 
motion is given by 



*+'*=^^^^l^! 



The function — ~ — ^-^ is not a rational function of pz, p'z and does not 
appear to be expressible as a product of 6 functions. 
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Case IV, — The isosceles right-angled triangle. 
12. In this case the equation (A) becomes 

C,z + G, =ff^z-anZ-h)\{Z-c)\ ■ (^^^ 

Take a = 0,5=l,c= — 1 and suppose Z= -=, , then 

Hence, adjusting constants, 

a = j?2, (29) 

where pz is defined by the equation 



p'z = 4(pz — ei)(|?z — ^)(p2 — eg), 

«!= 1, (^= 0, <Si,= — 1. 

The correlation is eflFected by means of the equation 

Z* 



Z*—l 



= p»2, 



(30) 



giving ^— yg _ pa — e, ,gjx 

Vj?«z— 1 V(pz — ei)(|i>2 — Cs)' 

15. In the elliptic functions given by (30) we have to notice that the 
discriminant is positive, and the invariant j?a = 0. The real half-period o is 

. _.Ki)^(i) 



-X 



V4a;(a*— 1) 



' <l) ' 



and the pure imaginary half-period o' = la. 

One root of pz is easily found since p{oi + co') = ^, = 0. 
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Again Vf^z — e^ and jn/pz — 63 are singly determinate functions, viz. 
^p^ — ei = ^ , and ^pz — e^ = ~^ , and since eji = we have in like manner 






(32 

Hence 






(32) 



14. The point Z= corresponds to |f>2 = and we may choose « = o + o'* 
The points Z= d= 1 correspond to jpz = 00, and we may choose 2 = for Z= 1 , 
and 2 = 2o for Z= — 1 . 

The function Z= (3lz/{6iz<3^) is finite, continuous, and one-valued within the 
isosceles right-angled triangle in the z plane whose comers have coordinates 
(o, o), (0, 0), (2o, 0), and points on the real axis in the Z plane correspond to 
points on the sides of the triangle, the points Z= 0, 1 , — 1 being those which 
correspond to the corners. The length of the hypothenuse is the real period 20. 

y 




The figures are drawn as in Case I. 

15. Suppose there is a vortex of strength m at the point Zqj and let Zq be 
the corresponding point in the Z plane, Zl^ the image of Zq in the real axis and 
2o the corresponding point to Zq, it will be necessary to prove that Zq, Zq are 
conjugate imaginaries. We shall show that if zd be the conjugate imaginary 
to Zq, then Zq is conjugate to Zq. 

Since >7* and q are real, we see that the fimction 61 (a + i^), being equal to 
6{a + t^ + Q) 
6a) 



^-,(.4-1^)^ is the conjugate imaginary to 61 (a — 1/3). 



6'« 1 /•••/ 1 \ 6V 

* rf is the constant — which = f-/ (-- foxjdx. The constant 7' is — , and the relations 

6« w V A X^ / 6iJ 



ntJ — 7/o) = ---iir^ o'=Lio^tf=. — ttf have place (Halphen, ch. V) . 
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The function 6,(a + i(3) = ^^"^ + o+^{(3 + (^)\ ^-,(a+>^)+>,(a^■.^) ^^^ ^^^ 

^\ fr/ 6(Ci> + (6)) ' 

exponential factor is e""»^"+^^"*''»^^~*\ Also 

6. (a - ./?) = (5K« + o-.(/? + .) + 2a>0f ,-,(.-«h..,OH..) 
*^ ^^ 6(6) — «j+ 2(J ) 

6 (o — io) 

_ gl(a+_o )-t(/3 + 6))} ^_,(.+«+„(,_., 
6 (tt — (Ci)) 

Thus S, (a — i^) and 63 (a + t/?) are conjugate imaginaries. 

Again, the function 6. (a + i3) = ^i^^ + ^(/^ + ^)[ ^^(•+c^) and the expo- 
nential factor is g-'^^P-'*). Also 

_ g]tt—t(^ + <■))} --,(18 + ..) 

Thus 63(0 + 1/?) and 63 (a — i/S) are conjugate imaginaries, and hence it 
follows that Zo, zl, being conjugate imaginaries, Zq, Z'q are so, and inversely. 
16. The fluid motion is given by 

Remarking that pg — 1 = (o^zf&z , 

and J?z + 1 =<olz/(?Zj 

so that 6Jz + S|z = 26*2^2 =' 26*z , 

equation (33) becomes 

^ "^ '^ ~ 27t ^^S (6i26,2i - 6^6^){6,z6^!, - 6^6,z!,) ' ^^^^ 

The factor (Si^SgZo — &iZo<S^z of the numerator may be put into factors. Using 
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Schwarz's formula [D][9], p. 81, and taking first (i=l, Jl=3, and then 
^ = 3, Jl = 1 , we have 

(5,z(3,^ = (3, l±^ 6, ^-±^0 (3, ?=^ 5/-=^ 

- (e,-^) <3^4^ <3.^-±^ (3*-=^<3.^. 
whence r*^ 

It 

So that the J3uid motion is given by 

{<3ix(oiZt—6,?^) 6 — (z+a,) S — {z—zo) (3, — («+2.) (3| — (jH-zb) 
'+**=-^^°S ^ ^ 1 1 . (35) 



17. It may be noticed that in the notation of Jacobi's elliptic functions 

dn*z ^_.J__ 
en 2 ' ~\/2 



^='^.*=7^- (3»a) 



So that 



tf + ,^ = ^logiih^^^ 



■l(l+cn»2,)\//i-(l+cn*2) -i(l + cn»«0 



cnzo II \ cm en 2^ / 

or q, 4. ,A — _^ loff (cnz— cn2o)(l — cnzcn ap) 

4-1- tv- 2^'''S(cnz — cnaiXl— cnacna^)' ^'*'*^ 

is the solution for a vortex at Zg. 

As an example of the application of the method when the motion b due to 
sources or sinks, the solution for a source and sink each of strength m at the base 
angles marked 1 and — 1 is 

^ + t* = ^logi±^'. (37) 

7t °1 — cnz ^ ' 
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On the Steady Motion of an Annular Mass of Rotating 

Liquid. 

By a. B. Basset, M.A., Cambridge, England. 



1. The recent investigations of Poincar6* and Professor G. H. Darwinf 
have drawn attention to the problem of the figures of equilibrium of rotating 
masses of liquid ; and in the present paper it is proposed to consider the steady 
motion of an annular mass of liquid whose cross-section is approximately circular, 
and which is rotating as a rigid body under the influence of its own attraction, 
about an axis through its centre of inertia which is perpendicular to the plane 
of its central line. 

This problem has to some extent been dealt with by Poincare, who has 
proved that such figures are possible forms of surfaces of equilibrium ; but the 
subject is capable of further development, and the object of this paper is to 
show how a solution may be obtained to any degree of approximation by the 
aid of the Toroidal Function analysis which has been so successfully employed 
by Mr. W. M. HicksJ in his investigations on circular vortex rings. 

2. In employing toroidal functions in problems such as the present, I have 
found it convenient to make use of a modified form of the methods introduced 
by Mr. Hicks. This method, together with many of the formulae required, will 
be explained in Chapter XII of my Treatise on Hydrodynamics, but for the sake 
of completeness I shall proceed to give a preliminary sketch. 

Writing q = (x* + ^)*, and starting with the dipolar transformation 

2 + /G) = a tan -o~ (^ + ^^) 
instead of the logarithmic form, and putting (7=cosh>7, c = cos^, ifc = f""'», 

•Acta Mathematica, Vol. Vn, p. 259. t Phil. Trans., 1887, p. 879, 

X Phil. Trans., 1881, p. 609 ; 1884, p. 161 ; 1885, p. 725. 
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it has been shown by Mr. Hicks that the potential of an anchor ring or tore, 

which is composed of a mass of matter of constant density p, may be expressed 

in the forms xr^^tn i \i \ ^ * ^ d ^ « r 

K = ( C/ + c)* y A^Pn cos w^ 

at an external point, and* 

T^' = -4V + (<^ + ^)*l^/ne«cosn^ 

where P^ and Q^ are the two zonal toroidal functions of degree n. 

From the formulae given by Mr. Hicksf it appears that P^ and Q^ respec- 
tively contain the factors 2A;""*+* and 7t&"+*, and we shall therefore find it con- 
venient to write 2P„ifc""'*+* and 7tQ„Af+*for the functions which he denotes by 
P„ and Q^. It will also be shown farther on that if {G + cf be expanded in a 
series of cosines of multiples of ^, the coeflBcient of cos n^ will be a rational and 
integral function of A; multiplied by (2/i;)~*. We shall therefore write 

F= (2J)*(C7+ o)*]^^,P„(5/A:r-*cos< (1) 

for the value of the potential at an external point, and 

V^-^'n^7^ + (2h)\G + cy'^B,Q^{hlhY^^ (2) 

for its value at an internal point, where h is the value of h at the surface of the 
tore. 

At the critical circle >;= oo, and therefore A;=0. Now throughout the 
whole of the present paper the cross-section of the tore will be supposed to be 
small in comparison with its aperture, and as we shall only require to consider 
the values of the quantities in the neighbourhood of the tore, the following 
approximate values of P and Q and their differential coefficients with respect to 
Tc, which are denoted by accents, will be suflScient for our purpose, viz : 

P. = l+-Lj^(i-4-), />i = i-*(£-|.), Pi- i(£-|-), [(3) 

p,=^(i+\y). Pi=k. Pi'=i, 

*P is supposed to be expressed in astronomical units. 
tPhil. Trans., 1884, equations (9) and (10). 



174 Basset : On the Steady Motion of an Annular Mass of Rotating Liquid. 
where Z= log4/ifc; also 



(2o=l+-4 P, 



^0 — 2 — 2 ' 






«>=Tr+ 



etc., 



etc. 



(4) 



3. We shall also require the expansion of r*, 5*, and (C + c)*. 

Expansion of r*. 

i> _ C—c _ 1 — 2ib + P 
cf ~~ 0+0 ~ 1 + 2fa5 + if 

= 1 — 44c + S/c^c* + 4A!»(c— 40^) — 16Jfc* (c» — 2c*), 

higher powers than Jc^ being neglected ; whence 

r» = a» { 1 + 4P + 4^!* — 4 (A; + 2)5^) cos ^ + 4 (A* + 2^*) cos 2^ 

— 4ff cos 3^ + 4^!* cos 4^}. (5) 
JExjaansion of w*. 

Z. — (1— ^y 

a» ~(l + 2fa5 + jfc')» 

= 1 — 4fc; + 47c' (3c» — 1) + 4^ (5c — 8c») + 8A^(1 — 9c» + 10c*) , 

whence 

a? = a»|l + 2A? + 2A^— 4 (A; + F) cos^ + 2(3A!»+ 2A^) cos 2^ 

— 8A;»cos3^+ 10A^cos4^. (6) 
Exjoansion of{C+ c)*. 

(2A;)*(C H- c)* = (1 + 2fc + P)* 



whence 



= l+^+i_P(l_c«)-i-^(c-c»)--lA;*(i--3c»+44 

(C + c)*=(2A)-*|l + -^-&» + -^^* + (*-|-^-»)cos| 

- -i- /c» (l — -^ /.-«) cos 2^ + y P cos 3^ — -g^- ¥ COS 4|| . (7) 

4. Having obtained these preliminary results, we are in a position to con- 
sider the steady motion of the tore. 
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If ft be the angular velocity in steady motion, the condition to be satisfied 
at the surface of the tore is 

F + ^ ft* (a^ + y») = const. (8) 

We are not, however, at liberty to assume that the cross-section is an exact 
circle in steady motion, and we shall therefore suppose that its equation is 

e-^=zk = b{l + (3i cos^ + /Sj cos 2^ + ) (9) 

where b is the mean value of k at the surface, which is supposed to be small in 
comparison with a, the radius of the critical circle; and we shall also assume 
that /?^ is a small quantity of the order 5*. We must therefore first find the 
potential of an annular mass of matter of imiform density p whose cross-section 
is determined by (9). This is effected by assuming that the potentials at an 
external and internal point are respectively given by (1) and (2), and determin- 
ing the coeflScients from the consideration that at the surface the values of 
Fand F' must differ by a constant, and that the values of dV/dk and dV'/dk 
must be equal. We shall thus obtain the values of the coefl3cients in terms of 
the /3's. The resulting value of F and the surface value of S* must then be sub- 
stituted in (8), and the coeflScients of the cosines of multiples of ^ equated to 
zero. This will determine the values of the /3's. 

The preceding method will enable us to determine the values of the /?'s to any 
degree of approximation that may be desired, but in order to avoid unnecessary 
complication, the investigation will be confined to the determination of the first 
term of /?i , which is suflScient to prove the existence of annular figures of equi- 
librium. From the course of the work it is evident that a higher approximation 
could be obtained with some additional labour. 

We shall find that B^ is of the order 6**, but that A^ is of the order 6"+*, 
and we shall commence with the determination of F' and dV/dk. In calcu- 
lating the surface value of the former quantity, it will be unnecessary to proceed 
farther than the term involving cos 2^, or to include terms of a higher order 
than the second ; but in calculating d Vjdk it will be necessary, previously to 
performing the differentiation, to retain the term cos 3^ together with quantities 
of the third order in the coeflScients, since the terms of the third order reduce 
upon differentiation to terms of the second order. 

5. Calculation of F'. 

From (2), (5) and (7) we obtain 

F = — ^ Ttpa* 1 1 + 4/^— 4 (A:+ 21^) cos ^ + 4A^ cos 2^ — 4Zr^ cos 3^} -f GH', (10) 
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where 
G= 1 + ^ J^ + (k - ^]A coB^.— ^]i» coa 2^ + -^Ji* COB 3^, (11) 

H' = B,Q,+ B,Q, (k/b) cos ^ + B,'Q, {k/b)* cos 2^ + B,Q, (Jc/b)' cos 3^ (12) 

Omitting terms of a higher order than the second, the surface values of the 
quantities are 

— ^7tf>r» = — ^-npa* \1 — 2b^i + 4ly'—4b coB^ + (4b* — 2h0i) cos2^f , 



3 



G^=l + ^6» + i-6/3i + 6co8^ + -i-(j^i-i-6»)cos2^, (13) 

H'^B,(^l+^b*) + ±B^^+^B,coB^ + (^^B^^,+ ^B,yoB2^. 



Therefore the surface value of V is 
8 



F = con8t+ (^Tipa'b + Bfi + ^Bi^coB^ 

+ ^-^npa*{4b*-2b^^) + ~B,^,+ -^BJ> + ^B, | co82^. (14) 



6. CalcuJationofdV/dk. 
From (10), (11) and (12) we obtain 
dV 8 



dk ~ 


3 


Now 


dQ 




dk 


Also 





Tfpa* { 2*— (1 + 6A?) cos ^ + 2A; cos 2^ — 3A* cos 3^ } 



+ ^1 + <'t- (") 



= -^A!^-(l--|-P)cos|-i-A;cos2^ + -|-A:»cos3^ (16) 
^' = 5o(n- -i- «^) + 4^1(1 + T^O^*/*) cos^+ |-5,(A:/6)» cos 2| 



+ ^5,(&/6)»co8 3^ 



Therefore 

B' ^= \bJc+ \ B,klb-\. [B,(l-l-Ti) + \-BJ^Ib 

+ ^A(W}co8^+( |-Bo& + ^A«:/ft)cos2^, (17) 
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the term involving cos 3g being omitted, as it is not required. Also 

^r=J^BJcJr\B,h-^{l + -^A?)co8^ + -1 5,6-«* cos 2^ 

+ i|^5,6-Wco83f, 
therefore 

• + -^ BJ^Ih* } cos ^ + (^ BJejh + ^ BJcjV^ cos 2^ (18) 
Substituting from (17) and (18) in (15), we obtain 
~ = - ^7tpa% -\-BJc + \ B,k/h 

+ ||-npa»(l+6A»)+5o(l+-|-**)+Y^i(6-*+-|"^/0"^^^»(*M'^'^ 
+ ^-^nfKi*k-^B^ + ^B,k/b+^ BJcJb*^ cos 2^ (19) 

Putting for & its value from (9), the surface value is 

+ |_^^i6_ i_ 5^ + i-5i + A5,/6|(i.^^ cos^ + cos 2^). (20) 

From (19) or (20) it appears that the most important terras of dV'/dk are 
of zero order; and when we have calculated the value of dV/dk, it will be found 
that this circumstance requires that J[„ should be of the order 6"+*. 

7. GaJcuJation of F. 

Putting 

H= A^Po + A, {b/k) Pi cos ^ + A, {b/kf P, cos 2^ , (21) 

we have F= OH. 
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The surface value of Q is given by (13); also by (3) at the surface, 

P,m = P,{h) + ± ^J _ ^, cos^ + (i_^_^,) cos 2|. 

{J>lh)P^ cos$ = cos^--L (3i-^^i cos 2^, 
XhlTcf Pg cos 2^ = -| cos 2^ 
The surface value of H is therefore 

■\-\Ao{~^,-P,)-\A,p, + \A,^co^21i. (22) 

Hence the surface value of F is 

F= const -\-\A^{Lb — pi)-\-Ai\ cos ^ 

+ [A{\^i-^t-\h^i) + 4 A(*-A) + 4- a} co8 2^ (23) 

8. Caloiilationo/dV/dk. 

We have ^Z — r — -i- 77- ^ 

Now from (21) and (3), 
^ = A|-*- + i*(i-4)}-AMr'{l + i*'(x-i)|oo,S 

1 / 3 \ 

+ -^A^bfL ^J cosg + etc 

This has to be multiplied by G whose term of lowest order is unity. Now the 
constant terms in dVjdk are of the first order, and therefore the constant terms 
in dV/dk must also be of the same order, whence Aq/B must be of the first 
order, and therefore Aq must be of the second order of small quantities. Simi- 
larly it can be shown that all the other A^& are of an order two degrees higher 
than their indices. We can therefore considerably simplify the calculation, since 
we do not require to retain quantities of a higher order than the second. We 
thus obtain 



also from (16), 



0^ = - Aofk - {A,h/P + Ao) cos ^ ; 
S'-jT- = AqP^ cos ^ = AqL cos ^, 
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whence dV ^_^jj^ _^ {A,L-A,-A,b/Ji?) co8|, 

and the value of this at the surface is 

dV 

-^ = - Ao/b + {A,^,/b + AJ.-A0- AJb) COB ^ ; (24) 

the term involving cos 2^ being of the third order, is omitted. 

9. We can now obtain the value of V in terms of the /3's. From (23) it 
appears that the coeflficients of cos ^ and cos 2^ in V are of the third and fourth 
orders respectively ; and since these quantities are equal to the coeflScients of 
the corresponding terms in F', it follows from (14) that to the lowest order 

= -|- n^'b +B,b + -^B,, (25) 

0= - 4 npa'i^b'- ^b(3{) + ~ B,{b + ^,) + |- B,. (26) 

Equating the constant terms in dV/dk and dV Jdk^ we obtain 

whence by (25) ^=|npa»6«. (27) 

Since the coeflficient of cos 2^ in dV/dk is of the third order, it follows 
from (20) that 

_}^^^^b^^l.B,b' + ^B,b + ^B,=zO. (28) 

Equating coeflficients of cos ^ in dV/dk and dV/dk and using (25) and (28), 

we obtain 

A,{^Jb + L—l)-A,lb = -8npa'b^,+ 16npa'b' + .^B,b'+^BJ> + ^ 

= — Snpa^b(3i + ISTtpa^b 
by (28), whence 

A^= |-7i^«J*(16/?j + 4i6 — 31&). (29) 

Again from (6), 

-^n*G?=4-ii'a«(l— 46cos^+ ). 

Substituting this together with the value of 7 from (23) in (8), and equating the 
coeflficient of cos ^ to zero, we obtain 

/?,= ^ 6(31 + 3nV7ipJ^- 8L), (30) 

which determines /?i. 
24 



180 Basset : On the l^;eady Motion of an Annular Mass of Rotating Liquid. 

10. If we take the radius of the critical circle as the unit of length, it 
might be thought that if we gave to b any small numerical value, the value of 
£1 would be arbitrary, subject only to the condition that the resulting value of 
^i is a small numerical quantity of the same order as 6. This, however, is not 
the case, for we have tacitly assumed that the pressure does not become nega- 
tive at any point in the interior of the ring. If the pressure did become 
negative at any internal point, this would indicate the existence of a hollow 
space within the ring, and the preceding investigation would be no longer appli- 
cable, for the potential at any point in the substance of a ring which contained 
a hollow would involve the P functions as well as the Q functions; and we must 
therefore find the condition that the pressure should not become negative within 
the ring. 

Since F' is the attraction potential, the pressure p is determined by the 
equation 

Let P be the pressure along the critical circle where k = 0, then from (10), 
(11) and (12), 

P/p=-Y^ + ^o + \^*a* + C. 

We have already found the conditions that the coeflBcients of cos^, etc., 
should vanish in^, hence to determine the condition that p should vanish at the 
free surface, all that we require is the constant term in V. By §6, this is 

--npa* (1 + 46 - 26/30 + ^o + ^b(^B^-h^ 5,) + i- ^, (^,6 + ^ 5,) 

= -|-7«pa'(l + 66») + 5o 
by (25); whence 
3 



= _ A^(l + 66») + B,+ ~Q!'a'{l + 26^- 2b^,) + C 



and P/p = 47tpa»6» - flV (6» — 6(3,) . 

We must therefore have 

47tp — n« + n»/?i/6 > . (31) 

Let Jl = fl*/4?ip, then substituting the value of ^i from (30), the condition 
becomes ;t»_ ('i_x- i|)6«a + 6»>0. (32) 
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11. As a numerical example, let 6 = .1 , then 

/?i=.0124+ lOX, 

tod if we put X= .01, the left-hand side of (32) becomes .9224, and is there- 
fore positive, and therefore 

/?i=.1124, 

nV47ip = .oi 

are solutions of the problem. 

Since (30) may be written in the form 



A=K§»'+^-i-»'i). 



it follows that if h is very small, /?i cannot be of the same order unless X is very 
small. 

It is also necessary to point out that the preceding analysis proceeds on the 
assumption that /?, is of the order 6*, and it is quite possible that if a series of 
values were assigned to h and A which satisfy (30) and (32), these values might 
not satisfy the condition that ^^ should be of the order J*, or the inequality 
corresponding to (32) which would be obtained by carrying the approximation 
one degree higher. This diflBculty would not be avoided by calculating the 
value of /?2 , since the same diflSculty would exist with regard to ^^ . It there- 
fore appears that although toroidal function analysis throws some light on the 
solution of the problem, it fails to give a perfectly satisfactory approximate 
solution. The preceding results indicate that for small angular velocities an 
annular figure exists whose cross-section is approximately circular, but for large 
angular velocities the cross-section would probably become highly elliptical, and 
the ring would become flattened; and that if this quantity increased beyond a 
certain limit, the ring would break up. 

July 80, 1888. 



Die Begriffe Oruppe und Invariante.* 

Von Sophus Lib. 



In einer Abhandlung von Sylvester im American Jourrial of Mathematics^ Bd. 
9, No. 2, findet sich ein Brief von Halphen, Mitglied der Akademie der Wissen- 
schaften in Paris. In diesem Briefe betrachtet Halphen eine Schaar von alge- 
braischen Transformationen 

(1) x'^ =f {xi a„, Oi . . . . a,) {x= 1 n) 

mit r Parametern ai ... .ar zwischen den Veranderlichen Xj . . . . »„ und xi. .. .x^^ 
stellt die Frage nach allgemeinen Kriterien dafiir, ob eine solche Schaar von 
Transformationen Invarianten besitzt oder nicht und verspricht dieses noch nicht 
in voUer Allgemeinheit behandelte Problem voUstandig zu erledigen.f 

Soviel ich sehe ist das ihm doch nicht gelungen. Im Laufe seines Briefes 
macht er namlich verschiedene Annahmen, die wirkliche Beschrankungen des 
Problems nach sich ziehen. Und selbst das hiermit beschrankte Problem hat 
er, wie mir scheint, nicht voUstandig erledigt. Die von ihm formulirten Krit- 
erien sind zwar hinreichend aber nicht nothwendig. J 

1. Zunachst schicke ich einige Bemerkungen voraus iiber die eigenthiimliche 
Bedeutung, in welcher Halphen das Wort Qruppe braucht. 

Halphen sagt, dass die Gleichungen (1) eine Gruppe bestimmen, wenn sich 
aus den beiden Gleichungssystemen 

* Reprinted from the Berichte der K. Sachs. GFeeellBchaft der Wissenschaften, Mathematisoh- 
Physische Classe, Sitzung am 1. August 1887. 

t Halphen drQckt sich so aus : '•''Dans des theories diverses on a rencontrS des Invariants sans gu^bn 
ait pinitr^ la cause g^rUrale de leur existence, Cest cette lacune qu^U s^agit id de faire disparattre. " 

t Es scheint Halphen unbekannt zu sein, dass ich das im Tezte besprochene Problem fUr den FaUe 
dass die Schaar der vorgelegten Transformationen (1) von infinitesimalen Transformationen erzeug^ ist 
(oder sich erzeugen l&sst) voUstandig erledigt habe. Heine alten Untersuchungen tkber diesen und 
Terwandte Gegenst&nde sind resumirt in den Math. Ann. Bd. XXIV, 1884. 
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durch Elimination der Grossen x^ Relationen von der Form 

ableiten lassen. Dabei macht er nicht wie ich in meiner Note in den Gottinger 
Nachrichten 1874 und in vielen spateren Arbeiten die Annahme, dass die 
Grossen A^ nur von den a< und hj abhiingen, sondern er lasst sie ganz beliebige 
Grossen bedeuten. Diese seine Definition des BegriflFes Gruppe scheint mir 
indess nicht naturgemass. 

Es unterliegt ja keinem Zweifel, dass der BegriflF Transformationsgruppe 
sich allgemeiner fassen lasst, als in meiner oben citirten Note geschehen. In 
der That habe ich schon im Jahre 1871 (Verhandlungen der Gesellschaft der 
Wissenschaften zu Christiania, S. 243) die folgende allgemeine Definition aufge- 
stellt: Eine ScJiaar von Transformationen hilcht eine Gruppe^ wenn zivei Trans- 
formationen^ nach einander ausgefuhrt^ immer eine Transformation der Schaar 
ergeben. Diese Definition giebt, scheint es mir, die richtige und allgemeine 
Uebertragung des Gruppenbegriffes der Substitutionentheorie auf die Transfor- 
mationstheorie. Unter den Transformationsgruppen giebt es aber mehrere 
verschiedene Kategorien, fiir die ich besondere Bezeichnungen benutze. Insbe- 
sondere bezeichne ich eine Gruppe dann als endlich und continuirlichj wenn ihre 
Transformationen durch ein Gleichungssystem mit r Parametern : 

xi = f^{Xi X^jOi Ur) 

bestimmt werden. 

Was Halphen's Definition des Begriflfes Gruppe angeht, so mochte ich fast 
glauben, dass dieselbe nicht nach dem Wortlaute zu verstehen ist. Vielleicht 
sind einige Voraussetzungen nicht mit angegeben, z. B. dass sich zwischen den 
Gleichungen (1) die Parameter a^ eliminiren lassen soUen. Es scheint mir nam- 
lich undenkbar, dass Halphen jedes System Transformationsgleichungen (1), aus 
welchen sich die Parameter nicht eliminiren lassen, als eine Gruppe bezeichnen 
will, und doch ist er nach dem Wortlaute seiner Definition dazu gezwungen. 
Will Halphen auf der anderen Seite zu seiner Definition des BegrifFes Gruppe 
etwa die Forderung hinzufiigen, dass sich die Parameter eliminiren lassen soUen, 
so folgt z. B., dass die Schaar aller projectiven Transformationen eines Raumes 
keine Gruppe von Punkttransformationen dieses Raumes bildet. 

Es scheint wiinschenswerth, dass Halphen den Sinn seiner Definition pra- 
cisirt, wenn er sich nicht der von mir benutzten Terminologie anschliessen kann. 
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Nehme ich seine Definition nach dem Wortlaute und nenne ich ferner eine 
Function ^{xi . . . . Xn) dann eine Invariante der Transformationen (1), wenn die 

Identitat ^ (a^i • • • . »n) = ^ (^ ^n) 

besteht, so ist sein Hauptsatz: Les invariants sont Vapanage exdusifdes substitu- 
tions formant groupe unrichtig. Das werden ims spater zwei Beispiele zeigen. 

2. Indem Halphen das von ihm gestellte Problem in Angriff nimmt, macht 
er erstens und zwar ausdriicklich die Annahme, dass die Zahl. n der Verander- 
lichen grosser ist, als die Zahl r der Parameter. Da aber schon das Beispiel 

/ / ^ + <h 



Oaa^a + Oj 

zeigt, dass Invarianten sehr gut vorkommen konnen, wenn r^n ist, so ist seine 
Annahme eine Beschrankung des Problems Er macht noch zwei weitere 
Annahmen, namlich, dass die Elimination der Parameter gerade n — r Rela- 
tionen zwischen den x^ und x'^ liefert und dass die Gleichungen (1), wenn sie 
Invarianten besitzen, deren gerade n — r haben. 

Dass »uch diese letzten Annahmen wesentliche Beschrankungen des Prob- 
lems sind, liesse sich ebenfalls leicht an Beispielen zeigen. Darauf gehe ich 
jedoch hier nicht ein, sondern wende mich zu dem von Halphen behandelten 
reducirten Probleme. 

3. Halphen behauptet, dass ein System von algebraischen Transformations- 
gleichungen 

(1') «« =/«(«! x^y ai ar), ny>r, 

aus welchem sich durch Elimination der Parameter gerade n — r Relationen 
zwischen den x^ und xj, ergeben, (dann imd) nur dann gerade n — r unabhangige 
Invarianten besitzt, wenn es in seinem Sinne des Wortes eine Gruppe bestimmt. 

Aber diese Kegel stimmt doch, wie ich sie verstehe, nicht mit dem Beispiele : 
(2) xi=:xi + a, xi = — x^. 

Hier ist w = 2, r= 1, also w>r; die Elimination des Parameters a giebt 
n — r = 1 von a freie Relation ; die Gleichimgen (2) haben andererseits gerade 
n — r= 1 unabhangige Invariante, namlich oj. Nach Halphen's Kegel miissten 
also die Gleichimgen (2) in seinem Sinne des Wortes eine Gruppe bilden. Aber 
aus JCi=Xi + a, 3^ = — x^ 

und Xi=^xi + b, xi'=^ — x^ 

folgt xi' = xi + b — a, xi' = xi 

und diese Gleichimgen haben die Form (2) nicht. 
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Betrachten wir andererseits das Beispiel 
(3) ai = aa + l, ai = a^ + a. 

Hier ist wiederum n=2, r=l. Die Elimination des Parameters a giebt 
wiederum n — r = 1 Relation zwischen den x und a/. Andererseits haben die 
Transformationsgleichungen (3) gerade n — r =: 1 unabhangige Invariante 
namlich tg (nxi) . Est ist j a 

tg {nx[) = tg(7tXi + 7t) = tg (TtXi). 

Unsere Gleichungen bilden aber keine Gruppe in Halphen's Sinne des Wortes ; 
^ennaus r^ =aa+l, x^ =x^ + a 

imd aji'' = xi + 1 , xi/=^x^ + h 

folgen die Gleichungen 

a?i' = 5Ci, x^'rzrajg' + i — a, 

welche nicht die Form (3) haben. 

4. Will man das von Halphen gestellte Problem in voller AUgemeinheit 
behandeln, so diirfte es zweckmassig sein, die Ausdrucksweise der Mannigfaltig- 
keitslehre zu benutzen, also xi . . . . cc„ als Punktcoordinaten eines n-fachen 
Raumes zu betrachten. Hier werde ich jedoch die Beschrankung einfuhren, 
dass die Transformationen 

(1) ai =/«(«! a;«, a^ o^) 

Cremona'sche Transformationen sein soUen. 

Bei jeder Transformation einer derartigen Schaar geht ein Punkt x^ von 
allgemeiner Lage in einen bestimmten neuen Punkt x'^ fiber. Dieser neue Punkt 
hangt von den Parametem a^ ab. Der InbegrifF aller Punkte x^ bildet daher 
eine algebraische Mannigfaltigkeit, die hochstens r-fach ausgedehnt ist. Werden 
nun weiter auf einen beliebigen Punkt x'^ noch einmal die Transformationen (1) 
ausgefuhrt, so nimmt derselbe neue Lagen x-J an u. s. w. 

Wir nehmen zu der Schaar der Transformationen (1) noch die Schaar der 
inversen Transformationen hinzu und denken uns jede von diesen Schaaren von 
Transformationen eine Reihe von Malen hintereinander ausgefuhrt. Dann kon- 
nen zwei verschiedene Falle eintreten. Es ist denkbar, dass ein Punkt x^ von 
allgemeiner Lage durch wiederholte Ausfuhrung jener Transformationen in jeden 
Punkt von allgemeiner Lage im Raume ubergefuhrt werden kann. Dann giebt es 
keine Invarianten. 
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Kann dagegen der Punkt x^ nicht in alle Punkte des Raumes ubergefiihrt 
werden, so bildet der Inbegriflf aller Lagen, welche derselbe bei wiederholter 
Anwendung der betreffenden Transformationen annehmen kann, einen geomet- 
rischen Ort, der allerdings aus verschiedenen, ja sogar aus unendlich vielen irre- 
ducibeln algebraischen Mannigfaltigkeiten bestehen kann. 

Jeder Punkt des Raumes gehort einem ganz bestimmten derartigen Orte an. 
Der Raum wird also in dieser Weise in unendlich viele Oerter zerlegt, wobei 
jeder Ort unter Umstanden aus mehreren algebraischen Mannigfaltigkeiten 
besteht. 

Lasst sich nun diese Zerlegung des Raumes in geometrische Oerter analytisch 
definiren durch die Gleichungen 

Hi (oi x^)=z Gi , n« (a:i ««) = <^m, 

in denen die (7^ willkiirliche Constanten bedeuten, so sind die 11^ (oi . . . . Xn) 
Invarianten der Schaar von Transformationen, und zwar erhalt man so ein voU- 
standiges System Invarianten. Es ist hierbei keineswegs sicher, dass die D.^ 
algebraische Functionen von den x sind, sie konnen sehr gut transcendente* Func- 
tionen sein. Die D,^ brauchen nach dem Vorangehenden nur so beschaflFen zu 
sein, dass die Gleichungen (4) fur jedes specielle Werthsystem der a^ eine discrete, 
endlich oder unendliche Anzahl von algebraischen Mannigfaltigkeiten darstellen, 
deren InbegrifF bei den Transformationen (1) invariant bleibt. 

Entsprechende Ueberlegungen geben zugleich alle invarianten Gleichungs- 
systeme. 

An einer anderen Stelle werde ich auf die hier skizzirten Theorien naher 
eingeheri. Insbesondere werde ich Gruppen behandeln, die sich nicht durch ein 
Gleichungssystem, sondern erst durch mehrere Gleichungssysteme definiren lassen, 
von denen jedes Gleichungssystem gewisse willkiirliche Parameter enthalt und 
werde eine Invariantentheorie von derartigen Gruppen entwickeln. Das gelingt 
leicht, indem ich meine allgemeine Invariantentheorie der endlichen continuir- 
lichen Gruppen mit der Invariantentheorie der discontinuirlichen Gruppen ver- 
binde. 

LBn>zio, Juli 1887. 

* Es ist daher unrichtig, wenn Halpben bebauptet, dass die Invarianten immer durch Elimination 
gefunden werden kdnnen. Dass die zu einer continuirlichen endlicJien Qruppe geborigen Invarianten, 
Differentialinvarianten, ja sogar alle zugehorigen invarianten Qleichungssysteme durch Elimination 
gefunden werden, babe ich langst bei vielen Gelegenbeiten hervorgeboben. Und auch die Ausdehnung 
dieser Bemerkung auf eine jede vorgelegte Schaar von Transformationen o^ =/« (^? a) i die sich von 
infinitesimalen Transformationen erzeugen l&sst, rtihrt von mir her. 



8ur lea formea qtiadratiques hinaires d indetermineea 
conjuguees et les fonctions fuchsiennes. 

Par M. Emile Picaed. 



Consid^rons une forme quadratique binaire indefinie h. ind6termin6es conju- 

gu6es 

axxQ + bxt/o + b^fUf + ct/yf^, bbo — ac^O (l) 

a et c 6tant des entiera re61s, b et bo deux entiers complexes conjugu6s ; x et y 
d&ignent deux indetermin6es, ayant respectivement pour conjugu6es x^ et y^. 
Soil une substitution quelconque 

{x,y,Mx + Ny, Px+ Qy) 

a coefficients entiers^ complexes, et de d6terminant im, transformant la forme 
pr6c6dente en elle-meme. Le groupe des substitutions 

Mz + N^ 



/ Mz + N ^ 



est un groupe fuchsien. J'ai, il y a quelques ann6es (Annales de I'Ecole Nor- 
male, 1884), 6tudi6 a ce point de vue les formes quadratiques k ind6termin6es 
conjuguees, et j'ai montr6 notamment comment on pent construire un polygone 
fondamental du groupe et trouver ses substitutions fondamentales. 

Je voudrais, dans cet article, compl6ter un peu cette 6tude, en portant par- 
ticuli&rement Tattention sur les substitutions elUptiques du groupe fuchsien ainsi 
engendr6. De telles substitutions n'existeront d'ailleurs pas pour une forme (1) 
prise arbitrairement, et le groupe n'aura que des substitutions hyperboliques. 

TTne question interessante se pr6sentait dans cette 6tude ; c'est celle de la 
reduction des substitutions. J'ai employ^ pour cet objet les m^thodes dont a fait 
usage M. Poincar6 dans son beau m6moire sur les fonctions fuchsiennes et Farith- 
m6tique (Journal de Jordan, 1887). 
26 
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1. Consid^rons les substitutions binaires, & coefficients complexes, 

d = Mx + Ny 

transformant en elle-meme la forme quadratique 

axxo + bxT/Q + hoXoy + cyy^, hb^ — ac:lif.O. 

Ces substitutions se partagent, comme il est bien connu, en substitutions ellip- 
tiques, hyperboliques et paraboliques. La nature de la substitution depend de 

la somme M+ Q 

qui est n^cessairement r6elle. D6montrons d'abord directement ce premier 
point : on a 

aiOfo + hMP^ + h^M^P + cPPo = a, 

aMNo + bMQo + b^oP + cPQ,= b, 
aNNo + bNQ, + boNoQ + cQQo = c 

et on tire de suite de ces Equations 

aMo + bPo = aQ —b^P, 
boMo + cPo = bUo — aN, 
aN+boQ = boQo — cPo, 
bQNQ + cQo==cM —bN 

la seconde et la troisi^me, additionn6es en croix, donnent 

Done M+ 6 = ifo + Go» c'est k dire que M+ Q est r6elle. 

Si on avait 6 = 0, la proposition n'en subsiste pas moins, car les Equations 
pr6c6dentes donnent alors Q:=zMq. 

Les substitutions elliptiques correspondent au cas oH 

(if+e)» = Oou 1. 

2. Nous aliens maintenant chercher k effectuer la r6duction des substitutions 
elliptiques. Inspirons nous pour cela des principes qui ont guid6 M. Poincar6 
dans le m6moire d6j^ cite. 



Soit une substitution S = 



a b 
c d 



dont les coefficients a^b, c, d sont des 



entiers complexes, assujettis uniquement ^ verifier la relation ad — 5c= 1, et 
soit T une autre substitution de meme forme. 
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La substitution Sj et la transformee de S par T 

peuvent etre regard6es comme appartenant k la meme classe. 

Parmi toutes les substitutions dWe meme classe, il y en a de particulifere- 
ment simples ; ce sont ces substitutions r^uUea que nous allons chercher. On 
v6rifie d'ailleurs imm^diatement que deux substitutions de meme classe ont les 
memes multiplicateurs, et, par suite, si une substitution est elliptique, toutes les 
substitutions de meme classe sont elliptiques. 

Cela pos6, consid6rons la forme quadratique binaire 

(XX? + {d — o)xy — ht^ 

elle n'est pas alt6r6e par la substitution 

h 



S= 



d 



et si on applique h. cette forme la substitution 



% IjL 

elle se transformera en une nouvelle forme 



la substitution 



d7? + (d!—a!)xy — Vy' 

a! V 
d d! 



8'- 



n*6tant autre chose que la transform6e de 8 par T, c'est & dire T^^ST. Done, 
pour que deux substitutions S et S' soient de meme classe, il faut et il suffit que 
les deux formes h. coefficients complexes 

CO? + {d — a)xy — b^, 

d7? + {d^ — a!)xy — Vy' 
soient 6quivalentes. 

3. Avant d'aller plus loin, il nous faut rappeler un thSorfeme, relatif aux 

formes quadratiques binaires ^ coefficients et ind6termin6es complexes. On sait 

que Dirichlet a la premier 6tudi6 cette theorie dans un m6moire c616bre (Crelle, 

tome 24). Belativement & la reduction des formes 

ao? + 2hxy + c^ 
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a, b, c d^signant des entiers complexes, le theor^me fondamental est le suivant : 
on peut toujours trouver ime forme 6quivalente a une forme donnfie, pour 
laquelle on ait : 

— norme (a) l^norme (6) , 

norme (a) ^ norme (c) ; 

on en conclut qu'en dSsignant par D Tinvariant 6* — oc, on a 



norme (b) ^ Vnorme D 

et par suite les normes de a, 6, c sont limitees en fonction de la norme de Z>. 
4. Ceci pos6, revenons aux formes que nous avons rencontr6es plus haut 

F=: CO* + ((i — a) xy — iy* 
le discriminant de 2F est 

{d — af+4bc on (d + a)»— 4 

les seuls cas qui nous int^ressent sont ceux cfCi 

a + d = 0, ± 1. 

Soit d'abord a + ^ = ; dans ce cas d — a sera un nombre pair ; la forme F a 
done le type classique dans la theorie des formes binaires, et son discriminant 
est 6gal ^ — 1. 

Nous avons, par suite, ^ consid6rer les formes 

as? + 2hxy + cj^ 
de discriminant — 1. 

Nous simplifierons beaucoup la discussion, en partant de cette remarque 

6vidente que toute forme de discriminant — 1 est 6quivalente ^ une forme dans 

laquelle a = , c'est a dire k une forme 

d= 2ixy + c^. 

Tout d'abord en faisant la substitution 

(x, y, a: + %, y) 

on voit que le coeflBcient c peut etre ramen6 a une des quatre valeurs 

0, 1, i, 1+i. 

D'autre part on peut se borner ^ prendre le signe +, car les autres formes sont 
6quivalentes ; on aura done seulement les quaire formes 

2ixy, 2ixy + y", 2ixy + i^, *2ixy + (1 + i) ^ 
et ces quatre formes sont bien distinctes. 
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Nous avons done les types de substitutions correspondants, en identifiant 

successivement 

ca? + {d — a)xy — J^ 
avec ces quatre formes. 

Dans les quatre cas 

d — a= 2i, c= 0. 
V On aura 

d — a=2i J=c = 0,et comme ad = 1 , on a a (a + 2i) = 1 

a*+2ia — 1 = 0, onaa = — i 

done substitution — i 

i 

c? — a=2f, c = 0, b = — 1 done 



4\ 



— i — 1 

+i 



d — a = 2i, c = 0, 6= — i done 

d — a=2^\ c = 0, 6= — (l+t)done 



^ — ^ 
+i 

+i 



5. Consid6rons maintenant le eas oh (a + c?)' = 1 . Dans ee eas d — a sera 
un nombre impair, et nous devrons eonsid^rer la forme 

2ca?+ 2(d — a)xy— 2bt^. 

Nous avons done k eonsid^rer des formes : 

2A31? + 2Bxy + 2Cy^ 

de determinant B^ — 4:A0=: — 3 . 

D'aprfes la th6orie de la r6duetion, on pent supposer que la norme de B est 
inferieure ^ V3. Nous aurons done iei, pour une forme r^duite 

B=z±l 

et, par suite AG=1 

d'ou les seuls types : 

2aj* ± 2a:y + 22/* et 2iQ(?± 2xy— 2%%^^ 

mais 2x* + 2xy + 2^ et 2a? — 2xy + 2^ sont manifestement Equivalents, et aussi 
2fa* + 2xy — 2%]^ et 2ix* — 2xy — 21%^ 

puisqu'il suffira de faire sur la premiere forme la substitution 

(a, y, x+iy, y) 
pour retrouver la seconde. 
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et 2iQf + 2xy — 2i^ 



n nous reate dofnc 

2x* + ^xy + 

qui ne sont pas 6quivalentes. 

Ceci nous donne les quatre types de substitution ; 



0—1 —1—1 —\i Oi 
1 l' 1 O' iO'il 

6. Cherchons maintenant les formes qui se reproduisent pour les substitu- 
tions du trouv6es au paragraphe (4). 

Pour la premiere le type est 

pour la seconde on a les formes 

2axa:o + «ia;yo — «*'«oy + c^^o 
la troisi^me substitution nous donne les formes 

2axa;o + ooj^o + <^^ + cyyo 
et nous avons enfin pour la quatri^me 

2aa:a;o+a(l + *) a^yo + «(l — ^Vo^ + cyyo» 
a et c repr6sentant, dans ces diverses formes, des nombres entiers. 

Ceci pos6, si une forme donn6e/admet des substitutions semblables, 

M N 

P Q 
pour lesquelles Jf + Q=^0, cette forme doit etre 6quivalente k une forme ren- 
trant dans un des quatre types precedents. Or les determinants de ces formes 
sont respectivement 

— ac, a* — 2ac, 2a' — 2ac 

par suite pour une valeur donn6e de ce determinant, les formes sont en nombre 
limite ; on aura done seulement un nombre limit6 d'essais k faire, pour recon- 
naitre si une forme donn6e admet une substitution elliptique du type consider^. 

7. Considerons maintenant le second ensemble de substitutions, celles du 
paragraphe (5). Prenons la premiere ; les formes qui admettent cette substitu- 
tion pour substitution semblable, rentrent dans le type 

2aaKCo + {a + mi) xy^ + (a — mi) x^y + 2ayyo* (1) 

Le discriminant de cette forme 6tant 

771* — 3a* 

il pourra y avoir une infinite de ces formes ayant un discriminant donn6. 
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Quant ^ la seconde substitution, elle n'est pas distincte de la premiere, 
puisqu'elle est 6gale S, la substitution inverse, oi on remplace sc et y par — x 
et— y. 

Pareillement pour la troisifeme et la quatrifeme, nous avons le type de formes : 

2axa:o+ (m + ai) xyQ'^{m — ai)x^ + %iyy^ (2) 

et il y a encore ici une infinite de formes qui peuvent correspondre & un deter- 
minant donne. 

Si une forme donn^e / admet des substitutions semblables 

M N 
P Q 

pour lesquelles M + Q= ±1, cette forme doit etre 6quivalente a une forme (1) 
ou h, une forme (2). Nous ne trouvons plus ici devant un nombre limit6 d'essais 
h tenter, comme dans le paragraphe precedent ; aussi, dans le cas actuel, sera-t-il 
pr6f6rable de ne pas rechercher directement les substitutions elliptiques de ce 
type. 

8, Des deux paragraphes pr6c6dents, on conclut que, une forme / 6tant 
prise arbitrairement, le groups fuchsien avquel elle donne naissance n^admet pas de 
substitution elliptique. 

Quant aux substitutions paraboliques, nous avons deja dit pr6c6demment 
(m6moire cit6), qu'il y en a seulement dans le cas oi le discriminant de la forme 
est une somme de deux carr^s, 

9. Prenons, en particulier, la forme 

^o — ^yyo 

le groupe fuchsien correspondant admettra des substitutions elliptiques du pre- 
mier type, mais il est ais^ de voir qu'elle n'en admettra pas du second type. 

Soiteneffet . .[if N\ 

P Q 

une substitution transformant en elle-meme la forme pr6c6dente, on aura n6ces- 
sairement : if^j = Q, 

done M+ Q = M+Mo 

OT M+ Mq, qui est un nombre pair, ne pent etre 6gal i ± 1 . 

Un autre exemple, extremement simple, mais particuli&rement interessant, 

est celui de la forme 

ixyo — ix^ 
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toute substitution semblable de cette forme a ses coefiBcients r6els, et le groupe 
correspondant n'est autre que le groupe modulaire 

M N 
P Q 

oh M, N, Pf Q sont quatre entiers r^els, satisfaisant k I'unique condition : 

MQ — NP=1. 

10. M. Poincar6, dans le m6moire que nous avons d6ji cite, a donn6 une 
g6n6ralisation bien remarquable des equations modulaires. Les fonctions fuch- 
siennes, provenant d'une forme quadratique temaire indefinie jouissent en efifet 
d'une propri6t6 remarquable qu'on pent regarder comme la generalisation de la 
transformation des fonctions modulaires. 11 va en etre de meme ici pour les 
fonctions fuchsiennes provenant d'une forme quadratique binaire a indetermin^es 
conjugu6es. Le th6or&me fondamental de M. Poincar6 va subsister ici ; on 
r^noncera dans ce cas de la manifere suivante : Soient / une forme quadratique 
binaire ind6finie h, ind6termin6es conjuguees, et O le groupe fuchsien correspon- 
dant a cette forme. Consid6rons d'autre part une substitution transformant / en 
elle-meme, mais dont les coefficients ne soient pas des entiers, mais seulement 
des nombres commensurables (r6els ou complexes) ; k cette substitution cor- 
respond une substitution de la forme 



/ az + b \ 



a, b, Cf d 6tant des entiers, mais le determinant ad — be 6tant alors different de 

Tunite. 

Ceci pos6, si F{z) designe une fonction fuchsienne correspondant au groupe 

(?, il y aura une relation algebrique entre 

ce qui nous donne une nouvelle classe, tr^s 6tendue, d'6quations analogues aux 
Equations modulaires. 

Talloibeb (Ha.X7Tb-Sa.voie), le 2 Septembre 1888. 




MODELS 



MANUFACTT7BBD BT 



L, BRILL IN DARMSTADT. 



(These Models are of plaster, unless otherwise stated.) 




The models of Series I, II, V, VI, VIII, and for the most part of X and XIV, were constructed 
after the originals in the Mathematical Institute of the Boyal rolytechnicum at Munich, under the 
direction of Prof. Dr. Brill, Dr. Klein and Dr. Dtok. 

Excepting Series VII and XI, all the Models can be obtained separately. An explanatory text 
accompanies most of them. The prices are exclusive of packing ana transportation. 



CABDBOABn MODELS OF SUBFACES 
OF THE 2d OEJDEB. 

AfUr Dr. A. Bkill, Ptof. ord. %n ths UfUvernty of 
TuSingen, 

CoNSTBucrrED OF Seotionb of Colored Cjlrdboasd. 

1 and 2) Ellipsoids. 8 and 4) Hyperboloids of one 
and two sheets. 5 and 6) BUiptic and Hyperbolic Para- 
boloid. 7) Gone. 8 different stands for holding the 
Models, resp. M. 1.60, M. 2 and M. 1. 

Firsli Series. 

I. Surface of revolution of the tractrix with geodetic 
and inflexional curves. II. Surface of centres of the 
elliptic paraboloid. III. Surface of centres of the hyper- 
boloid of one sheet IV. Ellipsoid of revolution (spner- 
oid ) with geodetic lines. V. Ellipsoid with geodetic li nes 
through the umbilics. 

Whole series, 60 M. 

Second Series. 

VI. Three models of Enmmer's Surface. VII. Cubic 
surface with four real conical points showing inflexional 
tangents. VIII. Three surfaces of revolution of con- 
stant mean curvature with geodetic lines. IX. Surface 
of revolution of constant negative curvature (conical 
type) with geodetic and asymptotic lines. X. Surface of 
revolution of constant negative curvature (hyperbolic 
type) with geodetic parallels and circles. XI. Path of 
a heavy point on the surface of a sphere. 

Whole series, 120 M. 

Third Series. 

BLASTER MODELS OF SURFACES OF 
THE 2d OBJDEB. 

With Lines of Ourvature, ReetUinear Oeneratora, etc. 
By R. Diesel. 

In the models of the first group only the principal 
sections are shown. 

Whole series, 100 M. I. group (7 models), 85 M. 
II. group (11 models), 75 M. 



Fonrth Series. 

THBEAD'MOJDELS OF SUBFACES OF 
THE 2d OBDEB. 

With Brcksa Frames, 

1) Hyperboloid. 2 and 8) Variable hyperboloids. 
4) Hyperbolic paraboloid. 5) Variable hyperbolic para- 
boloid. 

This series, together with the Cardboard Models and 
Series Three, constitute a practically complete set of 
models of surfaces of the 2d order. 

Whole series, 270 M. 

Fifth Series. 

XII. Representation of the elliptic function ^ = 
am (u , &) . XIII. Three surfaces of revolution of con- 
stant positive curvature with geodetic lines. XIV. Ileli- 
coid of constant positive curvature. XV. Uelicoid of 
constant negat ive curvature. XVI. Four types of 
cyclides. XVII. Catenary on the sphere. XVIII. En- 
velopes of geodetic lines on spheroids. 

Whole series, 100 M. 

Sixth Series. 

XIX. Twisted cubics on cylinders of the 2d order. 
1^ Wave-surface for optically biaxial crystals (2 sheets). 
2) The corresponding ellipsoid. 8) Wave-surface for 
optically uniaxial crystals. 4) Wave-surface for opti- 
cally biaxial crystals in separate octants with the spheri- 
cal and ellipsoidal lines on both sheets and with the eight 
umbilics. 6) Circular cone with eUiptic, hyperbolic, 
parabolic sections. 

Whole series, 60 M. 

Seyenth Series. 

MODELS OF SUBFACES OF THE Sd 
OBDEB. 

The various forms of surfaces of the 8d order with 
parabolic curves and the most important of their Hes- 
sians. By Dr. Cabl Rodenbero, Prof, of Mathematics 
in the Polytechnicum at Hanover. Complete series, 
consisting of 27 models— I. Group Nos. 1-15. II. Group 
Nos. 16-26. 

Whole series, 800 M. I. group, 140 M. II. group, 160 M. 



Eigrhth Series. 

XX. Surfaces of constant negative cnrrature with 
plane lines of curvature. XXI. Minimal surface of the 
9th order. XXII. Surface of the l^h order. XXIII. 
Perspective representatio n of the cube, sphere, cone, 
and hollow cylinder. XXIV. Cylindrical helicoid. 
XXVa. Rectilinear helicoid, h and e. Gatenoids of 
sheet-brass and plaster. XXVIo. Helicoid developable 
upon a spheroid. 

Whole series, 125 M. 



Ninth Series. 

MOJOELS OF SURFACES OF THE 4th 
OJRjDEB. 

After Prof. Dr. Euhmer, of the University of Berlin, 

Copies of the originals in the possession of the Mathe- 
matical Seminary of the Bo^al University at Berlin, 
described by Prof. Rummer m the Monatsber. der k. 
Acad, der Wiss., Berlin 1862, 1886, 1872. 

1-6) Six types of surfaces of the 4th order with four 
double planes touching along circles, among them 
Steiner's * * Romer Flaohe. ' ' With a reprint of the descrip- 
tion in the Monatsber. 7 and 8^ Two models of Dupin's 
cyclide. 9) Suiiace of the 4th order with a double 
straight line. 

Price 120 M. 

Tenth Series. 

I. Supplement. 

1) Wire skeleton for the representation of minimal 
surfaces by means of soap-suds. Thirteen forms (with 
directions). 2) Two models for the construction of 
ellipsoid by threads according to Staude. 3) Ellipsoid 
of plaster, separable along a circular section. 4) Model 
of a surface of the 4th order, with intersecting double 
straight lines. 5) Supplement to Dupin's cy elides of 
the 5th series (Iso. XVI), parabolic cyclide with two 
imaginary nodes. 6) Series 5, No. AlII : strips of 
constant positive curvature of sheet brass, to illustrate 
developability. 7) Supplement to the wave-surface of 
the 6th series (Nos. 1-4) — wave-surface for optically 
uniaxial crystals with positive double refraction. 8) 
Series 8, Na XXV : catenoid of sheet brass to illustrate 
the transformation into the rectilinear helicoid. 

II. Supplement. 

XXVIII. Three types of cyclides. XXIX. Surface of 
the 8th order. XXX. Twelve types of surfaces of revo- 
lution. XXXI. Figures for the experimental determina- 
tion of parabolic curves, of lines of curvature and 
asymptotic curves. XXXII. Envelope of geodetic lines 
radiating from one point. XXXIII. Ellipsoid. XXXFV. 
Two strips of constant negative curvature. 

Whole series, 135 M. I. Suppl. 45 M. II. Suppl. 90 M. 

Eleyentli Series. 

8 mojdels of twistejD curves 

With Stationary Elements. 

The curves are projected upon their osculating planes 
and normal planes, '* rectificierende Ebene." Accord- 
ing to Prof. Dr. Chr. Wiener of Karlsruhe. 

Whole series, 45 M. 



Twelftli Series. 

4: THBEAjD'MOjDELS OF THE TWISTEJD 
CURVE OF THtl 4th ORDER. 

First Kind. 

By Privatdocent Dr. H. Wiener ofBaOe. 

1 ) The four real cones which pass through the curve. 
2) The developable surface of the tangents of the 
curve. 3 ) Case when only two real cones pass through the 
curve : model of these cones and the developable surface 
of the tangents of the curve. 4) Case when no real 
cone passes through the curve: representation by two 
hyperboloids. The developable surface. 

Whole series, 880 M. 

Tliirteentli Series. 

10 threajD'Mojdels ofrulejd sur- 
faces OF THE 4th ORjDER. 

Represented by Silk Threads in Brass Frames. 

By Prof. Dr. Rohn of Dresden. 

Ruled surfaces with one pair of real double straight 
lines (Nos. 1-3) ; with two conjugate imaginary double 
straight lines, (4) ; with one pair of coincident double 
straight lines, (5) ; with a triple straight line, (6, 7) ; 
with a double conic and double straight line, (8) ; with 
a double curve of the 3d order, (9, 10). 

Price 380 M. 

Fourteenth Series. 

16 MOJDELS ILLUSTRATING THEORY 
OF FUNCTIONS. 

The real and imaginary parts of the values of a func- 
tion distributed over the plane of the complex variable 
as ordinates give separate surfaces. These are both con- 
structed for the following functions, and the lines of 
level and descent are indicated : w* = z^-r-l; w^ = z^—1; 

1 1 



U7* = 1 — £;*; branch-points ; w = - 



2e ^ z+e 



(points of algebraic infinity); 6ir = 6* (point of essen- 
tial singularity). Also for the elliptic function : w=P(u) ; 
ii^ = P(«)forl) j2z=4, g*=0; 2)g* = 0, g' = ^. 
Whole series, 330 M. 

Fifteenth Series. 

J. MOnELS OF THE PROtTECTIONS OF 

THE FIRST FOUR REGULAR FO UR 

niMENSIONAL BOniES. 

Of Wire and Silk Threads. 

By Dr. V. Schlegel of Hagen i, W. 

11. SURFACE ON WHICH THE ELLIF- 

SOII> IS CONFORMABLY nEVEL- 

OF En BY PARALLEL 

NORMALS. 

With Lines of Curvature. 
Modeled in plaster by Dr. Reinbbck of Einbeok. 

MOBEL-SUFFORTS of wood, stained black, 
annular in form to secure a better position of the spher- 
ical and ellipsoidal models. Price of each according to 
size, 80 Pf. to 1 M. 

These supports are furnished for the following models : 
I. Series Nos. IV and V. III. S. Nos. 1 to 4. V. S. 
Nos. Xina and 6, XVIc and XVIIIa. VI. S. Nos. la 
and 6, 2 and 3. X. S. Nos. 3 and 7 ; No. XXXII. 

Prospectus furnished, if desired, gratis and post-paid. Of the whole 208 numbers of the collee- 
tion, 149 are of plaster, 19 are constructed of silk threads, 40 of wire, etc. They refer to almost all 
the departments of mathematical knowledge : synthetical and analytical geometry, theory of curva- 
ture, mathematical physics, theory of fnnctions» etc. 
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On the Construction of Intransitive Groups. 

By Oskar Bolza. 



If a substitution-group / is intransitive, the letters upon which it operates 
can be distributed into '^systems of intransitivity,^^ 

ari, a:, . . . . ; yi, y« • • • • ; 2ii 22 • • • • ; • • • • 

such that the substitutions of / interchange among each other only the letters 
flCi, ar, . . . . ; the letters yn y^ • • • • ; the letters Zi, % . . . - , and so on, and 
connect transitively the letters of each system. Every substitution of / is then 
a product g.h.k. .., g being a substitution between the letters x only, h a substi- 
tution between the y, and so on. The substitutions g which occur in the 
different substitutions of / form together a transitive group G, likewise the h 
form a group E, and so on.* We will agree, for shortness, to call these groups 
OfHjK.... the transitive constituents of the intransitive group /, and we pro- 
pose to solve, in the present paper, the inverse problem : 

Griven the tratisitive substituUton^groupa G, H, K . . . . between the letters 
iBi , Xj . . . . ; ^1 , ^2 • • • • ; ^1 > 2, . . . . ; .... respectively, to find all the intransitive 
groups toith the systems of intransitivity, sci , Jr, . . . ; yi , y^ . . . ; »i , 25^ . . . ; . . . , 
and whose transitive constituents are the groups G, H, K . , . . 

There exists always one self-evident solution of this problem, viz. the group 
generated by multiplying by each other, in all possible ways, the substitutions 
of Gj H, K . . . . ; but there may be still other solutions. For instance, if we 
choose for G the symmetrical group of three letters, for H the symmetrical 
group of three other letters, it is easily seen that we obtain intransitive groups 
with the transitive constituents G and H: 

a) by multiplying every substitution of G by every substitution of H 
(order 36) ; 

* Camille Jordan : Traits des substitutions, No. 44. 
26 
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b) by multiplying every positive (gerade) substitution of O by every positive 
substitution of H^ and every negative substitution of G by every negative 
substitution of H (order 18) ; 

c) by multiplying every substitution of G by the same substitution of H^ 
that is to say, 1 by 1, {xu a^, x^) by (yi, y,, yg), (xi, ar,) by (^i, y,), and so on 
(order 6). 

§1. 

Reduction of the Problem. 

1. The case of more than two systems of intransitivity may successively 
be reduced to the case of only two systems. For by combining several systems 
of intransitivity in one larger system, we can always distribute the letters into 
two systems, oci, x^ . . . . and yi, ys • • • • » such that the substitutions of /never 
replace any of the x by any of the y, nor vice versa. We may then deal with 
these two systems exactly as we did with the systems of intransitivity ; the only 
diflference will be that the groups G and E to which we arrive may now them- 
selves be intransitive, but at any rate they possess a smaller number of systems 
of intransitivity than the original intransitive group. We may therefore confine 
ourselves to the case of two systems of intransitivity, provided we drop the 
supposition that the constituent groups G and H are transitive. 

The example given above exhibits the two extreme types of intransitive 
groups : in the first group every substitution of G occurs multiplied by every 
one of the substitutions of H, and vice versa ; in the last group, each substitution 
of G occurs multiplied only by one single substitution of iJ", and vice versa. The 
object of this § is to reduce the coiistr^iction of any intransitive group to tTiese two 
extreme cases. 

2. Let us then suppose we have found an intransitive group / with the given 
transitive constituents G and H: 

I=[gh:g'h\fh^\....-]. 

Let Zi.l, ^.1,*. . . . ?;,.! (1) 

be those substitutions of/ in which the second factor, h, is unity ; they form a 
group L, since the product* Z. 1 X /M = U\ 1 belongs again to the substitutions 

*I may remart that I use, throughout, Jordan ^s uotaiions ; accordingly, in a product the left-hand 
factor is to be applied first Further small characters shall always represent substitutions which belong 
to the group represented by the corresponding large character. 
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(1). This group Lis a self-conjugate subgroup* of G as well as of /; for since 
every substitution of G is commutativef to every substitution of H, the substi- 
tution (gh)"^ (which is generally equal to hr^g~^) may be written g''^hr\ and the 
transformed of Z.l by any substitution gh of /, viz. {gh)^^Ll{gh)=:: g^Hg.l, is 
again one of the substitutions (1). 

If gh be any of the substitutions of /, Ig.h will also belong to /; and con- 
versely, if gh and ^h he two svhatitutions of I vyith the same factor h, then ^ =ilg] 
for s^hx{gh)~^ = s^g"^- 1 belongs to /and in particular to i, therefore g'g''^ = / 
oTg'=lg. 

In like manner the substitutions of /in which the first factor, gr, is unity, 

and which we denote by 

l.wii, 1.9712, .... l./n^ (2) 

form a group M, self-conjugate in /Tas well as in /. And if gh and gh' be two 
substitutions of /with the same factor g, then K = mh. 

If I and m be any substitutions of L resp. jJf , their product L m will be a 
substitution of /, and since the substitutions of L are commutative to those of 
Jf and both groups have no common substitutions besides unity, the >l./t pro- 
ducts, Ijn^ (a = 1 , 2 .... X; ^ = 1 , 2 . . . . fi) are all different and form a group 
J.X J is a self-conjugaie svhgroup of /; for {gh)~Hvi{gh) = g~^lg.h~h7ih, and 
this may be written Hm', since L is self-conjugate in G and M self-conjugate 
iuE. 

If in a substitution gh of I the first factor g belongs to L , then the second^ h , 
vjill belong to M and therefore gh to J. For by multiplying Lhhy l~\l, which is 
sure to l)elong to /, we see that l.A is a substitution of /and especially of if, 
therefore A = m . Similarly, if the second factor of gh belongs to if, then the 
first will belong to I^. 

3. Applying a well-known theorem to the group / and its subgroup J, we 
exhibit the substitutions of /, whose order we suppose to be r, in the form 

?a^^*Y» a = l, 2....A;^=1, 2 .... (I] y=l, 2....x=— , the multi- 

pliers ii= Ij iji . . . . i^ being substitutions of /, subject to the only condition 
that, if a and ^ be different, then i^i'^^ shall not belong to the subgroup /. 

* '^ Ausgezeichnete XJntergruppe.^' See Cole '' On Klein's Icosaeder," Amer. Jour. Math., Vol. IZ. 

t*'Per mutable A." 

X See Serret, Cours d'Algdbre, No. 485. 
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We decompose the substitutions i^ into factors g and h and denote them by 

fl'A=i, g%Ji%i — gM^ (3) 

The r = ^x substitutions of /may then be written l^gyi^^yj the indices taking 
the above indicated values. 

Since Q is supposed to be a transitive constituent of /, the ;u substitutions 
Z^y must all belong to <r, and each substitution of G- must be found among 
them. I say these Xx substitutions are all different. For if l^g^ were equal to 
Z^/flTy, we should obtain a relation g'y = Igy] but then the product' i^i^^ would be 
equal to l.hyh^^ and would, according to No. 2, end, belong to J, against our 
assumption about the iy . Therefore the Xx substitutions l^y are all different and 
represent all the substitutions of O and each one only once ; therefore the order p of 
G is Xx. 

Similarly the fjuc substitutions m^h^ are all different and represent exactly 
the ^oup H, whose order q is consequently fix. Hence follows the theorem : 

Betioeen the orders p, q, X, (i of tJie groups G, Hy L, M resp. exists the 

relation P Q ,.\ 

4. The substitutions gi, g%, • - • > g^ do not, as a rule, form a group; but we 
can introduce x substitutions fii, & • • • • 9.: corresponding to them which form a 
group. In the analytical representation of substitutions of p letters, it is usual 
to agree that the same letter x, may also be represented by Xg^p, Xg^^p . . . . ; 
similarly we will now introduce substitutions of the letters gi^ g^ ^ - - - g^ ^^^ 
agree that the same letter gr^ may indifferently be represented by g^ or If^gy, 
l^y . . • • or l^y. Then the symbol 



_/gi y 



represents a substitution between the x letters gij g% - - - - g^j g^Qy being equiva- 
lent to gr^, if g^y^=lg^. According to a theorem due to Jordan,* the x sub- 
stitutions Si, fe, .... Sic 



* Jordan, 1. c. No. 69 ; see besides, Konig : Ueber rationale Fiinciionen von n Elementen^ Math. Ann. 
Vol. 14, and especially Capelli: Sopra Visoniorfismo dei gruppi di sostituzioni, Giornale di Matematiche, 
Vol. 16, pg. 43. 
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form a regular* group ®, which is meriedriccdly isomorphic to 6r, the X substitu- 
tions Ziflfy, Zjjgr^, . . . .Ij^y 
of G being coordinated ('* zuordnen") with the substitution g^ of ®. 

In fact the group ® is identical with the group of those substitutions which 
undergo, under the action of the substitutions of G, the x conjugate (** gleich- 
berichtigt ") values of a rational function <^ (xix, . . . .) which remains unaltered 
by the substitutions of the subgroup L and no other. 

Defining in an analogous way the symbol 

/h, , h, ,....K \ 

as a substitution, we introduce the group 

$=[^1=1, **,.... ^J, 
which is regular and meriedrically isomorphic to H, the (i substitutions 

Tflihy, nifjly, .... Wl^^Y 

of jB' being coordinated with the substitution 1^^ of §. 

Now we replace in each of the x multipliers g^hy (3) , the factor gr^ by the 
corresponding substitution fl^, and the factor hy by the corresponding substitution 
1)y, and obtain in this way a series of x products, 

fii^i= 1» flt^j • • • • bA- (7) 

I say these x substitutions (7) form a group. For if ft^^. and g^l|^ be any two sub- 
stitutions of the series (7), the series (3) will contain the two products gji^ and 
g^fip, and the group /their product g^^.hji^, which we may reduce to the form 
ImXgyhy = Igy.mhyf g^y being one of the multipliers (3). Hence we infer 

9o9fi=1gy^ Kh = mhy. 
On account of the isomorphic relation between ® and (?, the product g.^^^ in ® 
corresponds to the product g^^ in G ; but on the other hand 9^ corresponds to 
Jgy] therefore since to every substitution of G corresponds but one single substi- 
tution of ® , the equation g^^ = Igy implies 9.9^ = g^, and likewise ^^^^ = 1^^. 

But g^iy belonging to the series (3), the series (7) contains the product 
j^^{|^= 9^9^.l^«l^^ = fiAX9/8f|^, which shows that in fact the substitutions (7) form a 
group which we will denote by 3 . 

*A substitution-group is said to be regular^ according to Klein, if it is transitive and its order 
equals its degree. 
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This group is evidently intrandtioe and possesses the two systems of 
intransitivity, 

9if 9i 9'c and h^ h^ . . . . K, 

and its transitive constituents are the groups ® and §. 

Moreover 3 is meriedrically isomorphic to /, the T^^i substitutions 

lagy-rn^hy (a=l, 2....X; /?=l,2..../i£) 

of / corresponding to the substitution g^^^ of 3 ; to unity in 3 corresponds the 
subgroup J of /. 

Finally the connection between the group 3 and the multipliers (3) 
shows plainly that each svhstitiUion of ® {and liheimse each substitutioti of $) 
occurs only in one single substitution 0/3. 

5. Conversion : Let us now suppose toe choose at will the self-conjugate sub- 
groups L and M of the two given groups G and H resp., but such that their 
orders X and (i satisfy the relation (4), 

and form the group J by multiplying their substitutions in all possible ways. 
Then we derive, as in No. 4, the regular groups @ and $ isomorphic to G and H 
resp. Finally, we suppose it possible to construct an intransitive group 

3= l^A, 8«^a M 

with the transitive constituent groups ® and § , and such that each substitution 
of ® (and each substitution of §) occurs but in one single substitution of 3 • 

Repeating, then, in reversed order, the conclusions of the last number, we 
easily find : 

If in each substitution g^^^ of 3 we replace g^ by any of its corresponding 
substitutions of G, gy, and 1^^ by any of its corresponding substitutions of jBT, hy, 
and multiply the ^(i substitutions of J by these x products, gjiu g%hi .... gji^, 
the ^[ix substitutions thus obtained form an intransitive group / whose transitive 
constituents are the given groups G and jBT. 

Thus we have obtained the result announced in the beginning of this § : 
Tlie construction of tlie intransitive group I is indeed resolved into the construction of 
two intransitive groups which represent the two extreme types of intransitive groups, 
viz. the group J in which the substitutions of the two constituent groups L and 
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if appear multiplied together in all possible ways, and the group 3 in which each 
substitution of either of the constituent groups ® and § appears multiplied only 
by one single substitution of the other constituent group. 

§2. 
Connection between Intransitive Groups and Isomorphism, 

1. Before we pass to the construction of the group 3i» we must mention a 
theorem due to Netto, by which an intimate connection is established 
between intransitive groups and isomorphism. A group H is said to be isomor- 
phic, in the most general sense* of the word, to a group (r, if it is possible to 
establish between the two groups a relation of the following character : With 
each substitution of O are coordinated one or several substitutions of J7, and if 
h^, h^ . . . . h^ be all the substitutions coordinated tvith a substitution g, and 
h{, hi . . . . hi bM the substitutions coordinated with any other gf', then all the 
products, kjii,f{a =1, 2 .... v; a' = 1 , 2 .... i/) and no other substitutions of 
H, shall be coordinated with the product gs^. Besides, it is supposed that all 
the substitutions of H are engaged in this coordination. 

From thiB definition folloics that reciprocally the group G is isomorphic to 
Hy SO that the isomorphism between the two groups is perfectly mutual. 

' The holoedric and the meriedric isomorphism, as defined by Jordan, are 
special cases of this general isomorphism, which has been called by Netto 
mutually meriedric (" gegenseitig mehrstufig"). 

Now Netto's theoremf is this : 

Suppose the two isomorphic groups G and H to operate upon different 
letters; if, then, each substitution of O is successively multiplied by all its 
corresponding substitutions of H, the products will form an intransitive group 
with the constituent groups Q and H. 

And conversely : If an intransitive group / with the constituent groups G 
and jBTbe given, and we coordinate with each substitution of Q all those substi- 
tutions of H with which it appears multiplied in the substitutions of /, then the 
relation thus established between the two groups will be isomorphic. 

2. Every intraiisitive group may consequently be considered as defining an 
isomorphic relation between two groups, and any theorem on intransitive groups 

^Netto : Substitutionentheorie, {93. t lb. 1. c. §98. 
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may be interpreted as a theorem on isomorphism. For instance, denoting by 

Oy the system of X substitutions, ?i^y, l^y . . . . hgy, and by ft^ the system of fi 

substitutions, niihy, m^hy .... mjiy, we may express the results of §§1, 3 in this 
form: 

If two groups G and 3 are isomorphic, the substitutions of G can be 
distributed into a number of systems 

and those of H in an eqttal number of corresponding systems, 

such that any substitution of Oy is coordinated with all the substitutions of the 
corresponding system Hy and with no other, and, vice versa, any substitution of 
D.y with all the substitutions of Oy . 

But this is exactly what Capelli,* who has first considered this general 
kind of isomorphism, assumes in his definition, so that by our developments the 
definitions of Capelli and Netto, though apparently different, are found to be 
identical. 

3. If we apply Netto's theorem to the intransitive group 3 of §1 and 
remember that in 3 each substitution of ® appears multiplied only by one sub- 
stitution of § and vice versa, we see that the group 3 defines, between ® and Q , 
a holoedric isomorphism, in which the substitution ^y of ® is coordinated with 
that substitution ^^ of § with which g^ appears multiplied in the substitution 

§3. 

Hdoed/ric Isomorphic Relation of a Regular Group to itself 

1. In order to be in accordance with the usual notations, we will write 
henceforth G and H instead of ® and §, and denote the letters upon which the 
substitutions of G and H operate by aji, x^ . . . . ar^ resp. yi, ^2 • • • • ^r- Since 
the two groups are supposed to be regular and holoedrically isomorphic, they 
must be, according to a theorem of Jordan's,f altogether identical except 

*CapeUi, 1. c. pg. 88. Starting from this definition, CapeUi proves that the different systems 
Oy contain the same number ^ of substitutions, and the different systems Qy the same number f* of 

substitutions, and thus finds the relation (4) , ^ =: -^ . 

t Jordan, 1. c. No. 70, 72, and Netto, 1. c. ?90. 
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the notation of the letters upon which they operate. Therefore there must exist 
a certain permutation of the a: : iC|^, x<, • . . . a^,, such that each substitution h^ of 
H becomes identical with the corresponding substitution g^of G, if we replace, 
vritkin the cycles o/h^, the letter y^ by Xi^, y^ by x^,, and so on ; or denoting by u 
the substitution 

^2/l» y% 2/r, «<., «<, ^J ^ ' 

we must have, between any two corresponding substitutions g^ and A., the rela- 
tion gf. = vr^h^u, a = 1 , 2 .\ . . r (9) 

and between the groups themselves, 

G = ir^Hu. (10) 

If there exist still another holoedric isomorphic relation between G and JBT, 
there will exist another substitution t/ such that 

G^u'-^Hu'-, 
u' can he reduced to the form 

where t is a substitiUion betioeen the x which transforms G into itself, 

r^Gt=G. (11) 

For from W^Hu = G and u'-^Hu' = G 

follows u'" ^u Gu-^u' = G , 

or if we put u~^u! = t, 

r'Gt = G 

and qj^z=zvi. 

We can write w = w, t*' = t/.r , 

where r = {x^, y^){x^, y,) (x^, y,) (12) 

and V, 'd are substitutions of the letters y only; then we see that 

^ = T-^(t;-V)T 

is a substitution between the x only. 

The equation <""^(?<= G defines a holoedric isomorphic relation of G to 
itself, in which any substitution g is coordinated with its transformed t~^gt. 

Thus the construction of the intransitive group lis at last reduced to the problem : 
To find all possible holoedric isomorphic relations of a regular group to itself 
27 
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2. The substitutions t which satisfy the relation f^Ot=zO form a group T, 
which is the largest group with the letters Xi^ x% . . . . Xr in which the group G is 
contained as a self-conjugate subgroup.* 

The group T always contains substitutions which are oommutafive not only 
to the whole group (7, but to each of its substitutions. These substitutions form 
a group which has been studied by Jordan ;f it is itself regular and of the 
same order as G and can be derived from it by an algorithm indicated by 
Jordan. We denote this group by 

;S= [^1=1, s,, fij- 

S being a subgroup of T, we can write the substitutions of T in the form 
sjp, a=l, 2 r,^=l, 2 p. 

Two substitutions of T with the same factor tp will transform the group G exactly 
in the same way and therefore lead to the same isomorphic relation of 6r to 
itself; for 

K)" V K) = ^^ («~ V«) ifi 1 

which is equal to tj^gt^, since s'^gs is supposed to be = ^. 

To obtain all the distinct isomorphic relations it is therefore suflBcient to 
know a complete system of multipliers, ^j, ^ . . . . <p. 

The problem to determine the group T for a given regular group Q has been 
completely solved by Jordan J in the case where G is the group of the 
arithmetical substitutions 

ai = 0, 1....7n — 1, a3=0, l....wi — 1, ....«« =0, l....m — 1. 

In this case S is identical with G and the group T is the linear group of the degree 
m**, which is generated by combining the given group with the group of the 
geometrical substitutions 

the determinant | a^ \ being prime to m . 

Here the group of the geometrical substitutions form a complete system of 
multipliers ^, #» . . . . ^p. 



♦Netto, 1. c. J78. 

t Jordan, 1. c. No. 76. See also Frattini : I gruppi iransitivi di aostituzioni deU' istesso ordine e grado. 
Atti deUa R. Aoc. dei Lincei, Memorie, 1883. 
I Jordan, 1. c. No. 19, and Netto, 1. c. 2187. 
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3. The isomorphic relation of a group G to itself can be found in a different 
way without recurring to the group T, provided we know a system of inde- 
pendent generating substitutions'^ a^h, c . . . . of G and the fundamental relations 
between them. For if 

a'=^(a, 6, c....), (13) 

6' = 4'(a, 6, c . . . ,), 



be the substitutions which are coordinated with a, 6, c . . . . resp., then 
exactly the same relations will exist between the a', V, cf . . . . as between the 
a, 6, c .... , and therefore the a', ft', </. . . . will constitute another system of 
generating substitutions for the group G. Conversely, if a', 6', c' . . . . be 
another system of independent substitutions satisfying the same fundamental 
relations (and no other besides), and if we coordinate a' with a, V with 6, 
cf with c, and so on, and with each product of the a, b, c . . . . the similar pro- 
duct of the a\h\ d , . . . y then we shall have established a holoedric isomorphism 
of the group G with itself. 

For instance, the cyclic group of the order n can be generated by a single 
substitution a, satisfying the relation a'*=l, and no other relation a'*'=l 
where n'< n. The same conditions are satisfied by a!^=a'^, provided ^i be prime 
to n. Therefore we obtain a holoedric isomorphic relation of the cyclic group 
to itself by coordinating a" with a"", a=0,l,....w — 1, and there are ^ {n) 
different isomorphic relations* 

We may even use this method to determine backwards the group T. For 
by comparing the generating substitutions a, 6, c . . . . with their corresponding 
substitutions a', 6', (/.... we can easily find the substitutions *^ of No. 2, and 
by combining these with the group S we obtain the group T. 

Example : The symmetrical group of three letters can be generated by two 
substitutions a, 6, satisfying the relations 

a' = 1 , 6* = 1 , ba = a^b] 
the group is then 

1, a, a*, 6, ab, a^b. 

* Compare for this number, Cayley, On the Theory of Groups^ Phil. Mag., 4th series, Vol. 7, 18, and 
American Journal of Mathematics^ Vol. 1 ; and Dyck, Gruppentheoretitche Studien^ Math. Ann., Vol. 22. 
t The , V' , ;r . . . . represent products a^b^c^ .... a'^'b^'c^ .... 



206 BoLZA : On the Construction of Intransitive Groups. 

If we choose for a' any of the substitutions of the third order (a or a*) , for V 
any of the substitutions of the second order (6, or ab, or a*6), it is easily seen 
that a^ V satisfy the same relations 

and no other, and we have therefore six different isomorphic relations of our 
group to itself. The regular form* of our group is 

1 ; a = (xiX^x^Xx^x^x^) ; a* = (xiX^)(x^x^x^) ; b = {xxx^){x^9){x^^) ; 
ab — {xix^){x^x^){xsx^) ; a^b = (xiX^Xx^Xj^Xxfc^) . 

To find the substitution t, for instance, for the isomorphic relation defined by 
a'z=iayV=^abf we have to determine a substitution which, applied within the 
cycles of a and 6, changes 

{XiX^Xs)(X4pC^^) 

into itself, and 

{xix^){x^i){x^^) into {xyx^){x^x^){x^^)] 

evidently {xiXffc^) is such a substitution. In this way we find corresponding to 
the six isomorphic relations, the six substitutions, 

ti=l, t^ = (aiarjXj), ^ = (xix^i), 

h = {^i^tX^^z) , ^6 = (»5a^6)(a^8«i) ? <6 = {Xfpct){^^) • 

On the other hand the group S is easily found to be 

1; {x^x^x^){x^x^x^), {xiXvfic^){x^x^x^, {^Xii{xt^i){?^^ ^ 
{x^x^){x^x^){x^^), {x^x^){x^x^{x^ . 

These combined with the six t give the group T, which is of the order 36, and is 
made up of the positive (''gerade'') substitutions contained in the most general 
imprimitive group with the two systems of imprimitivity, 

a^i, a^» scg and x^, a?5, are- 

This is then the largest group with the letters sci, ccg . . . . ar^ in which G is con- 
tained as a self-conjugate subgroup. 

4. As an example of the construction of intransitive groups^ we propose to find 
all the intransitive groups with the two systems of intransitivity, 

aJi, arg, x^, x^ and ^i, y%, Vz, Vi, 

*That is to say, the regular gproup which is holoedrically isomorphic to the given group ; see Dyck, 
1. c. {6. 
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whose transitive constituents are the alternate group G^ of the letters Xy^ qi:%, x^, x^ 
and the alternate group H^ of the letters y^ y%j Vz, y^^ 

The group G^ can be generated by two substitutions a and c, satisfying the 
relations a» = 1 , c» = 1 , {acf = 1 . (14) 

Introducing, for shortness, the notation 

6 = ca(?, 

the group G^ may be exhibited in the following table : 

1, a , & , ah ^ 

c , ojc ^ be f ahc , (15) 

(?, a&, h&, ab(?, 

whose first line represents the "Four-group" (*' Vierergruppe"), which shall 
be denoted by <?4, and which is, besides G^ itself and <?i=l, the only 
self-conjugate subgroup of 6?^. 
We may choose, for instance, 

a = (a:iarj|)(a;3X4), e — {xYX^x^y 

and we obtain all the possible systems a', d of generating substitutions which 
satisfy the same fundamental relations, by choosing for d any of the three sub- 
stitutions of the second order, a,h,ah, and for d any of the eight substitutions 

of the third order, 

c, ac, 6c, ahc\ c', o/^^ 6c*, a6c*. 

For since d does not belong to the subgroup G^^ whereas a' does, old cannot 

belong to G^^ and must therefore be one of the eight substitutions of the third 

order, therefore we have 

a''=l, c'*=l, (aV)»=l. (16) 

And there can exist no other relation between a' and d independent of these. 
For any such relation could, by means of (16), be reduced to the form: one of 
the products of the table (15), marked with dashes, equal to unity (6*^ denoting 
da'd^). Let us for instance suppose we had besides (16) the relation a'6'c' = 1 ; 
now a'6'c' is conjugate (**gleichberechtigt") in G^^ with d, since, on account of (16), 
a!Vd = ol^^dol ; therefore the relation dlld = 1 implies* c' = 1 , which is in 
contradiction with our assumption about d. Since the substitutions a, bj ab are 
conjugate in G^^ and likewise the substitutions of the second line of (16), and 

* Compare for these conclusions Dyck, 1. c. §8. 
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finally those of the third line, we see that any relation between a! and c', inde- 
pendent of (16), would imply either a' = 1 , or c' = 1 or c/' = 1 . 

There exist therefore 3.8= 24 different systems of generating substitutions 
satisfying the relations (14) and no other. 

Denoting the generating substitutions of jB), by d,/, we have 

(?=l,/3=l,(d/)8=l. 

And putting again e-^fdp, the group jffuj may be exhibited in the table 

1 , d y e , de J 

/, d/, ef, def , (17) 

/*, c^/^ ef, def, 

whose first line shall be denoted by H^. 

On account of the relation (4) we can choose the self-conjugate subgroups 
Z, if of §1 in three diflferent ways: either Cru,«jffis(x= 1), or G^, S^{x= 3), 
or Gi, Hi{x=12). 

a). x= 1 ; Z= G^y if= jBT,,. 

I is of the order 144, and is obtained by multiplying every substitution of Gi^ 
by every substitution of H^. 

b). x=S] L= (?4, M=H^. 

The multipliers gu g^, g$ of ^1, S are here : 

3^1=1) g% = <^, gz = (^y 

hence fli = 1 , 

/gi J g% y gs \ , x 

«' = (L ' Ms ! Ma) = ^^'' ^«' ^^^ = «'' 
®= [1,9,9']. 

In the isomorphism between © and G^, 1 is coordinated with the first line 

of the table (15), g with the second, 9* with the third. 

Further, 

Ai=l,A,=/, A8=/», 

^1 = 1, ^2 = (^1, hi h) = V; ^3 = (^1, ^, h) = ^*» 

§=[1,^, ^']. 
The substitution 1 of $ is coordinated with the first line of the table (17), ^ with 
the second, \)^ the third. 
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There exist two intransitive groups 3 of the third order with the transitive 
constituents ® and § (§3, 3), viz. 

and 1, 9^», 9«^. 

Consequently we obtain tioo intransitive groups I of the order 48 : the first by 
multiplying every substitution of the first line of (16) by every substitution of 
the first line of (17), every one of the second by every one of the second, every 
one of the third by every one of the third ; the second group / by multiplying 
every substitution of the first line of (15) by every substitution of the first line 
of (17), every one of the second by every one of the third, every one of the 
third by every one of the second. 

c). flc= 12; Z=l, M= 1. 

Here ® is nothing but the regular form of the group O^, $ the regular form of 
the group H^. The 24 systems of generating substitutions of O^ define as many 
holoedric isomorphic relations of O^ (and therefore also of ®) to itself, and con- 
sequently we obtain 24 groups I of the order 12, all contained in the table : 

1 , a'.d , V.e , a'b'.dej 
(i,f , dd,df , Vii.ef , dVd.def, 
d\p, a'd\df, Vd\ef\ a!Vd\def, 

if we replace a', d successively by the 24 different systems of generating substi- 
tutions. 

§4. 

Some Applications to the Construction of Transitive Grovps. 

1. In a note published in the Mathematische Annalen,* Cayley proves a 
theorem which is closely connected with our subject, and which, in our nota- 
tions, may be expressed thus : 

** Let G^ = [g'l, 3^2 • • • 9^r] l>e a substitution-group with the letters cci, Oi . . . , 
whose substitutions are commutative each to each, and let h^ be the same substi- 
tution as g^ but operating upon different letters f/i, y^ - - - - , and let r denote 
the substitution 

'T = {x^i)(x^y2){xiy^) , 

* Cayley, A Theorem on Groups^ Math. Ann., Vol. 18. 
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then the 2r substitutions 

will always form a group, if 

7n« = l (mod. r)." 

The first line of this group is an intransitive group of the special class considered 
.in the last §, and we propose therefore to apply the developments of §3 to the 
problem ; 

Suppose the two regular groups Q and H of the order r of §3, 1 to be 
identical, but operating upon different letters x resp. y) h^ shall denote the 
same substitution of yi, y, . . . . y,. which g^ denotes of the xij x^, . . . . Xr. Let 

then /= [s'A,, g^hi^ . . • . gf^J 

be an intransitive group of the same order r with the transitive constituents G 
and jff; ti, i,, . . . . V is then a certain permutation of 1, 2 .... r and there 
exists, according to §3, 1, a substitution u such that 

vr\u=^gai a = 1, 2 . . . . r. (18) 

Now we multiply the substitutions of / by the substitution 

'r = {x^i){x2yt) (Xryr), 

it 18 required to find the cmditums thai the 2r subbstUviions 

giK-'^^ g^K-'' — g^i'^ 

form a group. 

If they do form a group Q, this group will be imprimitive with the two 
systems of imprimitivity a^, arj . . . . x^ ai^d yi, yi . . . . yr» ai^d / will consist of 
all those substitutions of Q which do not interchange the systems, and therefore 
/will be a self-conjugate* subgroup of Q, and therefore 

irHr = I, (20) 

and this condition is suflScient, since then the two groups / and [1 , i"] , which 
contain no common substitution besides 1, are interchangeable among each 
other.f 

* See Netto, 1. c. {72. t See Serret, Cours d'Algdbre, No. 485. 
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From (20) follows that r^^Ir and / must possess the same constituent 
groups, therefore T'^Hr^= G] r and u being two substitutions which transform 
jffinto (r, they must, according to §3, 1, be connected by an equation 

u = i;t, (21) 

t being commutative to G. Remembering, then, that according to the adopted 
notation 

(18) becomes <''V<.^ = fl^«» a= 1, 2 . . . . r. (22) 

On the other hand, 'f^gjiiji which is equal to '^^g^ ^t^^K^ ^=' g^Ji^ belongs 
again to /(20), and therefore g^^ and h^ must satisfy (18), 

or fr^gJ = gi^. a=l,2 r. (23) 

This equation combined with (22) gives 

t-'gf = ga. a=l,2....r. (24) 

If, conversely, t satisfy this condition and we choose A^^ = rtgjr^"^, then we 
find t^^Ir = /. We see therefore that the square of the substitution t must 
belong to the group denoted in §3, 2 by S. For instance, in the case of the 
group of the arithmetical substitutions mentioned in §3, 2, we find easily for the 
substitution (see pg. 23) : 

t = \zi, z^. . .Znj a^Zi + ai225j| + . . . , a,i2i + a^2, + . . . , ... a^iZi + a^^z^ + . . . | 
the condition 






The relation (24) shows that the isomorphic relation of (7 to itself as defined 
by the equation 

r^Gt=G, 

possesses the character of an involiUion, that is to say, if g^ in the transformed 
group is coordinated with g^ in the original group, then reciprocally g^ in the 
original group will be coordinated with g^ in the transformed group. 
28 
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Applying tbui to the generating suhtthaufjus a, b.e of §3. 3, we see 

that the tranfformation (13) most poetess the period 2, thai is, 

c=x{€{,V,d ). 

Let us now return to Cajlej s theorem and suppose that any two- sub- 
stitutions of G are commutative to each other. Then, according to a theorem 
of Eronecker's,^ G can be generated bj a series of substitutions a, &, ^ . • . , 
commutative each to each and of the orders r|, r^, r, resp., the integers 
^i» ^«» ^f • • • forming a series in which each integer is divifsQjle by the /oHaicing, 
and besides their product equals the order of G : 

I* — I*] . rji • Tj • • • • 

By coordinating each substitution g^ with g^, we always obtain a holoedric 
isomorphic relation of G to itself, if m be prime to r , since (g^^^ = ^^ in this 
case. The corresponding transformation (13) of the generating substitutions is 

ci = a*, V = 6", d ^=^ if^^ . . . . , 

and this has the period % then and only then, when 

c^^=.a, J"* = 6, o^* = c, . . . . , 

which implies the only condition, 

m* = 1 (mod. rj) , 

since r,, rj, . . . . are divisors of r. 

This congruence includes Cayley's theorem, since r is divisible by rj. 

2. We conclude with some general remarks on the construction of groups. 

The fundamental problem of the abstract theory of groups is, to construct all 
t1i/e groups of a given order; groups which are holoedrically isomorphic may be 
considered as essentially identical in this research. 

Now all possible groups of a given order r may be divided into two classes : 

The first class contains all those groups which are holoedrically isomorphic 
mth intransitive groups whose transitive constituents are all of a smaller order than r, 

* Kronecker, Berliner MoDatsberichte, 1870, and Netto, 1. c. {188. 
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The second class contains all those groups for which no such isomorphism 
exists. 

All the groups of the first class can be obtained by the method developed 
in this paper, provided all the groups of a smaller order than r have been pre- 
viously determined, and thus the problem is reduced to the construction of the 
groups of the second class. 

Examples : 

1). r= 4. There are two groups, 

a). 1, a, a*, a^; a*= 1, 

which belongs to the second class, and 

/?). 1 , a, 6 , aJ ; a* = 1 , 6* = 1 , &a = a6 , 

which belongs to the first class, since we may choose 

a = {xix^), b={y^^). 

2). r = 6 . There are two groups, 

a). 1 , a, a*, a', a\ a^] a^ = l 

belongs to the first class and becomes identical with the intransitive group 

b = {xjx^), c = {y^^^), 
1 , c, c^, 6 , Jc , ftc*, 

if we put a^=zbc, which is indeed of the sixth order. 

/?). The group 1, a, a*, 5, a6, a*6, 

a' = 1 , 6» = 1 , 6a = a*6, 

belongs to the second class, but can be obtained by Cayley's theorem. For 

if we put 

c = {xix^xs), d={y^y^ys), r = {x^y{){x^i){x^s) , 

the group 1, ccP , c*d, 

becomes identical with the given group if we write 

a = (xPj b:=r. 

3). r=8. There exist' five different groups enumerated by Cayley in 
the Phil. Mag. (4th series. Vol. 7, 18). Two of them belong to the first class. 
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In the group 



a^ = 1 , y = 1 , ha^ab 
1 , 6» = 1 , c« = 1 , 



a 



9 



ah ^=^ ha J ac^^ca, hc^=^ch 
a = {x^x^), h = {y^y^), c=(zi2i). 
a*=l, 6*=1, ah=ba^ 



we may choose 
and in the group 

we may choose 
Finally, the group 

belongs to the second class, but can be obtained by Cayley*s theorem. For 

if we put 

c = {xix^x^^) , d = (yiya/t^^) , T = {xiy^{xtyt){x^^){x^^ , 

the group 1, cc? , c*^ , (?d, 

becomes identical with the given group if we write 

a = cd?^ h = r* 
Oranob, N. J.. September, 1888. 

* I avail myself of this opportunity to add a reference to a previous paper ^^ On binary sextics with 
linear transformations into themselves " (this Journal, Vol. X, pg. 47) : Mr. Wiltheiss has called my 
attention to a paper of his (Math. Ann., Vol. 21, pg. 898) which had escaped my notice, and in which 
he deals with the determination of those systems of hyperelliptic i^-moduli for which there exists a 
complex multiplication. It is easy to prove a priori that for the case of the transformation of the first 
degree (for which Mr. Wiltheiss gives a complete table) these systems of ^-moduli must be identical 
with those determined in the third section of my paper, and so I could have made use of Mr. Wiltheiss 's 
results and determined afterwards the order in which these systems of i^-moduli are to be coordinated 
with the binary sextics, by considering the isomorphism which exists between the group of the linear 
transformation of the variables Zi , Z2 and the group of the linear transformation of the ^-moduli. But 
still the method employed in my paper has the advantage of showing directly the connection between 
the binary sextio and the corresponding i^-moduli. This method has, by the by, been first employed by 
Mr. Poincar^ in a similar research. 



Die Herstellung einer linedren Differentialgleichung aus 
einem gegebenen Element der Integral/unction. 

Von Karl Heun, •ifwncAen. 



Es kommt nicht selten vor, dass ein Element eiher analytischen Function 
einer unabhangigen Veranderlichen in Form einer convergenten Potenzreihe 
gegeben let, deren Coefficienten durch eine homogene lineare Recursionsgleich- 
ung bestimmt sind. In diesem Falle kann man das Problem der Integration 
regularer linearer Differentialgleichungen durch Potenzreihen umkehren und 
die Differentialgleichung bestimmen, welcher die gegebene Reihe geniigt. Diese 
elementare Aufgabe ist im Folgenden gelost. Bemerkenswerth scheint mir 
der ausserst Kurze und durchsichtige Beweis fiir die Existenz der Integrale 
regularer Differentialgleichungen, welcher als ein einfaches Corollar der nach- 
stehenden Losung erscheint. Dass der hier gegebene Beweis ohne Benutzung 
des Integralalgorithmus gefuhrt ist, erscheint mir ebenfalls als ein Vorzug 
desselben. 

1. 

Ein Element einer analytischen Function y des Argumentes x sei gegeben 
durch die in der Umgebung des Punktes a convergente Reihe 

y = 9o + 9i{^ — «) + ff2{^ — <^y+ + ^^ iiJf- 

Ferner seien die Coefficienten ffoj gi, g%, - - - - durch die recurrente Relation 
Oo{n).g^+ Gi{n—l).g^^i+ G^{n- 2).g^^^+ . . . . + G^^r{n — r).g^_r=0 (1) 

verkniipft. Wir denken uns die Grossen 6ro, Gi, .... (r^_^ als ganze rationale 
Functionen p^^ Grades von n gegeben. Einige derselben konnen jedoch auch 
von einem niederen Grade sein. Erreicht Gq wirklich den Grad^ , dann bringe 
man die Gleich. (1) auf die Form 

J[2_ + ^i + ^.?=:=l + ....+^'.2!i- = (la) 
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und setze 



K=0 



Wir versuchen nun die Gleichung (la) durch die Annahme 
identisch zu befriedigen. Dann ist 



Die Gleich. (la) geht durch Einfuhrung dieser Potenzreihen fiber in 
<T)-'C4T)-<.-=iHrT) 

Hieraus lassen sich die Grossen OJ,, Ci, .... nach der Methode der unbestimmten 
OoefBcienten berechnen. Fiir Gq erhalt man die Gleichung 

Die Wurzeln derselben seien ai, U}, . . . . a,. Man setze nun furit=l, 2,.,..r: 

Dann ist also gr^ _ 1 i ^ i ^» i 

Nach einem bekannten von Herrn Weierstrass auf complexe Grossen iiber- 
tragenen Gauss'schen Satze* ist also die Keihe 

y=<7o + ^i(a — a) + fl^»(a: — a)»+ + in inf. 

absolut convergent fur alle Werthe von x, welche der Bedingung genugen 

\x — a\<\l^t — a\. 

* Gauss' Werke, Vol. Ill, pag. 189-148. Weierstrass: Abhandldngen aus der Functionenlehre, 
p. 312-225. 
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Jetzt ist natiirlich unter gr derjenige der durch Gleich. (2) bestimmten Punkte 
^it ^»> . . . . f r zu verstehen, welcher dem Punkte a am nachaten liegt. Werden 
mehrere Wurzeln der Gleichung (2) einander gleich, dann andert aich nichts an 
der vorstehenden Schlussfolgerung. Wird at = [r = 1] dann ist f r = « zu 
setzen. 

2. 

Wir wollen jetzt die lineare Differentialgleichung aufstellen^ welcher die 
Reihe y formal geniigt. Zu diesem Zwecke setze"*" man 

G,{n - t) = Gr{0) + AOt{0){n-x) + ^A'O,{0){n-x){n - r- 1) 

+ ••••+ , o ^ ^ A^Ot{0){n-x) ....{n-x -jp+ 1). 

Dann lasst sich die Gleich. (1) in die Form bringen : 

+ AGoiO).n.g„ + AGi{0).n—l.g^_i-\- + A(7,(0).n — r.gr^., 

-h j^ [A»G=, {0).n.n-l .g^ + A»(?a(0). w- 1 .n- 2.^,_i 

+ + Aff,(0).n — r.« — r— l.sr„_J 

+ 

+ j-= -[A'GoiO).n.n—l n—p+l.g^ 

x»^,»»»p 

+ . . . . + A^Gr{0).n — r.n — r— 1 . . . . n — r — p+ l.S'n-r] = 0. 

Diese Gleichung multiplicire man mit (x — a)** und summire von n = bis 
n = GO . Beachtet man ferner, dass g mit einem negativen Index verschwinden 
muss,/a?fe die Gleich. (1) auch die Ooefficienten g^i, fi^s, . . . . J7r-i bestimmen soil, 
dann erhalt man den Ausdruck 

[Go (0) + O, {0){x — a)+G, {0){x - a)» + . . . . + (7, (0)(x -a)'].y 

+ [A(?o(0) + AG,{0){x — a) +AG^{0){x — ay+ .... +AGr{0){x—ay'\{x — a).^ 

+ • 

+ , .^ , [A^G^o(O) + A^G,{0)ix-a) + A^G, (0)(x-a)» 
X • ^ • • • • p 

+ . . . . + A'Gr{0){x^ay]{x-ar .2, = 0. (I) 

* Die Operation A ist in der Oblichen Weise zu verstehen. Es ist also 

&f(x)=f(x+l)-f{x), AV(a:) = A/(a!+l)-A/(x),etc 
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Die Reihe y geniigt also einer inbezug auf den Punkt a regvldren linearen 
Difierentialgleichung jp*®' Ordnung. An der Stelie x = a findet im AUgemeinen 
eine Verzweigung statt. Da nun infolge der Voraussetzung fiber den Geltungs- 
bereich der Relation (1) die Gleichung: G^o(O) -3^0 = bestehen muss, welchen 
Werth man auch gfo beilege, so.ist (^©(O) gleich Null anzunehmen. Die deter- 
minirende Gleichung inbezug auf den Punkt x = a heisst dann 

= AGo (0) + 1^ A»(?. (0)(a - 1) + 17^ A^G^o (0)(a, - 1)(X - 2) 

+ . . . . + -7-^ A''(?o(0)(a- l)(a- 2) . . . . (a-p+ 1). (la) 

Die iibrigen Verzweigungspunkte der Integralfunction von Gleich. (I) sind 
Wurzeln der Gleichung 

A''G^o(0) + A^(7i(0)(a— a)+A''(7g(0)(a — a)*+ +A'^(?^(0)(a; — ay=0. (3) 

Umgekehrt ist bekanntlich nicht jeder Werth von a, welcher diese Gleichung 
identisch befriedigt, nothwendig einem Verzweigungspunkte entsprechend. Es 
ist jedoch nicht nothig auf diese Yerhaltnisse hier naher einzugehen, da dieselben 
aus der allgemeinen Theorie der Differentialgleichungen hinreichend bekannt 
sind. 

Als Beispiel der Construction der Gleich. (I) aus einer gegebenen Reihe 
moge das folgende dienen. Aus der Gauss'schen Reihe ^(a, /?,/,») leite man 
eine erhebt andere ab indem man jeden Coefficienten von a^ sc^, sc*, . . . . zum 
Quadrat erhebt. So entsteht die Reihe 

* (a, /3, y, a:) = 1 + -^ a: + \Z2\f(r + ^^ o^ +.... + in mf. 

Man soil die Difierentialgleichung aufstellen, welche die Function 4> (a, /?, y, x) 
identisch befriedigt. Die Relation (1) heisst in diesem Falle 

;,*(y-^.^_l)»gr^_(a + n-l)*(/? + n-l)Vn-l=0. 

Es ist also 

G^{n) =(y — l)V + 2(y— l)w» + n\ 
_(?, (n- 1)= [a/3 + (a + /3)(n- 1) + (n- !)>]«. 
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Folglich wird 

A(?o (w) = y* + 2y{y + l)n + 6yn» + 4ra», 
-AG'i(n-l)=(a+/8+l)(2a/3+a+/3+l)-h2[(a-h/3)»+3(a+/3)+2a/?+2](n-l) 

+ 6(a + /8 + l)(n- l)» + 4(n- 1)», 
A»G'o(«)= 2y(y -h 4) + 4 -|- 12(y + l)n + 12n», 
A»(?o(«)=12(y+2)+24n, 
A*G'o(n)=24, 

— A»(?i(n— 1)= 2[(a + /3)»+6(a +/3) +7] + 12(a+i3+2)(n-l)+ 12(n-l)», 

— A»(?i(n— 1)= 12(a + /?+ 3) + 24(n — 1), 

— A^(?i(n— 1)=24. 

Die Dififerentialgleich. (I) erhalt also die Form 



(l-x)x».g+2[y+2-(a + ^ + 3)x]x».g 



d»y 



+ {y(y + 4)+2-[(a + (S)»+6(a + /3) + 7]x}a;.^ 

+ [y'-(« + /3 + l)(2a|3 + a + /?+l)«].^-a»|3».y=0. (I') 

Fur das Schema der Yerzweigungsindices findet man : 




, 




j. 




I 


00 

a 


, 




1 


1 


a 


1-y, 

l-y, 


2(y- 


2 
-a — 


-/3)+i! 


^ 
^ J 



Die Punkte a; = vmd » = 1 sind also in der That Verzweigungspunkte fur die 
Integralfunction von Gleich. (I'). Das vollstandige Integralsystem der Differen- 
tialgleichung (F) hat in der Umgebung des Punktes x = die Form 



y,i = x^-^<I>(a-y + l, |3-y+l, 2~y,x), 



■ fiir (x)< 1 . 



Weniger einfach sind die zu den Punkten x ^ 1 und x = oo gehorigen Integrate. 
29 
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In der Gleich. (2), welche die Grdsse G^ bestimmt setze man fur 

yJ'\ yr yr 

ihre Werthe ein, nemlich 

^^ A^Go(O) 
dann geht dieselbe iiber in 

= A^ 6^,(0) + A*a_i(0). Co + A^GrM^). 01+.... 

+ AW^{0)Cf^'^ + APGo{0).Ci. (2a) 

Die Grossen ^i, ^2» • • • • ^r » ^r ^^ Gleich. (3) sind also geradezu die Wurzeln 

der Gleich. (3). Die Reihe 

y = 9q + 9i{^ — <^) + 9i{^ — <^y + + ill inf. 

convergirt also unbedingt innerhalb eines Kreises, dessen Mittelpunkt der Punkt 
aj = a ist und dessen Peripherie durch den nachsten NuUpunkt der Function 

A*6?o(0) + A^Gi{0){x — a) + + A^Gr{x — ay 

hindurchgeht. 

Hiermit ist der Existenz bereich der Integrale homogener regularer linearer 
Differentialgleichungen fest gestellt (cf. die bekannte Abh. des Herrn Fuchs in 
Joum. f. Math., t. 66, und die Arbeit des Herrn Frobenius, Ueber die Integra- 
tion der linearen Differentialgleichungen durch Reihen, ib. t. 76). 

Will man nach den vorstehenden Principien das Verhalten der Reihen- 
entwicklungen auf den Convergenzkreisen und insbesondere in den Verzwei- 
gungspunkten ableiten, so hat man nur den Ooefficienten Oi aus der Gleich. (lb) 
zu berechnen und dann unmittelbar das Gauss- Weierstrass'sche Convergenz- 
theorem anzuwenden, Herr Thom6 hat diese Untersuchung mit Anwendung der 
^ Fourier 'schen Reihen gefuhrt (Jo urn. f. Math., t. ). 

EiNBECK, 4 August, 1888. 



Uher die Reduction von Integralen transcendenter 

Functionen. 

Von Leo Koenigsbbrgee. 



Bekanntlich hat Abel in dem zweiten Kapitel seines unvoUendet gebliebenen 
**pr6cis d'une th6orie des fonctions elliptiques" Untersuchungen iiber die Form 
angestellt, welche das Integral eines algebraischen Differentials annehmen 
muss, wenn man dasselbe durch algebraische, logarithmische und elliptische 
Transcendenten ausdriickbar voraussetzt, und eine Reihe von Satzen liber die 
nothwendige rationale Ausfiihrbarkeit solcher Transformationen aufgestellt, 
welche seitdem Fundamentalsatze der Integralrechnung geworden sind und 
spater Liouville, Tchebichef, Weierstrass, Clebsch u. A. die Moglichkeit boten, 
auf Grund dieser festen Formen die nothwendigen und hinreichenden Beding- 
ungen fiir die wirkliche Reduction hoherer Integralgattungen auf niedere 
aufzustellen. Eine Reihe von Untersuchungen aus dem Gebiete der algebraischen 
Differentialgleichungen haben es jetzt ermoglicht, diese Untersuchungen von der 
speciellen Klasse der Integrale algebraischer Functionen oder der AbeFschen 
Integrale auf Integrale beliebiger Transcendenten auszudehnen, und ich erlaube 
mir im Folgenden, nachdem ich bereits in friiheren Arbeiten Andeutungen iiber 
die Moglichkeit der Ausdehnung gegeben, diese Probleme, welche zugleich 
Erganzungen zu denjenigen Kapiteln der Integralrechnung liefern soUen, welche 
von den ausfuhrbaren Integralen handeln, an dieser Stelle mit Entwicklung der 
nothwendigen Satze aus der Theorie der algebraischen Differentialgleichungen 
weiter zu verfolgen. 

Sei y^'"^=/(x, y,y, ....s^^-^-^O, (1) 

worin/eine algebraische Function bedeutet, oder in anderer Form, 

y-r + j?;(^, y, y, . . . . y(— i>)y-)-^ + ....+ F,{x, y, y, . . . . y— ^) = (2) 



222 KoBNiGSBERGEB : Ueher die Reduction von 

eine algebraische Differentialgleichung m*®'Ordnung,undyiem Integral derselben, 
so soil die Quadratur /* ^ _ /«\ 

eine dlgehraisch ausfuhrhare genannt werden, wenn 

z^=F{x, yi, yi, y[^\ y,, yi y^^\ y,, y^, yj"> ) (4) 

ist, worin F eine algebraische Function der eingeschlossenen Orossen, yi, y», ys, • - - • 
Integrale der Differentialgleichung (1) hedeuten, oder wenn Zi eine Losung der 
Oleichung 

^ +/i {xy yi, yi, yi"^ y%^ 2/3, yi'^K )«'*"^ + 

+ A (^» yi> yii — yl^^ y%^yiy — yi"\ — ) = o (6) 

ist, in welcher/iy fi, ..../, rationale Functionen der in den Klammem enthaltenen 
Grossen darstellen, und die Gleichiing (5) offenhar als eine mit Adjungirwng von 
^j yii Vii ys? • • • • '^^^ deren Ableitungen algebraisch irreductihle angenommen 
werden darf. 

Ist yi eine algebraische Function von x^ so soil sie als die Losung einer 
algebraischen Differentialgleichung 0*®' Ordnung aufgefasst werden. 

Zur AuflBndung des Grades (i der Gleichung (5) werde zunachst bemerkt, 
dass die Differentiation von (2) 

(nj^^-^""* + (n - 1) F,y^-^^'' +.... + i^n-i)y^"*+^^ 

also y^'*+^> als rationale Function von a:, y, y, . . . . y^*^ liefert, und dass somit 
nach Gleichung (5) durch Differentiation 

+--+(i+t^-+----)=« 

oder . 

2' = 
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folgt. Setzt man fiir z das durch (3) definirte Integral z^ der Differentialgleichung 
(5), so kann man die in Zi rationale Function 



«! - ^-1> (^ _ 1) f^z^-» + .,,, +/^_^ • 



(7) 



wenn z%y z^^ . . . . z^ die iibrigen (i — 1 Losungen der Gleichung (5) bedeuten, 
durch Multiplication des Bruches mit dem Werthe des Nenners fiir diese anderen 
Losungen in die Form bringen 









da nun der Nenner N eine ganze symmetrische Function von Zx> z^,... .z^ ist, sich 
also rational und ganz durch die Coefficienten der Gleichung (5) ausdriicken lasst, 
ferner im Zahler das Product der (i — 1 letzten Factoren eine ganze symmet- 
rische Function von z^, z^, . . . . z^ also der Losungen der aus (5) durch Division 
mit z — % erhaltenen Gleichung 

und sich somit ebenfalls wieder als ganze Function von 2i,/i,/2, . . . ./, dar- 
stellen lasst, so wird der gesammte Zahler die Form haben 

Z=L^ + L,z[-'+.... + Lr, 

worin Xq, Xi, . . . Zf^ rationale Functionen von x, yu y%, . . . und deren Ableit- 
ungen sind oder auch, da vermoge der Gleichung (5) die hoheren Potenzen von 
Zi als die ^ — 1^ in gleichartiger Weise linear durch die niederen Potenzen 
ausgedriickt werden konnen, 

und somit, da der Nenner iVdes Bruches (7) den Charakter der Grossen if hatte, 

z[ = P^-^ + P.zf-* +....+ P,_i, (9) 

worin Po> A, . • . • -Pm-i rationale Functionen von a, yi, y%, . . . . und deren 
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Ableitungeu \Ab zur m*** Ordoung hin bedeuten. Da.aber vermoge der Gleichung 
(3) Zi = j/i sein soli, also aus (8) 

Po2f-' + PA'' +...• + P^.i = yi (10) 

folgt, so muss, weil die Gleichung (5) als eine mit Adjungiruug von a, yi, ys . . . . 
und deren Ableitungen bis zur m^^ Ordnung hin algebraisch irreductible voraus- 
gesetzt war, 

P,= 0, P,= P^-3=0, P,-.i = yi (11) 

sein und 6omit, da zur Ueberfiihrung des Ausdruckes (6) in (9) z^ eine willkiihr- 
liche Losung der Gleichung (5) sein durfte d. h. die Werthe Po» A> • • • • ^m-i ^^^ 
jede andere Losung dieselben bleiben, so wird sich aus (9) vermoge der gefund- 
enen Beziehungen (11) fiir jedes der a= 1, 2, 3, . . . . ^^ 

2l=yi Oder J y^dx = Za (12) 

ergeben. Nun konnen sich aber die Werthe derselben Quadratur nur urn Con- 
stanten unterscheiden, und es folgte daher 

Za = z,+c^i (13) 

da jedoch das Zusammenbestehen der aus (5) sich ergebenden Gleichungen 

(ai + oO- +Mz, + c.)--^ +/,(2, + c.)''-« + . . . . +/,-x(zi + c.) +/, = 
durch Subtraction die Beziehung 

liefert, welche, weil die Gleichung (5) als irreductibel vorausgesetzt war und die 
eben erhaltene Gleichung mit jener gleichartig ist, eine identische sein muss, also 
c«= liefert, dies jedoch nach (13) zwei gleiche Losungen von (5) voraussetzen 
wiirde, was wiederum mit der Annahme der Irreductibilitat nicht vertraglich ist 
so folgt, dass die Gleichung (5) iiberhaupt nur eine Losung haben darf, also linear 
sein muss und somit Zj eine rationale Function von », ^i, y2» • • • • ^^^ deren 
Ableitungen ist. 

Wir erhalten daher den folgenden Satz : 

Werin die Quadratur P , 
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vx>rin y^ ein Integral einer algehraiscTien Differentialgleickung m^ Ordntmg bedentety 
algehraisch auHfukrhar ist^ so lasst sieh der Werth dersdhen ateta ah Rationale Fvaic- 
turn von Xj particvidren Integralen der Differentialgleichumg und deren Ahleitungen 
his einschliesslich zur rrf^ Ordnung hin darstellen. 

Bemerkt man noch, dass jede rationale Function von y^^ sich wieder aus 
den vorherangegebenen Griinden vermoge der Gleichung (2) als ganze Function 
n — \^^ Grades von yj*^ in der Form darstellen lasst 

^0 (a, yi, y'u y^^^\ y%^ — y^r\ — ) yi~^"^" 

+ % {^. yi. yi M"-*'^ 2^3, ... • y^"*^ • • • .)2rr^""+ . . . • 

+ w«-i (»i yu yi y^"^^ y%y — ys'*^ — )» 

dass wiederum jedes der o sich wieder in eine ganze Function von yi"*^ umwan- 
deln lasst, u. s. w., so folgt 

dass der die Qiuxdratur darstellende, in den Integralen und deren Ahleitungen 
his zv/r vrt^ Ordnung hin rationale Ausdruch sich in eine in den w**" Ahleitungen 
der Integrate ganze Function n — 1*** Grades fur jedes derselhen umsetzen lasst, 
deren Coeffidenten rationale Functionen von x, den Integralen der Differential' 
gleichung und deren Ahleitungen his zur m — 1**" Ordnung hin sind. 

Bevor wir nun weitere Eigenschaften solcher algebraisch ausfiihrbarer Quad- 
raturen untersuchen, woUen wir eine Hiilfuntersuchung vorausschicken, welche 
sich auf die Form der algebraischen Beziehungen erstreckt, die zwischen den 
Integralen einer algebraischen Difierentialgleichung unter deren Ahleitungen 
stattfinden kann. 

Machen wir die Annahme, dass z. B. zwischen drei Integralen und deren 
Ahleitungen fur die Differentialgleichung (1) oder (2) eine algebraische 
Beziehung 

ii(^, y^yi. .... y'r^'\ 2/2, yi .... yr^'\ ya, yi y^-^O = o (i4) 

statt hat, so mag die hochste in (14) vorkommende Ableitung von y^ die m — a** 
sein, so dass (14) in die Form gesetzt werden kann 

yr-'=Mx. y, yr-'\ y„ . . . . y'^-''\ y,, . . . . #—*>), (16) 

woraus mit Hiilfe von (1) durch Differentiation 

y^.-a+i) ^y.^(^^ y,,.... yi— ^ //„ .... yi-'^\ 2/3 yT ''). .... 

y^' =f.{x, yi, . . . . yT-'\ y„ . . . . yr'^\ 2^3, ... • 2^^"^ — '') W 
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und durch Zusammenstellung mit (l) 

/(x, ys, yi . . • .. yi^'^) =fa {x, y,,.... y[^'\ y„ . . . . yi^-'\ y, yi^'^') (17) 

folgt, welche durch Binsetzen der in den Gleichungen (15) und (16) erhaltenen 
Werthe von 

yi^^^\ yi~-+'\ . • . . yt'^^ 

in die linke Seite derselben in 

ni(x, yi, . . . . y^-^ 2^2, • . • • yi^-^\ ys, • . . • y^"""~'0 = (18) 

iibergehen mag. Wiirden aus dieser Gleichung die Grossen ^3, ys, . . . . yi*"*""^^ 
sammtlich herausfallen, so wiirde (18) eine algebraische Beziehung nur zwischen 
yi, y^ und deren Ableitungen feststellen — ein Fall, auf den wir das Problem 
ganz allgemein fiihren wollen und nachher behandeln — ist dies jedoch nicht der 
Fall, so mag die hochste in (18) vorkommende Ableitung von y^ die m — ^ 
sein, wo /3>a, so dass 

y^— ^> = j?;(x, yi, . . . . yT-'\ ys, . . . . y^-^ 2/8, ... . yi^"'"'') (i9) 

wird und durch Differentiation mit Hiilfe von (1) wiederum 

2^J«-) = F,^^ (x, 2/1, ... . 2/r-'\ 2/2, • . . .2/i"^'\ 2/8, ... . 2/^"-'-'), (20) 

woraus durch Zusammenstellung mit (15) und Benutzung der Werthe (19) und 
(20) sich 

^ {x. 2/1, • • • • yT''\ 2/s, . . . . 2/^"-'\ 2/3, ... . yi"-^-'0 = (21) 

ergiebt. Ware diese Gleichung nun nicht eine in y^ und dessen Ableitungen 
identische, so wiirde man wieder, wenn die niedrigste Ableitung von y^ in dieser 
Gleichung die m — y*® ist, wo y >►/? ist, 

y'^-y) = ^,{x,y^ 2/i"-»>, y, y^— ", y„ . . . . j^^-^-'O (22) 

bilden, daraus wiederum mit Hulfe von (1) 

'y^"->+i> = <I>, (x, y, yi"-i), y, y^-^ 2/3. • • • • y^-^'^O .... 

j,^«-« = <I>^_, {x, y,,.... y<r-'\ y„ . . . . 2^r-« 2/3 y^-^-^O (23) 

und durch Zusammenstellung mit (19) mit Benutzung von (22) und (23) 

i^(«. yi y[^-\ y% yi'^-'Ky,, .... y^—^-'O = o, (24) 

und 80 konnte man fortfahren, bis man, da a<C^<Cy<C • >•' ist, schliesslich auf 
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eine von y^ und dessen Ableitungen freie algebraische Beziehung zwischen t/i , y, 
und dessen Ableitungen 

^o(a5,yi, .... yi"-^ y„ y^~-'0 = o» (25) 

gefiihrt wird; wir nehmen an, dass die durch (24) dargestellte Beziehung bereits 
die Beziehung (25) war. 

Sei nun die in (25) vorkommende niedrigste Ableitung von y^ die m — a^, 
80 dass sich 

y^«-«) =^,(x, y, yi-''\ y„ . . . . yr-"-'^) (26) 

ergiebt und daraus 

y(-a+i)^^^(^^ yi, . . . . yi"^'"', 2^2, • • . . y^-^-'O, • • • • 

2/(«) =^a{x. 2/1, ... . yi"-'^ 2/2, . • . . 2/i"^-*-'0» (27) 

so folgt durch Zusammenstellung mit (1) 

/(^, 2/2, 2/i yi~-'0 = 4'a(^, 2/1, . . .-. yi"-'^ 2/2, ... • 3^^"""-'0 (28) 

oder durch Einsetzen der in den Gleichungen (26) und (27) erhaltenen Werthe 

<^i{x, 2/1, 2/i""^ ^2, 2/?'~^"'0 = 0; (29) 

enthalt diese Gleichung noch Ableitungen von y^, und ist die niedrigste die 
m — 6^, wo b^a, so setze man 

2/^"*"'^ = ;Co(^, 2/1, ... . 2/i""^ 2/2, ... . 2/i""'"'0, (30) 

woraus wiederum 

2^i— *+!) = ;Ci (^. 2/1. • • • • 2/i"-'\ 2/2, ... . 2/^~-'-'0, .... 

2/^"^-"> = Xi^-aix. 2/1, ... . 2/i""'^ 2/2, ... . 2/r-'-'0 * (31) 

und durch Zusammenstellung mit (26) und Benutzung von (30) und (31) 

<^{x, 2/1, .. . . 2/i""'\ 2/2, ... . 2/i"'"'-'0 = (32) 

folgt ; f ahrt man wiederum genau so fort wie oben, so wird man endlich zu einer 
algebraischen Beziehung 

e(a^,2/i,2/i',.--.2/i""'0 = O (33) 

kommen miissen, welche nur noch yi und dessen Ableitungen enthalt, und wir 
nehmen an, dass (32) schon diese Beziehung (33) sei, was ja ohne Beschrankung 
der Allgemeinheit der Untersuchung geschehen darf. Wir wollen nun sehen, was 
aus diesen successiven algebraischen Transformationen gefolgert werden kann. 
30 
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Bisher war iiber den Charakter der algebraischen Difierentialgleichung (1) 
und der ihr angehorigen Tntegrale yi, y^, ^s, . . . . noch gar keine Festfietzimg 
getroffen worden. Nehmen wir zuerst an, dass yi ein Integral sei, welches nicht 
Bchon einer algebraischen DifFerentialgleichung niederer Ordnung als der m^" 
geniigt, so wird die Gleichung (33) eine identische sein, ihr also B^uch jedes Inte- 
gral der Differentialgleichung (1) geniigen mussen ; machen wir jedoch diese 
Annahme nicht, so wird eine algebraische Differentialgleichung niedrigster Ord- 
nung existiren, von welcher yi ein Integi'al ist und welche die Form haben moge 

y^^^ + 9i{x, y, y, . . . . y^'-'^)y^'^"' + ....+ J7.(^, y, ?/, • • • .^^'"^0 = 0, (34) 

worin X<m — 1 und g^i, (/,,.... gr^ rationale Punctionen der eingeschlossenen 
Grossen sind. Diese Gleichung kann nun als algebraische Gleichung in y^^^ aufge- 
ffksst mit Adjungirung der Grossen a, y, y', . . . . y^^~^^ irreductibel oder reduc- 
tibel sein, und im letzteren Falle mag der algebraisch irreductible Factor 

y'^'' + h{x, y, y, . . . . y^-%">'"' + .... + A, (x, y, y. .. . y^-^>) = (35) 

das Integral yi zur Losung haben, so dass die Differentialgleichung (35) und 
die Differentialgleichung (33), welche wir in der Form 

y'^'"' +h{x, y. I/. . . . .y''-'^)y"''^'' + ^ . . .+K{x, y, y' y^-'>) = o (36) 

darstellen wollen, worin fi<m — 1 und Z^i, A^, . . . . Av rationale Functionen der 
eingeschlossenen Grossen sind, eine Losung yi gemeinsam haben, Ist nun ^^(ij 
so wird, da yi keiner Differentialgleichung niederer Ordnung als der Jl*®° geniigen 
eollte, die Differentialgleichung (36) oder (33) identisch sein also auch von jedem 
Integral von (35) befriedigt werden mussen; ist ^=^(if so wird, weil (35) ein 
algebraisch in Bezug auf y'^^ irreductibler Factor war, <t > p sein mussen, und da 
danii identisch 



y(^>^ + %<^>^"^ +.... + /., 



= (y^^^ + Jhy^'"''" + .... + KW^''+iiy'''^''^" + .... + ?.-p) 



(37) 



ist, 80 folgt, weil fur y = yi die linken Seiten von (35) und (36) verschwinden, 
dass auch 

n['W' + ^''yi'''"' +.... + n^^li = (38) 
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ist ; da aber die Gleichung (36) eine in y^^^ algebraisch irrQductible ist, so kann 
auch nicht eben diese Gleichung fur ^ = ^i also 

yr + A,(x,2/„y{ yr^0yi'>"*+---.+A,(x,y:,yi,....yr») = O (39) 

in Bezug auf y[^^ mit Adjungirung von x, y^ yi yl^"^^ algebraisch reduc- 

tibel sein ; denn ware dies der Fall, so wurde die DifTerentialgleichung 

y'^^'+giix, y. y', . . . . y*-")y«'"' + . . . .+gp{x, y, yi, . • . .y^'-') = (40) 

mit der Differentialgleichung (35) das Integral yi gemein haben, und die Elimi- 
nation von y^^^ zwischen den Gleichungen (35) und (40) eine algebraische 
Gleichung in x, y, y, • • • • y^^~^^ liefern, welche yi zum Integral hat, was 
nach der oben gemachten Annahme, dass yi nicht einer Differentialgleichung 
niederer Ordnung als der A,**" geniigen soUte, widersprache — nur dann 
wiirden wir das Eliminationsresultat nicht herleiten konneu, wenn (40) 
ein Factor von (35) ware, was aber auch nicht angeht, weil von (35) angenom- 
men wurde, dass es in Bezug auf y^^^ algebraisch irreductibel sei, also muss in 
alien Fallen auch (39) in Bezug auf y[^^ algebraisch irreductibel und daher 

n(*^ = n^^ = . . . . nj^li = 0; da nun endlich ni, w, n^.i Differentialausdriicke 

X — 1**' Ordnung sind, yi aber nicht ein Integral einer Differentialgleichung 
n — 1**' Ordnung sein sollte, so wird n^zz: n, = ....= Wp_i identisch ver- 
schwinden miissen, woraus dann nach (37) sich ergeben wiirde, dass jedes Inte- 
gral von (35) auch der Gleichung (36) angehort. Ist endlich X<i(ij so folgt aus 
(35) durch Differentiation, wie leicht zu sehen, 

[py(^)'-VAi(p-l)y(^>'-*+ . . . . + /ip-i]y^^-^^>+%^^>'"'+ , . . . + a; = 0,^ 
[?!/''''""+ *i(p-l)y^^>'""*+ . . . . + K^.Yy^^'^'^+Q^ix, y,y^ y(^)) = 0, L^jj 

[py^^>'"'+Ai(p~l)y^>'"V...-+Vi?">^'+^.-A(x,y,y,...^ 



worin fig, flj, . . . . H^-a ganze Functionen von y^^\ deren Grad vermoge der 
Gleichung (35) auf den p — 1*^° reducirt werden kann und deren CoeflScienten 
rationale Functionen von «, y, y, . • . . ^^"^^ sind. 

Da nun die Gleichung (36) als ganze Function von y^^\ y^^"*"^\ y^^'^^\ . . • . y^*^ 
dargestellt werden kann, so wird man dieselbe mit einer so hohen Potenz des 
Factors py^^^" +^(p— 1)^^^^**" + • • • • +^p-i multipliciren konnen, dass in 
der resultirenden Gleichung nur ganze Potenzen der linken Seiten der Gleich- 
ungen (41) vorkommen und es wird somit, da die ft ganze Functionen von y^^> 
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Bind und die Potenzen von i/^\ welche hoher als die p — 1*® sind, vermoge der 
Gleichung (35) durch ganze Functionen niederen Grades ersetzt werden konnen 
und zwar fur jedes Integral der Gleichung (35), 

sein, worin if eine positive ganze Zahl, und ^o» ^» • • • • ^p-i rationale Functionen 
der eingeklammerten Grossen bedeuten. Da nun yi ein Integral der DijBFerential- 
gleichung (36) ist und keine der Grossen 7ii, . . . . h^^i fiir y = yi unendlich 
werden kann, weil dann der Nenner dieser in a, y, y, . . . • ^^"^^ rationalen 
Function verschwinden und somit yi ein Integral einer Differentialgleichung von 
niederer Ordnung als der ^l***^ ware gegen die Voraussetzung, so wird fur y = yi 
die linke Seite der Gleichung (42), also auch die rechte verschwinden, und daher 
wegen der angenommenen algebraischen Irreductibilitat der Gleichung (35) in 
Bezug auf y^^^ also auch, wie oben gezeigt worden, in Bezug auf y[^\ 

<o(aj, yi, yL — 3^^'"^0 = o» — <p-i(«, yi7 yi yi^"^0 = o» 

und daher wiederum, weil yj nicht algebraischen Differentialgleichungen ^ — 1**' 
Ordnung geniigen soUte, 

'o(a5, y, ^r — y'^'^O) — ^p-i(»» y, y, • • • • y^'-^O 

identisch Null und somit 

W^~'+ ^ (p- 1) y''^~*+ ■••' + K-y']'iy^^'+ %^'"'"' +....+*,)= (43) 

fur alle Integrale der Differentialgleichung (35). Es ergiebt sich somit, dass 
sammtliche Integrale der Differentialgleichung (35), welche nicht zugleich der 
Diflferentialgleichung 

9y'''''''+ h (p - 1) y^>'""+ . . . . + A,.i = 

geniigen,* auch der Differentialgleichung (36) Geniige leisten miissen ; nenut man 

*NeDiit man eine algebraische Differentialgleichung eine irreduetible^ die in Bezug auf den hdchsten 
Differentialquotienten mit Adjungirung aller niederen Differentialquotienten algebraisch irreductibel 
let und welche die Eigenschaft hat, dass keines ihrer Integrale einer algebraischen Differentialgleichung 
niederer Ordnung genGgt, so wird, wenn die vorgelegte Differentialgleichung (1) also auch (84) irre- 
ductibel ist, die Differentialgleichung (44) durch keines der Integrale von (l)befriedigt werden kdnnen, 
und es werden somit alle Integrale von (1) der Gleichung (83) OenQge leisten. 
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alle Integrale der Differentialgleichung (35), welche zugleich den nach y^^^ 
genommenen DifFerentialausdruck (44) zu Null machen, also alle Integrale von 
(36), welche zugleich der Discriminante X — 1**' Ordnung der Differentialgleich- 
ung (36) 

I hi h^ . . . . ^p .... 



= 0, 



1 Ai A,_i 


K 





... 


1 Ai 

p (p 1)^ — K-i 

p (p-l)A, .... 









... h, 

... 
... 



p (p — 1)^1 



AP-1 



welche von der ^ — 1**"^ Ordnung ist, befriedigen, singuldre, so finden wir also in 
alien Fallen ^^/£, 

doss sdmmtliche Integrale der Differentialgleichung (35), von den singuldren 
ahgesehent auch der Differentialgleichung (36) oder (33) Genilge leisten. 

Da aber die gegebene Differentialgleichung (1) ebenfalls das Integral y^ 
besitzt, also den Charakter der Gleichung (33) hat, so wird aus demselben 
Grunde jedes Integral von (36), von den singularen abgesehen, auch ein Integral 
der Differentialgleichung (1) sein, und bezeichnet man nun mit >7i irgend ein nicht 
singulares Integral der Differentialgleichung (35), welche als die in Bezug auf 
den hochsten Differentialquotienten algebraisch irreductible Differentialgleichung 
niedrigster Ordnung definirt wurde, welche yi als Integral besitzt, wobei >7i, wie 
eben gezeigt worden, auch ein Integral der gegebenen Differentialgleichung (1) 
sein wird, und bestimmt man eine Function vi^ durch Integration der der Gleichung 
(30) oder (29) entsprechenden Differentialgleichung 



^(m-ft) — ^^^^.^ >7l, . 






nt-'-'), 



(45) 



SO werden >7^"*""*+^\ . • . . TyJ"*""*^ durch die entsprechenden Gleichungen (31) dar- 
gestellt sein, und da die Gleichung (33) oder (32) nichts anderes war als die 
Gleichheit der rechten Seiten der letzten Gleichung (31) und der Gleichung (26), 
so wird also auch (26) entsprechend die Beziehung gelten 



>7(«-«) = ^,(x, >7i,-..-^i" 



-1) 



>72» 



..^r— ')); 



(46) 
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da aber aus dieser wiederum die analogen Gleichungen (27) folgen und somit 
auch, well (30) erfiillt iat, (28) fiir >7i, yi^ bestehen muss, aber 

nr^ = ^a{x. ri,,.... nT^^\ m,...^ )7i"-«-^>) (47) 

ist, so muss auch 

>7r=/(x,>7„....^J"^-«) (48) 

also >78 ein Integral der DiflFerentialgleichung (1) sein und zwar ein zu dem will- 
kiihrlich gewahlten Integral rji insofern bestimmt zugehorig als es ein Integral 
der Bifferentialgleichung (34) sein muss. 

Da nun die Gleichungen (26), also auch (25), worin (24) iibergehen soUte, 
durch yji und yj^ befriedigt werden, so wird, wenn man eiue Function rj^ als ein 
Integral der der Gleichung (22) entsprechenden Differentialgleichung 

yji^-y) = ^,{x, n, >7i«-l>, >7„ . . . . >7i-"^ »7„ . . . . >7r"^~'0 (49) 

bestimmt, auch (23) und somit die der Gleichung (19) entsprechende 

nT''' = F,{x,n^,.... nT--^ >?„.... >7i"-^>, >:8, • • • • nf"'^^') (50) 

befriedigt sein ; da aber danach auch den Gleichungen (20) Geniige geschieht und 
die letzte der Gleichungen (20) mit (15) susammengestellt die Gleichung (22), 
fur unseren Pall also (38) liefert, so muss auch (15) entsprechend die Beziehung 

>;(«--) =/,(x, ^1, • . . . rtt'\ >?•,..•• >7r-^ >7s, • • . - >7r— "'0 (61) 

bestehen. Da endlich aus (15) die Gleichungen (16) hervorgehen und die 
Gleichung (17), welche nichts anderes als (18) oder (19), also in unserem Falle 
(39) ist, erfallt ist, so folgt 

y!t^=f{x.nz.n',,^..^rit-^'). (62) 

d. h. auch 773 ist ein Integral unserer Differentialgleichung (1); nun ist aber die 
Beziehung (40) der Gleichung (15) analog nichts anderes als die der Gleichung 
(14) entsprechende Beziehung 

£i (x, Yii, >7i"-'>, m, >7^~^ >:8 >7^~"'^) = 0, (53) 

in welcher t^i ein willkiihrliches Integral der Differentialgleichung (35) und 
somit auch ein Integral der Differentialgleichung (1), yj^ und >7g die Gleichungen 
(34) und (38) befriedigende Integrale derselben Differentialgleichung (1) bedeuten. 
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Wir erhalten somit den nachfolgenden Satz : 

Besteht zvrischen Integralen und deren Ableitungen fwr eine algebraische Different 
tiodgleiohung heliehiger Ordnung eine aJgebraiscJie Beziehung, so bleibt diese erhalten, 
wenn statt eines dieser IntegraU jedea andere dieser Differentialgleichung gesetzt wird, 
welches ein beliebiges nicht singiddres Integral der in Bezug auf den hochsten Differ- 
eritialguotienten algebraisch irreductibeln Differentialgleichung niedrigster Ordnung 
ist, welcher jenes Integral OeniXge leistet, wdhrend fur die anderen in der Beziehung 
vorkommenden Integrate der Differentialgleichung (1) bestimmte andere zu svbsti- 
tuiren sind. 

Nehmen wir nun an, die gegebene Differentialgleichung (1) sei selbst in 
Bezug auf die hochete Ableitung algebraisch irreductibel und eines der in der 
gegebenen algebraischen Relation zwischen den Integralen und deren Ableitungen 
vorkommenden Integrale geniige keiner Differentialgleichung niederer Ordnung, 
so wird der Satz gelten, 

doss urder dieser fur die Differentialgleichung (1) gemachten Anruxhme dieses 
eine Integral durch ein willTmhrliches nicht singuldres Integral der Differential- 
gleichung (1) ersetzt werden darf, wenn nur fur die anderen in der algebraischen 
Beziehung vorkommenden Integrale passende Integrale eben dieser Differential- 
gleichung substituirt werden. 

Nach Feststellung dieser Satze gehe ich wieder zur Untersuchung der alge- 
braisch ausfiihrbaren Quadraturen fiber, von denen wir bewiesen batten, dass 
dieselben sich in die Form 

fyidx = F{x, yi, y{, yi"*>, y,, yi, y^^\ ys, 3^^, y^\ ) (54) 

setzen lassen, wenn yi, y^, ^s? • • • • Integrale der Differentialgleichung m^^ Ord- 
nung (1) und F eine ganze Function von y^\ y^'^\ y^'^\ • . . . darstellt, deren 
Coefficienten rationale Functionen von x, yi, y^^ y^, . . . . und den Ableitungen 
dieser Grossen bis zur m — 1*®*^ Ordnung hin sind. Da nun die Differentiation 
von (54) zwischen Integralen der Differentialgleichung (1) und deren Ableitungen 
die algebraische Beziehung 

liefert, diese aber nach dem vorher erhaltenen Satze bestehen bleibt, wenn statt 
yi ein jedes nicht singulare Integral r.^ der Differentialgleichung (35) also auch von 
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(1) gesetzt wird, wahrend i/%, y^y .... durch passende Integrale >7j, >78, . . . . der 
Difierentialgleichung (1) zu ersetzen sind, so folgt also 

oder 

Jyiidx—F{x, Til, rii, >7i"*\ rj^, ril, >7i"*\ ^73, r,i y:i^\ ) (57) 

und es ergiebt sich somit der Satz : 

Wenn die Quadratur eines Integralea einer dlgehraischeii Differentidlgleichung 
m**'" Ord/nung algebraisch ausfdhrhar ist, so ist es audi die Quadratur eines jedeii 
anderen Integrales eben dieser Differentialgleichungj welches ein beliebiges nicht sin- 
guldres Integral der in Bezug auf den hdcTisten Differ entialquotienten algebraisch 
irreductibeln Differentialgleichung niedHgster Ordnung ist^ welcJier jenes Integral 
Genilge leistet, und zwar in Form derselben ganzen Function der m'** Ableitungen 
von Integralen der gegebenen Differentidlgleichung m'*" Ordnung mit Goeffudenten, 
tvelche rationale Functionen der unabJidngigen Variabeln, der vorkommenden Integrale 
und deren Ableitungen bis zur m — 1**^ Ordnung hin sind. 

Ist die gegebene Differentialgleichung m*®' Ordnung wieder selbst in Bezug 
auf die hochste Ableitung irreductibel, und geniigt das die Basis der algebraisch 
ausfiihrbaren Quadratur bildende Integral nicht schon einer algebraischen Differ- 
entialgleichung niederer Ordnung, so folgt 

dass die rationale Form der algebraisch aus/iihrbaren Quadratur erhalten 
bleibty wenn die Basis derselben durch ein beliebiges nicht singuldres Integral der 
Diffei'entialgleichung ersetzt wird, wahrend fur die anderen in der rationalen Func- 
tion F vorhommenden Integrale dieser Differentialgleichung passende Integrale sub- 
stituirt werden. 

Betrachten wir den speciellen Fall, dass die algebraisch ausfiihrbare Quad- 
ratur nur die Basis der Quadratur und deren Ableitungen enthalt, so dass 

y^yicfa; = Oo(a5, y^ yi yi"*~*0 (58) 

ist, worin Oq eine algebraische Fimction und 1 < a < w ist, so wird, weil 

ist, yi jedenfalls auch schon einer algebraischen Differentialgleichung m — a + 1**' 



\ 



Integralen transcendenter Functionen. 235 

Ordnung genugen, wenn also a > 1 ist, einer algebraischeu Differentialgleicbung 
von niederer Ordnung als der m**" und wir sehen somit, 

das8y tcenn j/i das Integral einer Differentialgleichung m^^ Ordnung tat, welches 
nicht schon einer algehraischen Differentialgleichung niederer Ordnung Qenuge leistet^ 
eine algebraisch aus/uhrbare Quadratur nothwendig die m — 1'* Ableitung der 
Basis enthalten mtAss. 

Dasselbe gilt also fur jede algebraisch ausfiihrbare Quadratur irgend eines 
Integrales einer irreductibeln Differentialgleichung. 

Soil die Quadratur irgend einer transcendenten Function y^ sich algebraisch 
durch eben diese und deren Ableitungei} ausdriXcken lassen^ so muss diese das Integral 
einer algebraischen Differentialgleichung sein, 

wie aus der Gleichung (58), die der Annahme nach stattfinden wurde, her- 
vorgeht, und jedenfalls ein Integral einer algebraischen Differentialgleichung 
m — a + 1**' Ordnung. 

Die Frage also, welche transcendente Functionen mit Hiilfe eben dieser 
Transcendenten algebraisch ausfiihrbare Quadraturen besitzen, wilrde vermoge 

fyxdx=F{x,y,) (60) 

also auf die Differentialgleichung erster Ordnung 

y = 1^ + If y' odery+ZiC*. y)y'-' + . . . . +/„(a:, y)=0 (61) 

fahren, vermoge welcher wiederum nach den oben bewiesenen Satzen die Gleich- 
ung (60) sich in 

J^yidx = oo («, yi) + 6)1 (a:, yi)yi+ + cj„ (x, yi)yi'"' (62) 

transformiren lassen miisste,* worin oq, Oj, . . . . o),, rationale Functionen der 
Grossen x und yi sind; soil also yi das Integral einer Differentialgleichung sein, 
welches nicht schon einer Differentialgleichung niederer Ordnung geniigt, soil also 

*Der von Abel bewiesene Satz, dass, wenn das Integral einer algebraischen Function selbst alge- 
braisch ist, der Werth desselben sich rational durch x und die Basis der Quadratur darstellen lasse, 
folgt aus dem Obigen offenbar fftr den speciellen Fall der Differentialgleichung O^er Ordnung, so dass 
far eine algebraische Function y^ 

^ir^^ |yida;=«^o(aj) + «i(«)yi + «2(«)y! + + «— i(«)j/i""' 

31 
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z, B. y^ das Integral einer irreductibein Differentialgleichung sein, so muss die- 
selbe von der ersten Ordnung sein. 

1st die Differentialgleichung 1*®' Ordnung, von welcher yi ein Integral ist, 

von der Form y'=/(sc, y), (63) 

worin/eine rationale Function bedeutet, so wird die Oleichung (62) in 

J^yidx = a^o{x, y^) (64) 

iibergehen, worin Oq wiederum rational ist, und wir werden daher den mit dem 
AbePschen Satze fur Integrale algebraischer'Functionen, welcher in der Anmerk- 
ung angefiihrt wurde, gleichlautenden Satz erhalten : 

Wenn die Quad/ratur eines Integrales einer Differentialgleichung erster Ordnung, 
weJche die Ableitung aU eine rationale Function der unabhdngigen und abhdngigen 
Variabeln darstellt, algebraisch ausfuhrbar ist, so Idsst sich der Werth derselben 
stets als rationale Function des Integrales tind der u/nabhdngigen Variaheln aus- 
drilcken. 

Man sieht zugleich aus (64), dass man sich alle diese Differentialgleichungen 
erster Ordnung wirklich herstellen kann, indem man in 

8^-y+:^3^ = (65) 

Oo eine beliebige rationale Function von x und y bedeuten lasst. 

Will man nur die linearen Differentialgleichungen erster Ordnung aufstellen, 
fiir welche die Quadratur eines Integrales algebraisch also nach dem Obigen 
auch rational durch dieses Integral ausdriickbar ist, so wird nach dem obigen 
Satze die Relation (64) bestehen bleiben, wenn man statt yi irgend ein anderes 
Integral der linearen DiiSFerentialgleichung 

l/ = y/i{x)+A{x) (66) 

welche singulare Integrale iiberhaupt nicht hat, also auch 

y = y, + c/^'<''-, (67) 

worin c eine willkiihrliche Oonstante bedeutet ; dann geht aber (64) iiber in 
J (yi + ceT ' ^'^ '^)dx = ao{x,yi + ce/^' '"' **) 
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oder vermoge (64) in 

oo {x, y^ + c/'""^) = ^ {X, yO + c f/'^'-'^-da:. (68) 

Da diese Gleichung fur jedes c bestehen muss, so folgt aus der Dififerentiation 
nach dieser Grosse 



• ^Jfx^^V 



a(yi + c/^'^'") 

also der Differentialquotient von Oq nach dem ganzen zweiten Argument genom- 
men von c also auch vom zweiten Argumente selbst unabhangig und somit 

coo(a,yi)=Piyi + P„ (69) 

worin Pj und P, rationale Functionen von x sind ; setzt man diesen Werth von 
6>o in (68) ein, so folgt 

und somit der Werth von Pj in der Form 

^^^^_//.">'^j//.<-)''-^, (70) 

welcher eine rationale Function von x sein muss, oder, was dasselbe ist, es muss 
die lineare Differentialgleichung erster Ordnung 

l/+A{x)y^l (71) 

ein rationales Integral und zwar Pj haben. Da aber fur den in (69) gefundenen 
Werth von o© sich aus (65) die Diflferentialbeziehung ergiebt 

PIy + Pi-y + Piy = o 

oder nach (66) 

Pi'y + Pi-y + Pi(y/i(x)+/,(a:)) = o, 

so muss, weil P^ und P, rationale Functionen von a, und y nicht algebraisch sein 
sollte, P[ + Pi/i {x) = 1 und P^ = — P^/, («) (72) 

sein, wovon die erste Gleichung die durch (71) ausgedriickte Bedingung liefert, 
wahrend die zweite aussagt, dass 

fdxf, (x) 6->^' '""f/'' '"''d:c = - P. 

eine rationale Function ist. 
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Sind aber umgekehrt 

-M^^j^/f^^^^^^^ P, und/p^,(x)^= -A (73) 

rationale Functionen, so folgt, dass, weil 

y^ — e' Je^ f%{x)dac (74) 

ein Integral der Differentialgleichung (66) ist, durch partielle Integration 

_/[e->'<'>''V.(x)//^«<'>-dr]cfa = P,y,+ P., 

und wir erhalten somit den folgenden Satz : 

Die noihwendigen und liinreichenden Bedingungen dafur^ does eine lineare 
Differentialgleichung erster Ordnung 

die Eigenschaft besitzt, dass die Quadratur ilber eines ihrer Integrale algehraisch 
durch ehen dieses Integral ausdruckbar ist, sind die, dass 

rationale Functionen von x sind, und die Reductions/ormelder Quadratur lautet dann 

fydx=P,y + P,', 

es folgt zugleich aus (72), dass fi{x) und f%{x) rationale Functionen von x sein 
miissen. 

Will man solche Falle herleiten, so braucht man nur in der Differential- 
gleichung 2/ + y/i (ar) = 1 

fiir y irgend eine rationale Function von x zu substituiren, so folgt /i (a;) als 

rationale Function, wahrend das substituirte y die Grosse Pj darstellte und 

P' 
dann ist /^ {x) so zu wahlen, dass P, wieder rational wird, oder /, (x) = ^ , 

so dass man fur P^ eine willkiihrliche rationale Function wahlen und so /%{x) 
bestimmen kann. 



A 
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Wir woUen nun aber allgemein nach den nothwendigen und hinreichenden 
Bedingungen fragen, unter denen die Quadratur uber das Integral einer linearen 
Diflferentialgleichung m**' Ordnung 

y<">+/i(x)y<"-"+....+/.(«)y=/(x), (76) 

in welcher /i(x), f%{x). . . ./m(x), /{x) rationale Functionen von x bedeuten, 
wieder eine algebraische Function dieses Integrales selbst ist 
Sei also yi das Integral der Differentialgleichung (76) und 

\idx=F{x,y^), (76) 

worin F eine algebraische Function bedeutet, so werden, wenn wir aus der Differ- 
entialgleichung dF dF .V 

den in ij algebraisch irreductibeln Factor absondern, welcher die transcendente 
Function yi zum Integral hat und welcher 

j/* + <?>! {x, y) y»-^ + . . . . + 4)n (a:, y) = (78) 

sein m6ge, worin ^n ^s, • . • • ^n rationale Functionen bedeuten, nach dem oben 
bewiesenen Hiilfsatze, nach welchem, wenn eine im hochsten Differentialquo- 
tienten algebraisch irreductible Differentialgleichung ein Integral, das nicht 
schon einer Differeutialgleichung niederer Ordnung angehort, mit einer anderen 
Differentialgleichung gemein hat, jedes nicht singulare Integral der ersteren 
auch ein Integral der letzteren sein muss, alle nicht singularen Integrale von (78) 
auch Integrale der linearen Differentialgleichung (75) sein miissen. Da nun 
das allgemeine Integral von (76) die Form hat 

wenn >7i, >78, . . . . >?« ein Fundamentalsystem von Integralen der reducirten 
Differentialgleichung 

y-^^ +/i(^)y"-'^ + . • . . +/.(^)y = (80) 

ist, und 

L = nj~^f{x)dx + r,J^f{x)dx +.-.. + n^f^f{x)dx, (81) 

worin 



A = 



"Hi Vi • • • • >7m 

»7l >7» ""Vm 



^Jm-1) ^J— 1) ^(»-l) 



. A,= 



>7l ••••>7r-l >7r + l • • • • >7m 

>7l ....>7r-l ^r+1 ••••>7» 

Vi • • • • '7r— 1 '/r-f-l • • • • '7w 



(82) 
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ist, so muss auch das allgemeine Integral von (78), da es ein Integral von (75) 
sein muss, die Form haben 

y = i2i>7i + i2,>7,+ . .,- + i2«>?« + X, (8a) 

worin R^, R^, . , . . R^ Punctionen dner willkiihrlichen Constanten sein werden. 
Greifen wir m + 1 particulare Integrate von (78) heraus, so dass 

y\ = ^U>7l + ^12>7j + + -Bim>7« + L, 



(84) 



wird, so wird die Determinante des linearen Systems (83) und (84) 

Ri R^ . . . • R^ 1 

-^u -'^w . - . . Rim 1 

R%1 R%% .... /l/jin A 



(^) 



yi 

y% 



^m + l -Kfli+U -Rm + 13 • • • • Rm^Vm, 1 



= 



sein miissen, und somit das allgemeine Integral der Differentialgleichung erster 
Ordnung (78) sich als homogene lineare Function von m + 1 particularen Inte- 
gralen in der Form 

S^ + /S;yi + /S^ys + . . . . + AS,^+iym+i = o (85) 

ergeben; ist die lineare Differentialgleichung (75) homogen, so wird Z= und 
somit das allgemeine Integral von (78) sich als homogene lineare Function von 
m particularen Integralen ergeben. Nur dann wird diese Relation nicht existi- 
ren, wenn /%, /Si, . . . . /Si»4.i sammtlich verschwinden wiirden, und man konnte 
dann andere m + \ particulare Integrate wahlen. wodurch auch die von der 
Integrationsconstanten abhangigen Werthe der R also auch der S sich andem ; 
aber es konnte sein, dass die S Grossen fiir eine beliebige Wahl der particularen 
Integrate verschwinden und es fragt sich, was dies fiir die Grossen y , yi, . . . . y^+i 
aussagt. Stellt man in diesem Falle die ersten ?w + 1 Gleichungen zusammen 



yi = ^n>7i + ^ii>l% + • 



+ RlmVm + X . 1 f 



y^ = R^iYli + R^^Tl^ + + R^n^rim + Z. 1 , 



(86) 
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so wird der Annahme nach die Determinante der rechten Seite verschwinden 
und somit wenn man die Gleichungen mit den nach der ersten Verticalreihe 
genommenen Unterdeterminanten m^^ Ordnung Tq, T^ . . . . T^ multiplicirt, 
nach bekannten Determinanteneigenschaften eine lineare homogene Beziehung 

von der Form % + %i + + T^n^ = (87) 

existiren, sich also das allgemeine Integral als homogene lineare Function von 
m particularen Integralen ergeben j sind auch diese Unterdeterminanten sammt- 
lich Null, so nehme man die m Gleichungen 



y = i2i>7i + -B»>7» + + ^m>7« + L 



^m— 1 — I^m^nV\ + -^m — 1S>72 +•••• + -Bw— lm>7iii + -^ 



',1 



(88) 



und multiplicire die Gleichungen wieder z. B. mit den nach der ersten Verticalreihe 
genommenen Unterdeterminanten m — 1**^' Ordnung t/i, Ci, . • . • U^^i der 
Determinante der Rj so werden wiederum nach der Annahme, dass alle Unter- 
determinanten w**' Ordnung der Determinante {D) verschwinden, wie unmit- 
telbar zu sehen, 

TJ^ + TJiVi +U^y,+ + £r^-.,y«-i = (89) 

sein u, s. w. Da endlich nicht alle Unterdeterminanten 2*®' Ordnung verschwinden 
konnen, so bleibt unter alien Umstanden der Satz bestehen, 

dass J toenn die Differentialgleichung (78) erster Ord/nung* mit der linearen 
Differentialgleichung m'**' Ordnung ein Integral gemeinsam hat, das allgemeine 
Integral der ersteren eine lineare homogene Function von ?w + 1 ihrer particularen 
Integrale sein vnrd, tcobei die Coefficienten einzelner dieser Integrale verschwinden 
Mnnenif 

*Da bei dem Beweise dieses Satzes die Ordnung der Differentialgleichung (78) nicht in Frage kam, 
BO bleibt er bestehen fur jede algebraische Differentialgleichung, welche mit einer linearen Differential- 
gleichung ein Integral gemeinsam hat. 

t So hat z. B. die lineare Differentialgleichung zweiter Ordnung 

(a) j^'_8j^ + 2y = 
mit der Differentialgleichung erster Ordnung 

(b) ir-(4y+l)t/+v(4y+l) = 
das Integral 

(c) y,=e' + e*' 
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und es folgt daher aus dem Vorigen, 

dasSf wean einelineare Differentialgleichung m**"^ Ordnung die Eigenscha/t hat, 
doss die Quad/ratur iXber eines ihrer Integrate algehraisch durch then dieses Integral 
avsdruckbar ist, dieses Integral einer solchen in Bezug auf den ersten Differential- 
quotienten algebraisch irredtictiheln Differentialgleichung erster Ordnung genilgen 
muss, deren allgemeines Integral eine Tiomogene lineare Function von m + 1 particu- 
Idren IntegraJen derselben ist, deren Goefficienten Functionen eineb wiUkuhrlichen 
Constanten sind. 

Nachdem die Differentialgleichung (78), welche mit der vorgelegten linearen 
Differentialgleichung das Integral yi gemein hat, durch die In dem eben bewies- 
enen Satze ausgesprochene Eigenschaft charakterisirt worden, bleibt die Form 
derjenigen im ersten Differentialquotienten algebraisch irreductibeln Differ- 
entialgleichungen erster Ordnung zu untersuchen iibrig, fiir welche das allge- 
meine Integral eine lineare homogene Function mit constanten CoeflScienten 
von particularen Integralen eben derselben Differentialgleichung ist. 

Sei also fiir eine algebraische Differentialgleichung erster Ordnung 

y'=/(«.y). (90) 

welche in Bezug auf j/ algebraisch irreductibel sein mag,' das allgemeine 
Integral y = M^y^ + M^y^ + + iCa^,, (91) 

worin yu yz^ - ^ * *yr particulare Integrale von (91) und M^, M^, .... Mr Func- 
tionen einer willkiihrlichen Constanten sein soUen, so folgt durch Differentiation 
der Beziehung (91) mit Benutzung von (90) die Relation 

Mif{x, yi)+MJ{x, y^)+. . . . +Mr/{x, yr)=/{x, Miy^ + M^i+ .... +if^2/^), (92) 

also entweder eine identische Gleichung, oder eine algebraische Beziehung zwischen 
den r particularen Integralen. 

gemein ; nun ist aber das aUgemeine Integral von (h) in der Form enthalten 

(d) y = c^ + (^^ 

und es besteht somit, wenn das dom Werthe c entsprechende particulAre Integral mit y* bezeichnet 
wird, also 

(e) yt = ctef + (ie^ 

ist, vermdge der Gleichungen (c), (d), (e) zwischen dem allgemeinen Integrale y und den beiden par- 
ticul&ren Integralen yi und yt die homogene lineare Beziehung 

y c c> 



yi 1 1 
Vt C9 (A 



= 0. 
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Sei die Gleichung (92) zunachst eine identische, so muss sie bestehen bleiben, 
wenn dieselbe sowohl einzeln nach yi, yj, . . . . yr differentiirt wird, und man 
erhalt somit 

df{x, M, y, + Mjy^ + + 3f^y,) _ dfjx, y,) _ d/jx, yj) . . 

'~^fat+M,y, + .,..+ji,y,) - dy, ~ dy. ' ^ ^ 

es hangt somit der Differentialquotient der Function /{x, y) nicht mehr von y 
ab und es ist daher 

f{^yy)=f\{^)y+f%{^)y 

so dass die DiflFerentialgleichung erster Ordnung (90) in die lineare iibergeht 

t/=fMy^Mx)', (94) 

zugleich sieht man, dass fiir (94) die Beziehung zwischen dem allgemeinen und 
den particulaxen Integralen in die einfache Form gesetzt werden kann 

c^ — c c 

worin c eine willkiihrliche, Cg eine specielle Integrationsconstante bedeuten. 

Es bleibt jedoch nun noch der sohwierigere Fall zu untersuchen, in dem die 
Gleichung (92) keine identische ist, sondern eine algebraische Beziehung zwischen 
den r particularen Integralen der Diflferentialgleichung (90) liefert, und wir 
woUen hier diese Untersuchung fiir den Fall durchfiihren, dass die lineare Differ- 
entialgleichung (75) horaogen von der zweiten Ordnung ist, also lautet 

y"+/iW2/+/2(^)y=0, (95) 

sich also fiir die Differentialgleichung erster Ordnung (78) das allgemeine Integral 
als homogene lineare Function von 2 particularen Integralen in der Form 

y=Miy^ + M^y^ (96) 

ergiebt, fiir welche die vorausgesetzte algebraische Beziehung zwischen den 

particularen Integralen 

y, = F{x,y,) (97) 

lauten moge. Da nun nach dem oben bewiesenen Satze aus der Beziehung (97) 
vermoge (96) die Relation 

Niyi + N^y, = F{x, M,y, + M^,) , (98) 

32 
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hervorgeht, worin M^, M^f Nu N^ feste Functionen einer willkiihrlichen Con- 
stanten c sind, ausserdem (98) vermoge (97) in 

N,y^ + N,F{x, yi) = F(x, M^, + M,F{x, y,)) (99) 

iibergeht, und diese Beziehung endlich, da y^ keine algebraische Function von x 
sein soUte, eine in x, yi, c identische sein muss, so erhalt man durch Differentia- 
tion von (99) nach yi und c 

urid hieraus 

AFix, yO ^^^ + %. ^^^ + CF{x, y,) + %,= 0. (100) 

worin A^ B, (7, D Constanten bedeuten, und die wiederum eine identische sein 
muss. 

Setzt man hierin ^{^, yi)= Yn (101) 

so geht (100) in die Differentialgleichung 

{A}\ + By,)dY^ + {GY, + Dy,)dy, = 0, (102) 

fiber, oder wenn Fi = yiU (103) 

gesetz wird, in 

{Au + B){y,du + udij,) + {Cu + D)dy,= 0, (104) 

deren Integral durch 

log y. = Sau^+^^+d ^" + ^°g * (^^^) 

dargestellt, worin h von a; abhangen kann. Nun ist aber 

Au-^-B _ ^a + 5 1 A^+B 1 _ ^ A^~^ 



Au^+{B'\-C)u + D~ 2Aa+B+C u — a^ 2A^+B+C u—^ u—a ' u—fi' 
worin >l den CoeflBcienten des ersten Partialbruches bedeudet, und daher nach 
(105) kyr"^ = {u — ay{u — /3)^-\ (106) 

worin ^, weil u eine algebraische Function von yi sein muss, eine rationale 
Zahl sein wird. Aus den Gleichungen (97), (101) und (103) ergiebt sich somit 



Integralen transcendenter Fanctionen, 245 

Da nun t/i und y, als Integrale von (78) auch Integrale von (95) sein miissen, so 
werden auch 

ya — /?yi = >7i und yi — ayi = y!2 

Integrale der linearen DifFerentialgleichung (95) sein miissen und nach (107) in 
der Beziehung stehen 

yi2=^yjh (108) 

worin a erne rationale Zahl und K eine algebraische Function von x bedeutet.* 
Setzt man aber diesen Werth von rj^ im (95) ein, so folgt, weil y^i ebenfalls (95) 
geniigen muss, also 

ni' = K'Yi + ^(y^Vr'yii + o{a-i) KnrW - aKnr' (A (x) ni + A (^) m) 

*Weim die Ldsungen a und /? der Gleiohung Au^ + {B'\- C) u-\-D::^0 einander gleioh sind, bo 
nimmt die Partialbruchzerlegung die Form an 

Au + B _ 1 B + Aa 1 



Au^'^{B-j'C)u + D'^ u — a • A {u-^y 

und somit . , i , / x B-j-Aa 1 

logfc— logyi=log(M — a) ^— ^^izTa' 

» Q 

da aber t* eine algebraische Function von x und yi sein soil, so muss B + Aaz= — - — z= also B'=-G 

sein, und somit — = — ^ oder y^ — ayi = A; sein, d. h. es wtirde die Differentialgleichung zweiter 

Ordnung ein algebraisches Integral besitzen, das von Null verscbieden ist, da y^ = "Vi die Differential- 
gleichung erster Ordnung schon als eine homogene lineare definiren wurde, f iir welche die Frage* der 
algebraisch ausftLhrbaren Quadraturen bereits oben erledigt worden. Da nun zwischen yi und 2^2 dio 
algebraische Beziehung (97) stattflnden soUte, so mfissten vermdge der Annahme 2^2 — <<y 1 = ^ auch 
yi und 1^2 selbst algebraische Functionen von x sein und die Frage nach algebraisch ausdrilckbaren 

Quadraturen /^id^ w&re dann durch den bekannten Aberschen Satz erledigt. 

W&re endlich ^=0, so erg&be sich 

logfc- logy. =g/ '(g^clu + i? = bTC ^"^ («+ bTc) 

.1 \ ^ B+C/ 

woraus der Annahme gem&ss sich -^ als rationale Zahl ergeben muss, und somit 

k 

worin A eine rationale Zahl, h eine Constante bedeutet, oder endlich, wenn 

y2 + /iyi =^72, yi=Vi 
gesetzt wird, worin 7i und v^ Integrale der homogenen linearen Differentialgleichung zweiter Ordnung 
sein werden, V2 = Krf[ , 

worin a eine rationale Zahl und K eine algebraische Function von x bedeutet ; dies w&re aber wieder 
die oben gefundene Beziehung (108), so dass die weiteren SchlQsse dieselben wie oben bleiben. 
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ist, die Beziehung 

Oder ni = Lr}i, (109) 

worin L eine algebraische Function von x bedeutet, und somit nach (108) 

r!i=(aL+^^y!,; (110) 

es geniigen somit die* beiden particularen Integrale rii und ri^ zwei linearen Tiomo- 
genen Differentialgleichungen erster Ordnung, und wir finden zunachst, 

dass, wenn die Qiuxdratur eines Integrales ein&i' homogene^i linearen Differential- 
ghichung algebraisch durch dieses Integral ausdruchhar sein sollj die Differential- 
gleichung zwei Integrale hesitzen muss^ welche linearen homogenen Differentialgleich- 
ungen erster Ordnung Oenilge leisten. 

Da nun der Voraussetzung gemass fiir das Integral j/i der Differentialgleichung 
erster Ordnung (78) die Beziehung 

fyidx=F{x,ij,) (111) 

stattfinden soUte, daraus aber nach oben bewiesenen Satzen fiir das Integral y, 
derselben Differentialgleichung 

fy,dx = F{x,y,) (112) 
folgt, so ergiebt sich 

/(y* - M dx = F{x, y,) - ^F{x, y,) (113) 
oder vermoge der obigen Substitutionsgleichungen und der algebraischen Bezie- 

^^''Si''') f,,dx=^{x,y,,), (114) 

worin ^ eine algebraische Function bedeutet. Da aber >?i ein Integral der 
linearen homogenen Differentialgleichung erster Ordnung 

>7'=Z>7 (115) 

ist, so folgt aus dem oben fiir lineare Differentialgleichungen erster Ordnung 
entwickelten Satze als nothwendige und hinreichende Bedingung fiir die alge- 
braisch ausfiihrbare Quadratur (114), dass 

f/'^dx=p/'^ (116) 
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ist, worin Pi eine rationale Function von x bedeutet, oder dass die Gleichung 

t' + Lt=l 

ein rationales Integral Pi besitze, und die Gleichung (116) ist zugleich die 
Reductionsformel der Quadratur. Dasselbe gilt fiir >7,, welches ein Integral 
der homogenen linearen DifFerentialgleichung erster Ordnung 

^'=(<tX + -^)>7 (117) 

ist, und wir erhalten die Bedingung 

J/(-+^)-=Q/(-+f)-oder/^//"'(fe= Q,.ire'>^ (118) 

worin Qi rational aus x zusammengesetzt ist. 

Damit aber ein Integral der homogenen linearen Differentialgleichung 
zweiter Ordnung 

f + y'/i{x)+A{x)y = (119) 

der DiflFerentialgleichung (115) Geniige leiste, ist oflFenbar nothwendig und 
hinreichend, dass, weil 

ist, L + V +/i [x) L +Mx) = (120) 

ist, oder dass die Differentialgleichung 

u' + y^+/i {^) ^(' +/2 (x) = (121) 

ein algebraisches Integral hat, und wir erhalten somit, wenn wir die gewonnenen 
Resultate zusauunenfassen, den nachfolgenden Satz : 

Die nothwendigen und hinreichenden Bedingungen dafur^ dass eine lineare 
homogene Differentialgleichung zweiter Ordnung 

zwischen deren heiden FundamentalintegraJen eine algehraische Beziehung stattfindet^ 
die Eigenschaft besitztj dass die Quadratur uber eines ihrer Integrale algebraisch 
du/rch eben dieses Integral ausd/i^uckhar istj sind die, dass die Differentialgleichung 

erster Ordnung u' + u^ +/i {x) u + /g {x) = (/8) 

ein algebraisches Integral L besitzt, und dass die lineare Differentialgleichung erster 
Ordnung t! + Lt=^l (y) 
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durch eine rationale Function Pj von x integrirhar ist ; es lautet dann die Reduc- 
tions/ormel der -Qiuidratur fur das Integral 

fhdx 

y — e^ 
der linearen Dijfferentialgleichung zweiter Ordnung 

Will man solche Falle aufstellen, so braucht man nur fiir t irgend eine 
rationale Function zu wahlen, aus (y) L zu berechnen, diesen Werth fur u in 
(|3) einzusetzen und /i (x) , /g {x) so zu wahlen, dass der Gleichung {(3) Geniige 
geschieht. 

Wenn jedoch zwischen den particularen Integralen der Differentialgleichung 
zweiter Ordnung keine algebraische Beziehung stattfindet, so geniigte nach dem 
Obigen das Integral yi derselben, fCir welches die Reductionsformel 

fy^dx^F{x,y,) (122) 

stattfinden soUte, einer linearen Differentialgleichung erster Ordnung 

,J=F,{x)y + F,{x), (123) 

und umgekehrt, damit dies stattfindet, muss wegen 

f = F[{x)y + Fl{x) + F^(x)[F,{x)y + F.ix)-] 
= [Fi {x) + F^ {x)] y + Fi {x) + F, (x) F, {x) 
nach (a) 
iFi{x)^Fl{x)+Mx)F,{x)+Mx)']y+Fl{x) 

sein oder, da y keine algebraische Function von x sein soUte, 

F({x) + Fi{x)+Mx)F,{x)+Mx) = 0, 
Fi {x) + F, (x) F, {x) +/i {x) F, {x) = , 

und man erhalt somit zunachst als nothwendige und hinreichende Bedingung 
dafiir, dass ein Integral der linearen homogenen Differentialgleichung zweiter 
Ordnung (a) ein Integral mit einer linearen Differentialgleichung erster Ordnung 
gemein hat, die, dass die beiden Diflferentialgleichungen 

il + t^+Mx)t+f,{x)=Q 
und u^ + tU'\-fi{x)u = 
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algebraische Integrale besitzen, wobei das t der zweiten DifFerentialgleichung 
das algebraische Integral der ersten bedeutet. '•Dafiir aber dass ein Integral der 
Gleichung (123) eine algebraisch ausftihrbare Quadratur besitzt, sind oben die 
nothwendigen und hinreichenden Bedingungen aufgestellt worden und wir 
erhalten somit den folgenden Satz : 

Die nothw€7idigen rmd Mnreichendeii Bedingungen dafiir^ dass eine Differential- 

gleichung y" + y/^ (») + VA (a^) = , 

deren Fundamentalintegrale nicht in algehraischem Zasammenhange stehen, eine fur 
ein Integral derselben algebraisch aus/ilhrbare Quadratur besitzt, sind zundchst die, 
dass die Differentialgleichungen 

v! + tu+/i{x)u=0 

algebraische Integrale Fi [x) und F^ {x) besitzen, dass femer der Differentialgleichung 

erster Ordnung 

i/ + vF^ (») = 1 

ein rationales Integral Pi angehbrt und die Quadratur 

fPiF^{x)dx = —P^ 

eine rationale Function von x ist; sind diese Bedingungen erfHillt, so lautet die 
Reductionsformel der Quadratur 



fydx = P,y^P,. 



Es ist endlich aus dem Obigen ersichtlich, dass die algebraischen Functionen 
Fi (x) und jPa (x) rationale Functionen von x sein mussten. 

Nachdem wir an einzelnen Fallen linearer Differentialgleichungen gezeigt 
haben, wie die oben von algebraisch ausfuhrbaren Quadraturen von Integralen 
algebraischer Differentialgleichungen bewiesenen Satze zur Erinittlung der 
nothwendigen und hinreichenden Bedingungen fiir diese Ausdriickbarkeit zu 
benutzen sind, wenden wir uns wieder zu den allgemeinen Untersuchungen 
zuriick und werden die Quadratur 

J yidx = A log zi, (124) 
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wenn t/i ein Integral der Differentidlgleichung (1) oder (2) ist, eine logarithmisch 

avsfuhrhare nennen, wenn Zi durch die Gleichung (4) oder (5) definirt ist und A eine 

Conatante hedeutet. 

Aus dem durch die Gleichung (9) dargestellten Ausdrucke fiir zf folgt durch 

Zusammenstellung mit (124) oder 

2i = 2iyi (125) 

die Beziehung 

P^""^ + Pyfr^ +.... + (P,-,- yi)zx + P^-i= 0, (126) 

welche, well die Gleichung (5) als eine mit Adjungirung von a, yi, yj, . . . . und 

deren Ableitungen bis zur m^^ Ordnung hin algebraisch irreductible voraus- 

gesetzt war, 

P^=0 Pi=0 P^., — yi = P^_i = 

liefert, so dass sich fiir jede andere Losung 2. der Gleichung (5) 

2: = z.yi (127) 

ergiebt und daher 

-f = ^oder2. = c.Zi (128) 

folgt. Da jedoch das Zusammenbestehen der aus (5) und (128) sich ergebenden 
Gleichungen 

d-A + cj- Vizf-^ +<'''A^r' +....+ C-/.-1Z1 +/. = (130) 

wegen der Irreductibilitat der Gleichung (5) aus 

c:~^(c.-i)/x2?-^+c::-Vc!-i)/,2r* + . . . . +c.(c^-^-i)/,-a+ (c--i)/, = o 

die nothwendigen Bedingungen ergiebt 

(c._ 1)/i = 0, (ci- 1)/,= 0. .... (c;-^_ 1)/,.,= 0, {€-- 1)/, = 0, 

so folgt, da nicht alle /i./g, • • • •/,i = sein konnen, dass c. eine h^ Einheits- 
wurzel ist, also ci= 1 

sein wird, worin 1<5</^,* und man sieht zugleich, dass, weil /, nicht ver- 

* Die Annahme ^zz\ wiirde Ca = 1 also Zo.'^Zi liefern, was fflr irreductible Gleichungen unmdg- 
lich ist 
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schwinden darf, da sonst die irreductible Gleichung (5) die Losung Null hatte, 
cj= 1 also (I ein ganzes Multiplum von 8 sein muss, welches wir =:X.8 setzen 
woUen, so dass alle /, deren Index nicht ein Multiplum von 5 ist, verschwinden 
miissen, und die Gleichung (129) die Form annimmt 

^' +M'-'^' +AA'^''' + . . . . + Aa = J (131) 

setzt man nun 2^ = ^j (132) 

sofolgtaus(124) fy,d.=.:^logt„ (133) 

worin ti eine Losung der Gleichung 

(^ +A^'^ +/2<'"' + . . . . +/a5 = 0, (134) 

deren Grad JK^f^ ist. Auf die Zusammenstellung der Gleichungen (133) und 
(134) konnen wir genau dieselben Schliisse anwenden, die wir fiir (124) und (5) 
gemacht haben, und da der Grad der den Logarithmanden definirenden Gleichung 
immer verkleinert wird, derselben also auch auf die Einheit gebracht werden 
kann, der Logarithmand dann also rational in den in Betracht kommenden 
Grossen ausdriickbar ist, so erhalten wir den folgenden Satz : 
Wenn die Quadratur P , 

vxrrin y, dn Integral einer algehraischen Differentidlghichung m'*'" Ordnung hedeuM, 
logariihmisch ausfiXhrhar ist^ so Idsst sich der Werih derselben stets als ein mit einer 
multipKcatorischen Gonstanten versehener Logarithmus darstellen, dessert Logarithm 
mand eine rationale Function von x, particuldren Integralen der Differential- 
gleichung und deren Ableitungen bis einschliesslich zur jw'*" Ordnung hin ist^ die 
sich wiederum in eine. in den 7n'*'* Ableitungen der Integrale ganze Function n — 1'** 
Grades fur jede derselben umsetzen Idsst^ deren Goefficienten rationale Functionen von 
Xj den Integralen der Differentialgleichung wad deren Ableitungen bis zur m — l'*** 
Ordnung hin sind. 
Sei nun 

J y^dx = A log F{x, yi, yi, yi'^\ y%^ y%, y?*^ ), (135) 

worin F den eben angegebenen Charakter hat, so liefert die Differentiation dieser 
Gleichung 

yiF{x, yi, y[, y^\ y,, y^ yT\ ) 

^/dF^dF . , dF ,^.,.^dF , 
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da nun yi*+^\ vT'^^^^ • • • • rational durch die niedrigeren Ableitungen vermoge 
der Gleichung (1) ausdriickbar sind, so wird die Gleichung (136) nach dem oben 
bewiesenen allgemeinen Satze bestehen bleiben, wenn statt y^ ein jedes nicht 
fiingulare Integral rix der Differentialgleichung (35), das auch ein Integral von 

(1) ist, gesetzt wir(J, wahrend y^, yg, durch passende Integrate tj^, tj^ der 

Differentialgleichung (1) zu ersetzen sind, und es folgt somit 

yiiF{Xf >7i, >7i, . . . . >7j, >72» • • • •) 

. /dF dl , , , dF ,^.,> dF , ^ ^ dF ,^.,. \ 

J nydx=A \ogF{x, yj^, yji, >:i~>, >7,, rii, >7i*> ) 

und daraus der folgende Satz : 

Wenn die Qtiadratur eines Integrales einer algehraischen Differentialgleichung 
m'**" Ordnung Jogarithmisch aus/ilhrhar ist, so ist es auch die Quadratur eines jeden 
anderen Integrales eben dieser Differentialgleichung, welches ein beliebiges nicht singu- 
lares Integral der in Bezug auf den hdchsten Differentialquotienten algehraisch irre- 
ductiheln Differentialgleichung niedrigster Ordnung ist, wehher jenes Integral Geniige 
leistet, und zwar in Form des mit derselben Constanten multiplicirten Logarithmus 
derselben ganzen Function der 7n'** Ableitungen von Integralen der gegebenen Differ- 
entialgleichung m**'" Ordnung mit Coefficienten, welche rationale Functionen der 
unabhdngigen Yariabeln, der vorkommenden Integrate und deren Ableitungen bis zur 
m — 1'*" Ordnung hin sind, wobei diese Integrale passend zu wdhlen sind. 

Das Integral rix darf wiederumyecfes nicht singulare Integral der Differential- 
gleichung (1) bedeuten, wenn diese letztere in Bezug auf die hochste Ableitung 
algebraisch irreductibel ist und die Basis der Quadratur y^ nicht schon einer 
Differentialgleichung von niederer Ordnung als der m*^° Geniige leistet. 

Ebenso ist wie oben fiir algebraisch ausfiihrbare Quadraturen ersichtlich, 
dasB, weil aus j^^^^ ^ ^ j^^ ^^^^ ^^y, ^,._.,) 

durch Differentiation 

folgt, 

wenn y^ das Integral einer Differentialgleichung wf" Ordnung ist, welches nicht 
schm einer Differentialgleichung niederer Ordnung Geniige leistet, eine logarithmisch 
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ausfuhrhare Quadratur, wekhe nur das Basisintegral v/nd dessert Ableitimgen 
enthalten soU, noihwendig die m — !*• Ahleitung der Basis einschliessen rmiss, 
und 

soU die Quadratur irgend einer transcendenten Fwnction yi sick logariihmisch 
duTch eben diese und deren Ableitungen ausd/rilcken lasserij so muss diese das Integral 
einer algebraischen DifferentialgJeichtmg sein, und soil der Logarithmand nwr die 
Transcendente enthaUen, so wird diese durch eine Differentialgleickung erster Ordnung 
definirt, 

Wir woUen, um eine Anwendung dieser Satze zu machen, untersuchen, 
wann die Quadratur eines Integrales yi der linearen DiflFerentialgleichuug erster 
Ov^nng y = y/i(»)+/.(x) (137) 

logarithmisch ausfiihrbar ist, also 

fyid<c = A\ogF(x,y^, y[), (138) 

worin i^eine rationale Function bedeutet oder nach (137) 

fyidx — A logo (jc, 2/0 » (139) 

worin o ebenfalls rational ist. Da nach dem Obigen jedes Integral von (137) in 
(139) eingesetzt werden darf, also 

/(y, + c/*''^^)da: = ^log6>(.:, y, + c/^^^^^^) (140) 

wird, so folgt aus (139) und (l40) 

^log(a(x, yi + ce^''"''")-^log(a(x,yi)=c/^^^'^^ (141) 

fur willkiihrliche Werthe der Integrationsconstanten c. DifFerentiirt man diese 
Gleichung nach c, so ergiebt sich 

^dlog<a(g, yi+ce^ ) _ -/m^m^ C/^'^^^dac ^142) 

und somit die linke Seite von c also auch vom ganzen Argumente y^ + cer^^^^^ 
unabhSngig und daher 

log 0) (a; , yi) = P^y^ -|- P, (i 43) 

Oder a(a!, yl) = e''•«^'^ (144) 
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worin Pi und P, nur von x abhangen ; da aber cj(x, y-^ eine rationale Function 
von X und y^ sein sollte, so muss Pi = sein, was nicht moglich ist, da dann 
^ (»> Vi) von yi unabhangig ware und die Beziehung 



J y\^ = ^ log n (x) 



yx als rationale Function von x liefern wiirde, was ausgeschlossen war; wir finden 
daher 

daj8s die Quadratur eines transcendenten Iidegrdlea einer linearen Differential^ 
gleichmig erster Ordnung nie logarithmisch aus/uhrbar sein hann. 

Ebenso kann man vermoge der obigen Untersuchungen leicht die Frage 
erortern, ob die Quadratur eines Integrales y^ einer linearen homogenen DifiFer- 
entialgleichung zweiter Ordnung 

f + l/A{x) + yMx) = (145) 

so logarithmisch ausfiihrbar ist, dass der Logarithmand eine algebraische Func- 
tion von X und yi ist, also 

fyidx=A\ogF{x,y^) (146) 

wird. Da namlich aus (146) durch DiflFerentiation 

!;.F{x,y,) = A(^+^j[) (147.) 

sich ergiebt, also yi die Losung einer algebraischen DifFerentialgleichung erster 
Ordnung sein wird, so muss nach den .oben gemachten Durch fiihrungen ent- 
weder yi selbst einer linearen DifFerentialgleichung erster Ordnung von der Form 

y' = yF,{x) + F,{x) (148) 

genugen, oder es wird, wenn zwischen yi und einera anderen Integral y^ der 

DiflFerentialgleichung erster Ordnung (147) eine algebraische Beziehung statt- 

findet, ein Integral 

y,-^yx = Vi (149) 

der DifFerentialgleichung (145) der linearen homogenen Differentialgleichung 
erster Ordnung 

rf — Lri (150) 
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genugen. Im ersteren Falle ist nach der eben durchgefuhrten Untersuchung 
die logarithmische Ausfuhrbarkeit der Quadratur unmoglich, im zweiten Falle 
werden die am AniPange der Arbeit bewiesenen Satze die Beziehungen 

fvid^ = A log F{x, yi) fy^dx = A log F{x, y,) (151) 

liefern, woraus 

/(ys - i3yi) ^ = ^ ] log F{x ,y,)-(3 log F{x , y,) } (152) 

folgt ; da aber vermoge der oben entwickelten Beziehung 

y« — /?yi = >7i, yj — ayi = ^8, rii = ^yii (153) 

sich y^ und yi als algebraische Functionen von rji ergeben, so geht (152) in 

y 3;idx=u4{log(Jo(a:, 3?i) — /?logOi(a, i^Of (154) 

liber. Da aber die Differentiation dieser Qleichung mit Benutzung von (150) 

liefert, und diese Beziehung, da >7i nicht eine algebraische Function von x sein 
soUte, eine identische sein muss, so wird (154) fiir jedes Integral der Differ- 
entialgleichung (150) bestehen bleiben, und somit fur willkuhrliche Werthe der 
Integrationsconstanten c 

cj yi^dx = ^ {logoo (aJ, crii) — /3 log Gh {x, 07i)f (155) 

und aus (154) und (155) 

log6>o(x, 07i) — /3 logOi(a;, oy^ = cjlog6)o(a, >7i) — /3 logG)i(a5, >7i)}, (156) 

welche Qleichung eine in x, rii und c identische sein muss. Differentiirt man 
nun (156) nach ^^ und c, so ergiebt sich 

d\og(do{x, crii) _ Q cZlogcJi(a;, 071) _ d logOo(a;, yji) _ ^ dlogOi(g, >7i) 
und 

woraus <:?(logQo(g, j?,) — ^ logOi (a;, >7i)) _ dvji 

logo„(x, >7i) — ^ logOi(a;, )7i) "" »7i 
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und daher 

log tto (», *ii) — /? log "i («. »7i) = 4> («) • >?i (157) 

Oder nach (154) fy„dx = A^{xU„ (158) 

worin ^ (x) noch eine logarithmische Function von x ware, und der Werth von 
q>{x) ergiebt sich aus (157), indem man >? = 1 setzt und 

q>{x) = \og(^{x, l) — filogQ,{x, 1) (169) 

^^^^ />7iC?a; = A (log Oo (a?, 1) - /? log 6>i («, l)) >7i (160) 

erhalt. Durch Differentiation dieser Gleichung wiirde aber mit Beriicksichtigung 
der Gleichimg (150) 

l = ^(logc,(«, .)-^logc,(x, l)) + ^(^^-^?l^) 

also A(logOoix,l) — ^logai{x,l)) = £l(x) (161) 

sich ergeben, worin £l{x) eine algebraische Function bedeutet, und somit (160) in 

Jvidoi = fl (a) >7i (162) 

iibergehen. Da nun vermoge 

y» — %i = J?! y» — ayi = »?« 

sich 1 / s 

yi = ^^ir^(>7i-»7,) 

ergiebt, und somit aus (161) 

/(>7i - >7.) cix = ^ (a - ^) log f(x, 1=1) 

folgt Oder nach (108) und (162) 

fn^d<c= — A{a — ^) \ogF{x, Sr-^nf) + il{x) K^-nf, (163) 

worin a eine rationale Zahl und K eine algebraische Function ist, ferner >7g die 
LQsung der linearen homogenen Differentialgleichung erster Ordnung (110) ist, 
so ware zu untersuchen, wann die Quadratur des Integrales einer homogenen 
linearen Differentialgleichung erster Ordnung 

2'=:(j(x)2 (164) 
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algebraisch-logarithmisch in der Form 

Jz,dic = B\og^{x, 2i) + '^{x, zi) (i66) 

ausdriickbar ist, wenn ^ und i^ algebraische Functionen bedeuten. Beachtet 
man aber, dass nach den oben angegebenen Satzen die Beziehung (165) erhalten 
bleiben muss, wenn statt ^ das allgemeine Integral czi von (164) gesetzt wird, 

®^ ^^^2* cfz,dx =Blog^ (x, czi) + ^ (x, czi) (166) 

und aus (165) und (166) 

51og4>(x, czi) + yl^{x, czi) = cB log^{x, z^) + <ni/(a;, Zi). (167) 

Da nun diese Beziehung fur jedes c gelten miLss, so wird also auch nach c 
differentiirt werden diirfen, und man erhalt 

d^ {x J CZi) 

wonach die rechte Seite also auch nach (165) der Werth der Quadratur selbst 
eine algebraische Function von x und % ware, wir finden somit, 

dass die Quadratur eines Integrdles einer linearen Jiomogenen Differential* 
gleichung erster Ordnung nie algehraisch-logaHthmisch ausfuhrhar sein Jcann, 

und dass somit also auch oben (163) in 

fmdx=x{x,m) (169) 

iibergeht, wonach sich aus (162) und (169) 

fy^'^^=-^^Zr-^{'!^—V2)d^=^^ 71^)) =P{x, i^i) (170) 

ergiebt, worin P {x , yi) eine algebraische Function von j/i darstellt, also der 
Annahme (151) widerspricht. Wir erhalten somit den folgenden Satz: 

Die Quadratur eines transcendenten Integrates einer homogenen linearen Differ- 
entialgleichung zioeiter Ordnung ist nie logarithmisch ausdrikJchar. 

Nachdem ich, um die Verallgemeinerung der von Abel fur Integrale alge- 
braischer Functionen aufgestellten Satze fur Quadraturen von Integralen 
algebraischer Diflferentialgleichungen zu entwickeln, die algebraisch und loga- 
rithmisch ausdruckbaren Quadraturen untersucht und die Anwendung der 



258 KoENiGSBERGER : Ueher die Reduction von 

gefundenen Satze auf bestimmte Probleme gezeigt habe, werde ich jetzt diese 
Frage ganz allgemein angreifen. 

Ich nenne eine Quadratur eines Integrales einer algebraischen Differential' 
gleichung im AbeVscJien Sinne aus/uhrbar, wenn 

Jyidx=F(x, logt?!, logvj, logVp, f^ids.J V^ds, J F,ds), (171) 

vxyrin Fi, Fj, V^ algehraische Functionen von 8, und Vi, t7jj, ....%, ^i, ^g, .... «, 

algebraische Fumctionen von x und den Integralen yi, y»i • . . • der algebraischen 
Differentialgleichung (1) oder (2) und deren Ableitungen bis zur Tn**** Ordnung hin 
sind, die auch algebraisch in F eintreten hdnnen^ 

diese letzteren algebraischen Functionen woUen wir uns durch die Gleich- 
ungen definirt denken 

vT- +fu{x, yi, yi y[^\ y,, y^, yi^\ )v*«-^ 

+ +/*aa(ic, yu yi — y%^yi ) = o (i72) 

und 

«^^ + ^1^ {^^yi^yii — yT\ y%, yi — y^^\ — ) '^^ "^ 

+ . • . . + <?>A^(a;, yi, y[ y,, yi ) = 0, (173) 

die mit Adjungirung der eingeschlossenen Grossen als algebraisch irreductibel 
vorausgesetzt werden mogen, und es kann endlich von den in (171) enthaltenen 
logarithmischen und AbePschen Transcendenten angenommen werden, dass mit 
Adjungirung von yi, ^a, . . • . und deren Ableitungen kein algebraischer Zusam- 
menhang zwischen ihnen stattfindet, well im entgegengesetzten Falle mit Hiilfe 
desselben die rechte Seite von (171) vereinfacht und in dieser neuen Form der 
Untersuchung zu Grunde gelegt werden konnte. 

Es wird die Frage au/geu)or/en, unter welchen Bedingungen und in welcher 
Form die Qaadratv/r einer algebraischen Differentialgleichwng im AbeVschen Sinne 
ausfiXhrbar ist ? 

Die Differentiation der Gleichung (171) liefert 

_dF._dF_ v[ . , dF ^. . r^ 

2^^ - a^ + dx^, -^ + • • • • + ^TvZ ^^ (^^) ^^ + • • • • (174) 



df\ds 



worin sich ?;j[, . . . . 5^, . . . . vermoge der Gleichungen (172) und (173) als ganze 
Functionen resp. des x^ — 1, ^^ — 1*®** Grades von v., s^ ausdriicken lassen mit 
CoeflScienten, die rational aus yij yi, - - - - y\'\ y2» 2/«» • • • • zusammengesetzt sind, 
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und da (174) gegen die Voraussetzung einen algebraischen Zusammenhang 
zwischen den logarithmischen und Abel'schen Transcendenten liefern wiirde also 
in air diesen Grossen identisch sein muss, so wird dieselbe auch befriedigt sein, 
wenn man 

logVajJ ^V^ durch \ogv^ + [i^yj ^V^ds + Vp 

ersetzt, und man sicht sogleich, dass man von (174) durch Integration unmit- 
telbar zu der Gleichung 

J ijydx= F(xilogVi+(ii, \ogv,+[i,jJ Vid8+vi,....j 'V^ds + v^J (175) 

iibergehen kann, so dass, da die linken Seiten von (171) und (175) sich nur 
durch eine additive Constante unterscheiden konnen, fur willkuhrliche Werthe 
von /£!,.•.. ^p, Vif . . . . v^ 

f(x, logt?i + fii logv, + [ipJ Vids + vi, J 'Kds + n) 

=:F(x,\ogVi, logv,,f\d8, f'V^ds^ + M (176) 

sein wird, worin M eine von den (i und v abhangige Constante bedeutet. 

Da nun diese Gleichung wieder gegen die Voraussetzung eine in den 
logarithmischen und Abel'schen Transcendenten algebraische Beziehung liefern 
wiirde, so muss dieselbe in alF diesen Grossen identisch sein und somit 

dFfx, log Vi + fii, logv^ + (i,,J Fjcfo + ri, ...J '7^ + v^) 

' d {log v^ + fia) 

dFfx, logvi, .... logt?p, J Vidsj ... .J ""y^dsj 
~ d log v^ 

und wegen der Willkiihrlichkeit der (i und v aus demselben Grunde 

f(x, log vi, logVp,yVicfo, J ^<r^) = -P ^^g^« + Q^ 

worin P und Q im AUgemeinen noch von den anderen Transcendenten abhangen ; 
da aber nach (176) fiir 

P{logv^ + (i:)+ Q=P logt?.+ Q + M 
34 
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Oder Pfi^ = M 

folgt und M eine Constante ist, so wird P ebenfalls constant sein miissen, und da 
dieselben Schlusse fur alle in F enthaltenen Transcendenten gelten, so ergiebt sich 
der folgende Satz : 

Ist die Quadratur eines Integrales y^ einer algehraiachen Differentialgleichung 
m^^ Ordnung im AheVschen Sinne ausfuJirhar^ so ist dieselhe eiiie mit constanten 
Goefficienten versehene lineare Function logarithmischer und Abd^scher Transcendenten 
von der Form 

fy^d^ = u + A^ log Vi+ . . . .+A \ogv,+ B^fv^ds-^-. . . . + B^f'^'V^ds, (177) 

worin Fi, Fg? • • • • ^<r olgebraische Fanctionen fxm «, J.i, .... A^, B^^ . • . . B^ 
Constanten J und u, v^ . . . . v^, Si, . . . . s^ aJgehraische Fanctionen van x und den 
Integralen yi, y^, . - • . der dlgehraischen Differentialgleichung und deren Ahleitungen 
his zur rvt^^ Ordnung hin sind, 

Bevor wir nun zur weiteren Keduction der Form (177) iibergehen, woUen 
wir einen im Princip schon von Abel aufgestellten Satz ein wenig verallgemeinern, 
den Beweis desselben aber speciell fiir imser Problem durchfiihren. 

Seien die algebraischen Functionen 

u, t?., s, von X, 2^1 yi">, y^, yi'^\ 

durch die mit Adjungirung eben dieser transcendenten Grossen irreductibeln 
Gleichungen definirt 

u' +Au'-' +....+/, =oA 

v''^+ <?>ia^--' + + ^^^. = 0,1 (178) 

s'^ +'J^ia5^--' + + 'J^A= 0, J 

in denen /, 4) , ^ rationale Functionen der angegebenen Grossen bedeuten, ferner, 
wenn wir die in den von s algebraisch abhangenden Functionen Fi, . . . . F^ 
vorkommenden algebraischen Irrationalitaten mit 0)1(6*), . . . . ci^(s) bezeichnen, 
so dass F^ eine rationale Function von s und a)„ {s) darstellt, die o). (s^) definirende, 
ebenfalls mit Adjungirung der angegebenen Grossen irreductible Gleichung 

<^''^{s)+Xia(^'-''i^) + +Zp^a = 0, (179) 

worin die x wiederum rationale Functionen von x, yi, .. . . y^^\ y^, yj'*^ 
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bedeuten, bo bilde man mit constanten Ooefficienten den in jenen Grossen linearen 
Ausdruck 

h = au + biVi+ + 6pVp + Ci5i+ +Ca8^+di(^i (^i) + + d„(^^ (s^) . (180) 

Wir woUen uns zunachst die mit Adjungirung der Grossen x, yi, . . . . yi*^ 
y2» • • • • yr^ algebraische irreductible Gleichung bilden, von welcher ti eine 
Losmig ist und haben zu dem Zwecke offenbar nur zwischen den fiir die verschied- 
enen Indices sich ergebenden Gleichungen (178), (179) und der Gleichung (180) 
die Grossen Uj v^, s^, c^aM z^ eliminiren, und aus dieser Gleichung den mit 
Adjungirung von a, y^, . . . . y^^\ 2/2, ... • yi'\ .... irreductibeln Theil abzusondern, 
welcher ti als Losung enthalt imd durch 

i'' + 6)1 (», yi, yi"\ ya y^i ) <^"^ + 

+ (^p {^, vu — yt\ y*! — yT\ .-..) = o (isi) 

dargestellt sein mag. Dass diese p Losungen der Gleichung (181), von welcher 
eine ^ ist, aus (179) erhalten werden, in dejn man auf der rechten Seite fur die 
w, t;, 5, G)(«} eine andere Combination der Losungen der Gleichungen (178) und 
(179) setzt, geht daraus hervor, dass die Losungen der irreductibeln Gleich- 
ung (181) dadurch entstehen, dass man x solche geschlossene, nicht durch 
Verzweigungspunkte gehende Umlaufe machen lasst, dass die CoelBScienten ihre 
Werthe wieder erlangen, und es ist klar, dass durch solche Umlaufe Losungen der 
Gleichungen (178) und (179) immer nur in Losungen derselben Gleichung 
iibergehen konnen, so dass den p Werthen von t gewisse Combinationen der 
Losungen derjenigen Gleichung entsprechen werden, welche alle Losungen der 
Gleichungen (177) und (178) zu Losungen hat und die man erhalt, wenn man die 
linken Seiten aller fur dieselbe unbestimmte Variable genommenen Gleichungen 
(178) und (179) mit einander multiplicirt und welche .die Form haben mag 

^^+ i^i(a:, y,, ySr\ y„ yt\ )P"' + 

+ ^jf (ic, yi, y^\ y%, yt\ ) = 0. 

Stellen wir nun fiir irgend welche andere Constanten den linearen Ausdruck 

7;= aw + ^ii;i+ -V^^^p + yi«i+ + ya^cr+ Vi («i) + + K^a (««r) (182) 

auf und bezeichnen die^ Losungen der Gleichung (180) mit <i, <2, • • • . <p, die den- 
selben Combinationen der u^ v, «, o (6-) entsprechenden Werthe der rechten Seite 
von (182) mit 71, TJ, T^, so ist 
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wenn n eine positive ganze Zahl bedeutet, ofFenbar eine algebraieche Function 
von X, y, . . . . yi'"^ y2» • • • • y»"'\ . . . . , welche fiir alle geschlossenen Wege der 
Variabeln a, welche yi, . . . . yi'*^ y2> • • • • y%'\ • • • • zu ihrem Werthe zuriick- 
fiihren, stets unverandert bleibt, weil wenn t^ in ^^ iibergeht auch T^ in T^ 
iibergefuhrt wird, es wird dieser Ausdruck somit eine rationale Function von 
^» yi> • • * • y?"\ ya? • • • • ^2*^ • • • • 8611^1 ^^d somit, wenn n = 0, 1,2,....^ — 1 
gesetzt wird, sich 

71+ 7i +....+ ?; =/o (x,yi, ....yny„....yi^....),l 
<i71 + ^2^2 + + tj^Tj, =/i (x, yi, . . . . yi~\ y^, yi">, ....)» 



(183) 



<r'^i + <r'^» + .---+^-'7;===/^_i(x,y,,....yr\y,,....yr\....)J 
ergeben, wenn/o,yi, . . . .^_i rationale Functionen bedeuten. Wenn nun 

<^-^ + A^P-* + 14^-' +...• + /i^-i = 'J^(0 (184) 

gesetzt wird, und die Gleichungen (183) mit den noch unbestimmten Grossen 
Xp«i, Zip_2i - . . . A» 1 multiplicirt und addirt werden, so folgt 
Ti^{h)+T,'^{k)+. . . .+ T^'4^{tp) = L^^i/o + h--Jx+ ^ . . . +/p-i, (185) 

und wenn man 

Li — Qi+ti, X8 = (jj5 + 6)i<i + ^, A,-i = S-i + ^p-»<i+ +<r""S (186) 

setzt, so wird, wie aus (180) unmittelbar ersichtlich, '4/{t) fur <2» ^3» • • • • ^p-i ver- 
schwiiiden, und fur diese Werthe der L die Gleichung (185) den Ausdruck 

rp -^p-l /o + Lp^o/ i + . . . . +^_i /1Q7\ 

^1 - ir M^x^r » + .... + x,_, (^^^^ 

liefern, also 7i als rationale, somit nach den Auseinandersetzungen am Anfange 
dieser Arbeit mit Hiilfe von (180) als ganze Function p — 1^^ Grades von fj 
darstellbar, deren CoeflBcienten rational aus oj, yi, . . . . yi"*\ y2> • • • • y2"*\ • • - . 
zusammengesetzt sind. Stellt man also mit (180) 2a + p der Gleichung (182) 
analoge Gleichungen zusammen, die sammtlich mit constanten Coeflficienten ver- 
sehene lineare homogene Functionen der u, v, s, co (5) sind, so werden deren linke 
Seiten, wie q^ mit 7i in (182) der Fall war, sammtlich ganze Functionen p — l**"* 

Grades derselben Grosse ti sein, deren Coefficienten rational aus a?, yi yi"\ 

y,, .... y^^\ .... zusammengesetzt sind, und somit wird sich aus den 2a + p+ 1 
in den u, v, s, (d{s) Grossen liaearen Gleichungen (180) und (182) jede dieser 
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Grossen als eine ganze Function p — 1^" Grades von ti ausdriicken mit in den 
Grossen », yi, . . . . yi"\ y«, • . • • y^**^ rationalen Coefficienten. Mogen diese 
rationalen Functionen mit 

a(0,6(0»c(0, b(0 

bezeichnet werden, so werden den p Losungen der Gleichung (180) die p Combi- 
nationen der Losungen der Einzelgleichungen des Systemes (177) entsprechen 

u=a{ti) Vs= bj {ti) «« = c« (ti) 6)3 (««) = ba (^), 

<% = a(g ^'^v,= h,{t,) 



'''s,= c,{t,) <%(5a)=b,(<,), 



(188) 



(P'^^u=a{t,) ^^-''\ = f>,{Q '^-'\ = c,{t,) <^-%(^,)=b,(g J 

Benutzen wir nun den eben bewiesenen Satz von der rationalen Darstell- 
barkeit aller Functionen w, t?, «, 0(5) durch eine einzige durch die Gleichung 
(180) definirte algebraische Function, indem wir in der durch Differentiation 
der Gleichung (177) sich ergebenden Beziehung 



^1 



+ A,-^- + B,V,(8,)8i + .. . . + 5,7,(04, (189) 



in welcher u', 



vi 



Vp, 6i, 



5^ resp. durch u, v^ . . . .v^,, Si 



als 



ganze Functionen ausdriickbar sind und V^ (5 J eine rationale Function von s^ 
und 6)^(sJ ist, die durch das erste System von (188) gegebene Werthereihe durch 
ti ausgedriickt einsetzen. Es geht dann (189) oifenbar in eine ganze Function 
von ti fiber, deren Coefficienten rationale Functionen von x, yi, . , . . y['^\ 
. . sind, und da die Gleichung (180) einerseits mit dieser die 



y%^ 



ri 



(m) 



Losung ti gemein hat, andererseits irreductibel ist, so wird jede Losung von 
(180) auch (189) befriedigen oder es werden vermoge des Systemes (188) auch 
die Werthe ^*^w, ^*^^, ^•^«, ^"^(^{s) derselben geniigen. Vermoge (177) werden 
also auch durch Uebergang zum Integral die Gleichungen bestehen 

fy,dx = u+Aj^ log v,+ ... +A, log v,+B,fv^cls+ . . .+ B^f^ V^ds, 

(1) (1) 

fy,dx = <'^u+A, log(^)i;i +. . .+A, \og^'' v,+B,f\ds+. . . + B^f'^ Y^ds, 



(p-i) 



J'y^dx - ^^-'^u + A, log<^-^> v, + ....+A^ log^''-^) v, + B.fVt 



V.d8 



iP-\) 



+ .... + B^f^ F>, 



(190) 
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wobei zu beachten, dass auch in den F-Grossen co (s) durch ^"^o (s) zu ersetzen ist, 
und durch Addition, indem die linken Seiten der Gleichungen (190) sich nur 
um eine additive Constante unterscheiden konnen, und ^^^w, ^®^v, ^%j ^^h{s) die 

urspriinglichen Grossen u, Vj Sj (^{s) bedeuten sollen, 

(«) 

fy^dx = 2^^>w + ^1 logn^*>t?i + + -^p log n^^\ + B^^fVyda 

(a) 

+ + B^f'^V^, (191) 

wenn a die Werthe 0,1,2, ....p— 1 annimmt. 

Da nun zunachst 2^*^t^, n^*^, .... W''\ vermoge der Gleichungen (188) 
rationale symmetrische Functionen der Losungen ^i, <», . . . * ^^ der Gleichung 
(181) sind, so werdensich diese rational durch die Coefficienten derselben, also 
als rationale Functionen von x, t/i, . . . . y["'\ ys> • • • . y%^\ • • • • darstellen lassen; 
betrachten wir ferner eine der Summen der Abel'schen Integrale, die wir ausfuhr- 
licher in der Form schreiben wollen 

(1) (P-i) 

f''V,(s, 0.i8))d8+f''V.(., 0,{s))ds+ +f''V.{8, 6).(«)<fe, (S) 

so lasst sich diese bekanntlich nach dem Abel'schen Theorem von der Summe 
von Integralen algebraischer Functionen durch die Summe von 7t. gleichartigen 
Abel'schen Integralen und algebraisch-logarithmischen Functionen in der Form 

'r.(s,o,{s))de + J 'r.(s,o^.{s))d8 

+ .... +pV.{s, 6). {8))ds + T.-^XA., log r' (T) 

ausdriicken, worin A^^ Constanten, ti, das Geschlecht der algebraischen Irration- 
alitat 6).(«) bedeutet, T, und I]^^ rationale symmetrische Functionen der p 
oberen Integralgraenzen von (S) und der dazu gehorigen Irrationalitaten, also 
vermoge der Gleichungen (188) und (181) rational durch x, yi, . . ..yT\ 
y^j ... y^"^ . . . ausdriickbar sind, ferner ^^}\ . . . ^j;""*^ die Losungen einer Gleichung 
TTe®*^ Grades vorstellen, deren CoeflBcienten wiederum rational und symmetrisch 
durch die Integralgraenzen von (S) und die dazu gehorigen Irrationalitaten also 
auch rational durch x, yi, . . . . y^{'\ y^^ .... y^^\ .... ausdriickbar sind, und die 
somit die Form hat 

^r« + a,{x, 2/x, . . . . yT\ ys, . . . . yT\ • • • O^:--' 

+ . . . . +n..(a-, yi, . . . . y'r\ y,; . . *. . 2/r, . . . .)^o» (192) 
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wahrend die zu diesen Graenzen gehorigen IiTationalitaten, also die Werthe 

rationale Functionen der reap. Graenzen und der Grossen a?, yi, . . . . yi"*\ 
y«> • • • • t/^r\ .... sind. Fasst man nun das fiir die rechte Seite der Gleichung 
(191) entwickelte zusammen, so ergiebt sich der folgende Satz: 

Ist die Quadratur eines Integrdles y^ einer algehraischen Differentialgleichung 
mf^ Ordm/wng im AhePachen Sinne avs/uhrbar, so ist dieselbe eine mit constanten 
Goefficienten versehene lineare Function logarithmischer und AheVscher Transcen- 
denten von der Form 

fyid<c=n + % logSBi + 21, logs, 

+ »i \P\(s, a>,{s))ds+. . .. + P'V,(s, 6)1 (^)&} 

:{;;;;;;;;;;;;;;;;;;;;;;;;;;;;;;;;;;; (193) 

+ ». {/*'\(^, o,{s))ds + . . ..+f^^V.{s, 6).(5))cfo| , 

worin Slj, . ... 91,, 9i, . . . . 9^ Constanten, U, aSj, .... 33, rationale Functionen 
von Xj yi, . . . . 2/i*\ ys, . . . • y$'\ • • . . ^wc?, 7t, das der algehraischen Function cj, (s) 
zugehdrige Geschlecht bedeutet, ^i^\ ^i*\ .... ^i'«^ die Ldsungen einer algehraischen 
Gleichung li^ Grades vorstellen, deren Coefficienten vnederum rational durch 
*> yi» • • • • yT'\ y^i • • • • y%'\ • • • • ausdrUckhar sind, und fii/r welche die zugehdrigcn 
Irrationalitdten mit Hulfe ehen dieser Grossen durch die resp. Graenzen rational 
dargestellt werden Jconnen. 

Es ist nach den friiheren Auseinandersetzungen wiederum klar, dass die 
rationalen Functionen von », yi, . . . . yi*\ y,, . . . . yjr\ . , . . sich vermoge der 
Gleichung (1) oder (2) in ganze Functionen von y^\ y^^\ .... vom n — 1*®^ 
Grade verwandeln lassen, deren Coefficienten rationale Functionen von sc, den 
Integralen und deren Ableitungen bis zur m — 1*®" Ordnung hin sind. 

Da ferner die Differentiation der Gleichung (193) wiederum vermoge (1) 
oder (2) eine rationale Beziehung zwischen den Integralen imd deren m ersten 
Ableitungen liefert, diese aber nach dem oben bewiesenen allgemeinen Hiilf- 
satze erhalten bleibt bei der naher angegebenen passenden Substitution anderer 
Integrale, so ergiebt sich der Satz : 

Wenn die Quadratur eines Integrales einer algehraischen Differentialgleichung 
ni^ Ordnung im AheVschen Sinne ausfuhrhar also in der Farm (193) darstellhar 
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istj so ist €8 auch die Quadratur dries jeden anderen Integrales eben dieser Differen- 
tialgleichiing, welches ein beliebiges nicht singuldres Integral der in Bezug auf den 
hdchsten Differentialqiwtienten algehraisch irreductiheln Differentialgleichung niedr 
rigster Ordnung ist, wehher jenes Integral Geniige leistet, und zwar in genau der- 
selben Form, rvenn die anderen in dem Ausdrucke vorkommenden Integrate derselben 
Differentialgleichimg passend gewdhlt sind. 

•Soil die Reductionsformel der Quadratur auf der rechten Seite von (193) 
nur die Basis der Quadratur und nicht deren Ableitungen enthalten, so ergiebt 
sich durch Differentiation der Gleichung (193) unmittelbar, dass die Transcen- 
dente das Integral einer algebraischen Differentialgleichung erster Ordnung sein 
muss. 

Zunachst konnen wir nun eine Bigenschaft der einzelnen Integralsummen, 
welche die rechte Seite der Gleichung (193) bilden, entwickeln ; fassen wir 
namlich den Coefficienten von S, in's Auge, welcher sich in der Form 



yiP'V.ie,<,{s))ds 



1 



darstellt, und dessen Graenzen die Losungen der Gleichung (192) sind, so folgt 
durch Differentiation dieser letzteren Gleichung 

d^f' =/{x, y„ . . . . yr, y„ . . . . yr, • • • . , i^O ^. (194) 

worin / eine ganze Function 7t, — 1^^ Grades von ^. bedeutet, deren CoeflScienten 
rational aus a, yi, . . . . yP, y%, .... 2^^^ • • • • zusammengesetzt sind, und wenn 
man nun diese Gleichung mit einer solchen rationalen Function von ^[^^ und 
c^.i^^') F(e>,o.(^i^>)) 

multiplicirt, dass die linke Seite der so resultirenden Gleichung 

w(er\(^.m)d^^^ 

= w(e.'\ <^.m)Ax^ yi, • • • • yfs 3^»- • • • yT\ • • • • ^''O dx (195) 

ein AbePsches Differential erster Ordnung wird, so folgt, wenn auf beiden Seiten 
die Summe nach p von 1 bis n, genommen wird, 



£/ 






=/^ F(e\ <^.(e^))/(», yi. . • . • yi"'. y». . • • yi"' e:')dx. (i96) 

1 
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Da aber die Summe unter dem Integrale der rechten Seite dieser Gleichung 
eine rationale symmetrische Function von gP, ^?\ .... ^^'«^ ist, deren Coeffi- 
cienten rational aus a, yi, . . . . y^^\ y^, - • • • yi'\ .... zusammengesetzt sind, 
sich also vermoge der Gleichung (192) als rationale Function der Grossen 

a, yi, — yi'\ y%i — y%'\ — 

F{x, yi, y^\ yg, yj"\ ) 

darstellen lasst, so folgt 

^/^^Tr(«, t^.{8))d8=fF{x, yi, . . . . 2/i-\ y, yi'^\ . . . .)dx (197) 

1 

und wir erhalten daher den nachfolgenden Satz : 

l8t die Quadratur dries Integrales einer algebraischen Differentialgleichung m*^ 
Ordnv/ng im AheVschen Sinne avsfvhrhar^ also in der Form (193) darstellbar, so 
toird/u/r jede Art von AbeVschen Integralen, die auf der rechten Seite von (193) 
vorJoommen, die Summe eines jeden Systemes von Integralen erster Gattung, deren 
AnzafU durch die den Integralen zuJcommende charahteristische Zahl n, hestimmt loird, 
und dei'en Graefnzen durch die Gleichung (192) definirt sind, gleich einem Integrale, 
dessen Ba^sis eine ratimiale Function der Integrale yi, y2i • • • • der gegebenen Differ- 
entialgleichung und deren Ableitungen bis zur w*"* Ordnwng hin ist, oder anders 
ausgedruckt, dann giebt es immer eine Quadratu/r einer aus den Integralen und 
deren Ableitungen rational zusammengesetzten Function^ welche gleich der Summe von 
n, Integralen erster Gattvaig ist, die zu irgend einer in der Bedvctionsformel (193) 
vorkommenden Art von AbeVschen Integralen gehQren. 

Setzt man 

F(x, yi, yi~\ y„ . . . . yT\ y^, . . • • yk^) — ^ 

und diflferentiirt diese Gleichung h.m mal nach x, indem man die hoheren Ablei- 
tungen der Integrale als die m*® vermoge der Diflferentialgleichung (1) eliminirt, 
stellt diese Ajm+ 1 Gleichungen mit den h aus (1) hervorgehenden Gleichungen 

3^i«) =/(x, yi, y{, . . . . yi"-'0, vT^ =/(^. 2/2, y^, • • • • yi'-'O. • • • • 

yr)=/(x,y,,yi, ....yi"*-^>) 

zusammen und eliminirt aus diesen A? (?n + 1) + 1 Gleichungen die A; (m + 1) 
Grossen 

yi, yi, — yT\ y%^ yi — yT\^ — y^^y^, — yT\ 
35 
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so ergiebt sich far z die algebraische DifFerentialgleichung «.m**' Ordnung 

^(a;, 25, 25', 2(«*)) = 

und wir finden somit, dass 

die Svmme der ehen au/gestellten n^ IrUegrale erster Qattung im Allgemeiiien der 
Quadratur eines Integrales einer algebraischen Differentialgleichung Tcrn^^ Ordnung 
gleich sein vdrd, und somit toieder gleich der Quadratur einer algebraischen Differ- 
entialgJeichung m^^ Ordnung^ wenn in Fj also auch in der im AheVschen Sinne 
av^filhrharen Quadratwr die algebraischen Functionen der rechten Seite von (171) 
nur die Basis y^ der Quadratur und deren Ableitwigen enthdlten. 

Bevor wir in der allgemeinen Untersuchung weitergehen, soUen zunachst 
einige Satze uber die zwischen Abel'schen Integralen stattfindenden Beziehungen 
oder fiber die Transformation AbeFscher Integrale entwickelt werden. 

Man nennt ein AbeVsches Integral 

ydx, 



fy' 



worin y eine zum Geschlechte p gehdrige algebraisclie Function von x ist, reducirbar^ 
«^« fydx = F(x,fS,de,f^,ds, . , . .fids) (199) 

ist, worin F eine algebraische Function der eingeschlossenen Qrossen bedeutet, 
yi> I/ii • ' • ' yp algebraische Functionen von s vom Qeschlechte Pu p$i . > • - Pp, 
femer u^, u^, . . . .u^ algebraische Functionen von x und pn Pn * » - - Pp <Ci> sind; 
ist das Geschlecht einzelner algebraischer Irrationalitdten Nun, so gehen die zuge- 
horigen Integrale in Logarithmen iiber. 

Aus dem oben allgemein bewiesenen Satze fur die im Abel'schen Sinne 
reducirbaren Quadraturen von Integralen beliebiger algebraischer DiflFerential- 
gleichungen wird sich somit der Satz ergeben : 

Ist ein AbeVsches Integral auf solche niederen Geschlechtes redudrbar^ so ist 
dasselbe eine mit constanten Goefficienten versehene lineare Function logarithmischer 
Transcefiidenten und AbeVscher Integrale von der Form 



/ 



(1) /*^'i) 



+ »i{/''H(«, "i(*))^ + .... +/''h(«, %(«))<fo| 
+ • . • 
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tDorin Si, .... a^, 8i, .... 35 GomtarUen^ U, 9Si, . . . . 98^ rationale Ihmctionm 
von X v/nd y aindj n, das der algebraischen Function 6), (s) zugehdrige Geschlecht 
hedeutetj ^^^\ ^?^, .... ^i'«^ die Ldswigen einer Gleichung it^^ Grades vorstdlen, deren 
CoeffixAenteii wiederwm rational durch x mid y avsdruckhar sind, mud fur wehhe die 
zugehdngen Irrationalitaten mil Hulfe eben dieser Grdsaen durch die reap. Ghraenzen 
rational dargestelU tcerden Jconnen. 

Der eben ausgesprochene Satz wird sich, wie der Sinn der Herleitung des- 
selben ergiebt, auch so ausdrucken lassen : 

Jede zvnschen AheVschen Integralen mit algebraisch von einander ahhdngigen 
Gra^nzen existirende algehraiache Beziehung ist eine mit constanten Coeffidenten 
versehene lineare Relation von der Form (200). 

Aber es tritt nunmehr die wichtige Frage auf, ob nicht eine algebraische 
Beziehung zwischen Abel'schen Integralen noch andere Functionen als Integrale 
algebraischer Functionen enthalten darf, wovon sich z. B. als ganz specieller Fall 
die Frage herleitem wiirde, ob nicht ein Abersches Integral mit Hiilfe anderer 
Transcendenten ausfuhrbar oder integrirbar sein konnte. 

Nehmen wir zunachst an, es bestiinde eine Relation der Form 

J ydx — F(^, ri^, yj^, yjr, J j/idsi Jt/ids, J y^ds^, (201) 

worin F eine algebraische Function der eingeschlossenen Grossen, yi, • . . • yp 

algebraische Functionen von s, Ui, u^ u^, algebraische Functionen von x 

und >7i, >72, • • • • >7r transcendente Integrale der resp. algebraischen Differential- 
gleichungen erster Ordnung 

-S-=/i('7. «). $-=/.('?. «')'••• • ^=/r(7. «) (202) 

sind, und werde angenommen, dass nicht schon zwischen den Argumenten von 
F selbst eine algebraische Beziehung bestehe. 

Um die Moglichkeit der Existenz einer solchen Beziehung zu untersuchen, 
differentiire man (201) nach x und erhalt 
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da aber dieee Belation eine algebraische BezLehung zwischen den Argumenten 
von F gegen die Voraussetzung liefern wiirde, so muss dieselbe in alien diesen 
Grossen identisch sein, und man wird daher in dieselbe z. B. statt 71 jede Grosse also 
auch das allgemeine Integral der ersten der Diflferentialgleichungen (202) setzen 
diirfen, welches wir mit H^ bezeichnen woUen ; da dann die Integration der so 
entstehenden Gleichung (203) 

Jydx + c=:F(x, JBi, %, 7r, Jy'i^, J?-*^) (204) 

liefert, so folgt durch Zusammenstellung von (201) und (204) 

. f(x, iJi, %, 9r, J Vide, Jyl^f^J 

= J^(x, 7i, %, Vri J yidsj J Vads^+c, (205) 

worin c eine Constante bedeutet. 

Nehmen wir nun an, dass die DifFerentialgleiehung erster Ordnung 

^=/i (=?.») (206) 

die Eigenschaft babe, dass das allgemeine Integral iSTj eine algebraische Function 
des particularen Integrales tj^ also 

Hi = F^{x,Vux) (207) 

sei,* so ginge die Gleichung (205) in 

f(x, Fi{x, 7i, yc), %, Vr^Jyids, J y^ds^ 

= J^(a;,7i,%, Vnfyide, Jy<rds^ + c (208) 

liber und muss, da eine algebraische Beziehung zwischen 

7l, %, 7r, J yidSf • • • -J ^cr^ i 

ausgeschlossen war, eine in alien diesen Grossen identische sein, wobei c eine von 
der willkiihrlichen Grosse x abhangige CDnstante sein wird. 

* Wenn in der Gleichung (201) die rechte Seite nur eine algebraische Function von x und 7i w&re, 
also die Gleichung (205) 

lautete, so wtLrde aus dieser Gleichung schon von selbst folgen, dass Hi eine algebraische Function von 
J7i w&re. 
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(209) 



Differentiirt man nun die Gleichung (208) nach 7i und Te, so ergiebt sich 
dF{x, -Ft, 7}^, ) dFj (x, T]u h) _ dF{x, ijw -- •) ] 

dF{x, Fx, Tjt,....) dFi {x, %, k) _ 3o I 

dFi dk dk J 

und hieraus 

S-fU, 7i> 7»» — vr>J yi<^> — J y''^) de — y* 

^ ~ a* dFi(x,7iuk) 

dk 

als eine wieder in alien bezeichneten Grdssen identische Gleichung und daher 

f(x, Vu Vr, Jvide, Jy,^) = 4> («. %) + L, (210) 

worin 4> eine algebraische Function sein muss und L die Grosse % nicht mehr 
enthtdt. Nehmen wir nun an, dass fiir alle Differentialgleichungen (202) das 
allgemeine Integral eine algebraische Function eines particularen Integrales 
der resp. Differentialgleichung ist, und bemerken, dass die Integrale 

J y.d8 = I. 
ebenfalls Integrale von Differentialgleichungen erster Ordnung von der Form 

§=(y.).X (211) 

sind, fiir welche der algebraische Zusammenhang zwischen dem allgemeinen und 
einem particularen Integrale 

lautet, so folgt nach (210), dass die Form von -F'lautet* 

" . — . J 

* Setzt man ^fimlich in (208) statt y^di die GrOsse | y^di + As , bo erh&lt man 

\ydx — Fix,v^^ 7r, lllid« + &, jlMtoj 

und Bomit statt (205) die Beziehung 
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F(x, >7i, >78, ^ryjyxds, J y^dsj 

= 1>i{x, Vi) + ^i{x, %) + +^r(x, Vr)+Afyid8 + + AJijUs (212) 

Oder nach (201) 

J ydx = ^i{x, Vi)+^%{x, V%)+*'*+^r{x, Vr)+Aj iids+'-'+AJ fods, (213) 

worin die ^ algebraische Functionen und die A Constanten bedeuten. 
Setzt man nun 

^.{x. K) = ^r (214) 

und transformirt mit Hiilfe dieser Substitution die Differentialgleichung 

^=MVr,x) (215) 

in die Differentialgleichung erster Ordnung 

^ = Or(^r,x), (216) 

fiir welche der dem angenommenen Zusammenhange 

Hr=Fr(x,Vr.^) (217) 

vermoge (214) entsprechende algebraische Zusammenhang zwischen dem allge- 
meinen und einem particularen Integrale 

B. = *.(«^,^r,&) (218) 

lauten moge, so wird die Beziehung (213) in 

fydx = ^, + ^,+ . . . . +^r + A,fS,ds+. . . .+A^fl\ds (219) 
woraus durch Differentiation nach XVids und k sich 



M»i- 



d\y,d8 



also 



folgt, worin M von I yids unabh&ngig ist. 
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iibergehen, und daher genau nach den friiheren Schliissen 

^r{x,^r,^ = ^r + C (220) 

und nach (218) Br = ^r + o; 

daraus folgt aber vermoge (216) 

und somit, weil c beliebig ist, 

o,(^„x) = n,(x), (221) 

worin 0,r{x) eine algebraische Function bedeutet und vermoge (216) 

ein AbeFsches Integral, also nach (214) 7^ eine algebraische Function von x und 
einem Abel'schen Integrale ist, so dass (219) in 

fydx = fa^ {x)dx+ + fa, {x)dx+A^J^y,ds+ ^A^fl^ds (222) 

iibergeht, die Kelation also nur Abel'sche Integrale und zwar in linearer Form 
enthalten darf ; selbstverstandlich konnen die letzten Integrale auch in Abel'sche 
Integrale mit der oberen Graenze x umgesetzt werden. 

Wir erhalten somit den folgenden Satz : 

In eine algebraische Beziehung zwischen AheVschen Integralen hdnnen nie andere 
Integrale von solcJieii algebraiscTwii Differentialgleichungen erster Ordmung eintreten, 
deren allgemeines Integral von einem particuldren Integrale algehraisch ahhangt, 
oder anders ausgedriickt, 

Die algebraische Reduction eines AbeVschen Integrates ist nie durch Integrale 
von solchen algebraischen Differe7itialgleichungen erster Ordnung mdglich, deren allge* 
mei/nes Integral ei/ne algebraische Function eines ihrer particuldren Integrale ist. 

So wiirden also in eine solche Beziehung nie die Exponentialfunction, die 
elliptischen Functionen, kurz keine Function eintreten diirfen, die ein Additions- 
theorem besitzt ; denn hat jy = 'J/ (a) ein Additionstheorem, so dass 

^(x + 2/) = o(^(x), 'J. (?/)), (223) 

ist, worin o eine algebraische Function bedeutet, so folgt durch Differentiation 
nach X und y 
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und es ist somit, indem man fur y irgend einen constanten Werth gesetzt denkt, 
X='^(x) das Integral einer algebraischen Differentialgleichung erster Ordnung 

n (^ (x) , ^ (x)) = X' =/(X) , (224) 

welche von der unabhangigen Variabebi frei ist ; da aber hieraus immittelbar 
folgt, dass auch 4 (a? + c) ein Integral also das allgemeine Integral von (224) ist, 
und ausserdem nach dem Additionstheorem (223) 

4(aj + c) = (a(^(aj),^(c)) (225) 

ist, so ist die Bedingung erfiillt, dass das allgemeine Integral eine algebraische 
Function eines particularen ist und es kann somit keine solche Function in der 
Reductionsformel eines Abel'schen Integrales vorkommen. 

Wenn das Abel'sche Integral auf eine Reihe AbeFscher Integrate und ein 
Integral einer algebraischen Differentialgleichung erster Ordnung reducirbar 
ware, also die Gleichung (201) die Form hatte 

fyda^ = f(x, yj^, J^y^ds, fl^^) » (226) 

so wiirden nach den fruheren Auseinandersetzungen die Abel'schen Integrale 
der rechten Seite in linearer Form mit constanten Coefficienten vorkommen 
miissen, und da dann die Gleichung (226) die Gestalt annahmd 

fYdx=^{x,Vi), (227) 

indem die additiv verbundenen Abel'schen Integrale in eins zusammengefasst 
sind, so wiirde durch Differentiation sich wieder 

ergeben, und da 7i keine algebraische Function sein soil, also diese Gleichung 
eine identische sein muss, wieder durch Integration, wenn fli das allgemeine 
Integral der Differentialgleichung erster Ordnung bezeichnet, 

also das allgemeine Integral eine algebraische Function eines particularen Inte- 
grales sein mussen, welcher Fall fur die Existenz der Gleichung (227) als unstatt- 
haft erwiesen war ; es folgt somit. 
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dasa zvnsohen AheVschen Litegralen und einem Integrdle dner algebraischen 
IHffererdialgleichung erster Ordnwfig ein algebraischer Zusammenhang nicht statt" 
fiiiden Jcann, 

Betrachten wir endlich den allgemeinen Fall der Beziehung (201), worin 
7i, . . . . 7^ Integrale von algebraischen Differentialgleichungen erster Ordnung 
sein soUen, so musste die Gleichnng (203) eine identische sein und somit durch 

Substitution von / y^efo + Jl statt/ yads^ wenn ^ eine willkiihrliche Constante 
bedeutet, durch Integration und Zusammenstellung mit (201) sich 

F (x, 7i, Vrjjyids, J yjs + X, J y^dsj 

=^f(x, 7i, .•. • . Vr, Jyids, Jyada, • . * .Jy^ds^ + c (228) 

ergeben, welche wieder der gemachten Annahme gemass eine identische sein 
muss, woraus nach wiederholt dagewesenen Schliissen 

f{x, %, — %, jvids Jy^j 

= fi)(aj, 7i, 7r) + Afyids + + A^J^yJs (229) 

folgt, wenn oi eine algebrais(die Function und Ai^ . . , . A^ Constanten bedeuten. 
Da nun aus (201) 

J ydx = o{x,7jif Vr) + ^ij yids + + A^J y^ds (230) 

fiich ergiebt, ausserdem die Abel'schen Integrale in ein solches 

fly — A {yi)u,< — . . . —A (yXX) ^ =fYdx 

zusammengefasst werden konnen, so musste 

JYdx = o{x, Vu Vr) (231) 

sein ; da aber durch Differentiation 

folgt und diese Gleichung wieder eine identische sein muss also auch bestehen 
bleibt, wenn vju . . . . rir durch die allgemeinen Integrale J3i, JTg, . . . . JT,. ihrer 
36 
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resp. Differentialgleichungen ersetzt werden, so wird wieder durch Integration 
und Vergleichung mit (231) 

q{Xj Hi, H^, 5;) = 6)(x, >7i, >7g, >7r) + c (232) 

^^®^ frdx + c = a)(a;, Fa, J3i, H,) (233) 

folgen ; lassen wir nun >78, . . . . >7r unverandert, so dass aus (233) 

jYdx + A; = o (cB, Fi , ^g, rir) (234) 

folgt, so wiirde sich nach (231) und (234) ffi und rji durch dieselben Functionen 

>72, . . . • >7r> / 5^^^ algebraisch in derselben Weise ausdriicken lassen, also alle 
Integrale der Diflferentialgleichung 

durch denselben algebraischen Ausdruck derselben Functionen dargestellt sein, 

wenn nur die additive Constante bei / Ydx entsprechend geandert wird ; dies 

kann aber im AUgemeinen fur Differentialgleichungen erster Ordnung nicht 
stattfinden, deren Integrale verschiedene selbstandige Transcendente darstellen, 
wenn nicht ihr allgemeines Integral eine algebraische Function von particularen 
Integralen ist. Es ergiebt sich somit der Satz : 

Zioischen AbeVschen Integralen und Integralen von algebraischen Differential^ 
gleichungen erster Ordnung kann nie ein algebraiscTier Zvsammenhang stattfinden. 

Es braucht kaum hervorgehoben zu werden, dass die angewandten Betrach- 
tungen, auch wenn die ri nicht algebraischen Differentialgleichungen erster Ord- 
nung angehoren, haufig zu einfachen Resultaten fuhren. Sei z. B. die Reduction 
eines Abel'schen Integrates auf andere solche Integrale und auf das Integral und 
dessen Ableitungen irgend einer algebraischen Differentialgleichung beliebiger 

Ordnung >7<*^ =/(»?, >7, V, >7^*~^0 (235) 

zu untersuchen, und werde diese Reductionsformel dargestellt durch 

fydx = F(x, n^, rii ^i"-« fy^ds, /sv*^), (236) 

so darf zunachst angenommen werden, dass zwischen den Argiunenten der alge- 
braischen Function F ein algebraischer Zusammenhang nicht stattfindet, weil 
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man sonst die entsprechende Anzahl Abel'Bcher Integrale aus der rechten Seite 
von (236) herausschaffen und die so transformirte Reductionsformel der weiteren 
Untersuchung zu Grunde legen wiirde. Da nun die DiflFerentiation von (236) 
mit Benutzung von (236) die Beziehung 

dF dF . dF f .. 

r)7r dF 

(yi)..«i + ....+ /*., (yX< 

dj y^da 

liefert und diese der gemachten Annahme gemass identisch sein miiss, so wird, 
wenn ffi irgend ein anderes Integral von (235) bedeutet und ki, Je^, , . . . k„ o 
Constanten sind, 

fydx + c = f(x, Hu Hi 5J— « f^^de -irh /J'cfe + K (237) 

sein, woraus zun&chst wieder nach wiederholt dagewesenen Schliissen 

fydx + C=A,fy,d8 +AfS*d8 + . . ■^A.fy^+oix, Hi,^,.. ^-») (238) 

Oder f7dx+C=a(x,ffi,Hi, J3J— ») (239) 

folgt. Da nun fYdx + C,^o{x,r,,,r,i ,;i— >) (240) 

ist, so wird durch Zusammenstellung mit (239) 

6) {x, H,, Hi, .... ^/«-^>) = 6)(x, >7i, rii, • . • . >7i"-^0 + ^» (241) 

worin K eine Constante bedeutet ; machen wir nun fiir die DiflFerentialgleichung 
m^^ Ordnung (235) die Annahme, dass das Integral ^i nicht schon einer alge- 
braischen Differentialgleichung niederer Ordnung als der m**° genogt, und dass 
dieselbe ferner die Eigenschaft hat, dass auch (irji, worin (i ein willkiihrlicher 
constanter Multiplicator ist, ein Integral von (235) ist, so wird die aus (241) 
entspringende Relation 

^ (aj, (lyii, iiriu rf^'O = " (a?, >7i, >7i ni""-^^) + K^ (242) 

eine in alien Grossen identische sein miissen. Differentiirt man dieselbe nach 
Vii *7i> • • • . >7i~"^^ und (i, so folgt 



also 
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und hieraus die Gleichung 

9o ( a;, >7i Vi"^^) , , do(x,yii, )7i*~^>) , 

die wiederum in >7i, >?i, . • • • >7r~" ideatisch sein muss. Diese partielle Differ- 
entialgleichung fuhrt auf das System totaler Differentialgleichimgen 

^1 _ rf)7i _ _ dy!^~^^ _^ do 

n, - ni »7i— ^~^„a^i ' 

^ aft 

woraus 

„ = ,fMog,. + ,(.,^,f '-I3 (2«) 

folgt. Da aber o eine algebraische Function von )7i, >7i, . . . . i??*""^^ sein soil, so 
muss ^-^ = sein und somit die Gleichung (240) in 

fTdx+G, = ^(x,^, ^,....?l:I^) (244) 

iibergehen, eine Reductionsformel, wie sie z. B. stets fur ein Integral rji einer 
linearen homogenen irreductibeln Differentialgleichung stattfinden miisste. Aus 
(244) kann man z. B. schliessen, doss zuoischeii AbeVschen Lvtegrdlen und der Funo- 

tion V =e^f (246) 

welche der Differentialgleichung 

»7>7" — >?'* — W=0 (246) 

genilgt, eine algebraische Beziehung nie stattfinden Jcami; denn da einerseits e^ nicht 
schon einer algebraischen Differentialgleichung erster Ordnung geniigt, anderer- 
seits auch (le^ ein Integral der Differentialgleichung (246) ist, so wiirde die etwa 
bestehende B/eductionsformel nach (244) lauten miissen 

fYdx + Oi = ^{x,e') 

und dies ist nach dem Friiheren unmoglich, da Exponentialgrossen nicht in eine 
algebraische Beziehung zwischen Abel'schen Integralen eintreten konnen, und 
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ahnliche Resultate kann man fiir die ans anderen Functionen, welche algebraische 
Additionstheoreme baben, iterirten Transcendenten herleiten. 

Nacb Ausfiihrung dieser Untersuchungen fur Abel'sche Integrale wird auch 
der Weg vorgezeichnet sein, auf dem man bei der Untersuchung der Quadra- 
turen von Integralen algebraischer Differentialgleichungen fortzuschreiten hat, 
wenn man nicht bloss wie oben in Gleichung (171) eine Reduction auf AbeFsche 
Integrale, deren Graenzen algebraisch aus der Basis der Quadratur und deren 
Ableitungen so wie anderer Integrale derselben Differentialgleichung und deren 
Ableitungen, voraussetzt, sondern analog der oben fur Abel'sche Integrale 
definirten Reduction auch in diesem allgemeinen Falle die Reduction folgender- 
massen definirt. 

Wenn y^ ein Integral einer algehraischen Differentialgleichung mf^^ Ordnung 

y(-'"+2?i(x, y, 2/', . . . y"-«) y"-'""+ . • .+F^{x, y. y, . . . y'— «) = (247) 
ist, worin Fi, . . . . F^ rationale Functionen bedeuten imd welche in Bezug auf den 
hochsten Differentialquotieiiten y*^ mit Adjungirung von x, y, y', . . . . j/^^^^ als 
irreductibel im algehraischen Sinne vorattsgesetzt wird, so soil, wenn y^ ein Integral 
dieser IHfferentialgleichimg bedeutet, welches nicht schon einer algehraischen Differ* 
entialgleichung von niederer Ordnwfig als der ntf^ OeniXge leistet* die Qiuidratur 
dieses Integrales reductihd geiyxnnt werden, wean 

Jy^dx=F{x, yi, yi ..y^\ y„ yi . . yi^\ . .>7i(wi), i?{(^), . . >?« K), >7» K), . .) (248) 

ist, worin F eine algebraische Function, ^i, ^g, . . . • Integrale der Differential- 
gleichung (247), 1^, Ug, . . • . algebraische Functionen von y^, yl, . . . . y^, yi, . . . . 

^^ V ' ; ■ 

* Es ist leicht einzusehen, dass y i nicht schon einer algehraischen Differentialgleichung m^' Ordnung 
und niedrlgeren Grades als vom n^^ gentHgen kann ; denn w&re dies der Fall und diese Differential- 
gleichung 

y(«)''+/, (a;,y,y', .... y(«-i))y<«»''"^ + . . . .+/.(aJ, y, y', .... y<--l)) = 0, (a) 

so yerfahre man zwischen den in 2^"*) ganzen Polynomen des n^^ und vten Grades (247) und (a) nach der 
Methode der Aufsuchung des grossten gemeinschaftlichen Theilers, dann ist klar, dass der jedesmalige 
Best, wenn y^ statt y gesetzt wird, verschwinden muss, da Dividendus und Divisor f(ir yz=,y^z\x Null 
werden, und die Division darf keinen den beiden Polynomen (247) und (a) gemeinsamen Theiler erge- 
ben, da (247) in y("^) als irreductibel in algebraischem Siune vorausgesetzt wurde, somit bleibt also ein 
Best, welcher eine rationale Function von a;, y , y', . . . . y("»— D ist und aus den angegebenen Grtinden 
fUr y = yi verschwinden muss. Da aber yi der Annahme nach keiner algehraischen Differential- 
gleichung von niederer Ordnung als dm: m^^ GenQge leisten sollte, so ist der Widerspruch nur so zu 
losen, dass y^ nicht einer Gleichung der Form (a) von der m"^^ Ordnung und niedrigeren Grades als 
dem n^^ genOgen kann. Nimmt man umgekehrt an» dass yi nicht einer algehraischen Differential- 
gleichung m!^^ Ordnung und niederen Grades als dem n^^ gentigen darf, so folgt die algebraische 
Irreductibilit&t der Gleichimg (247) in Bezug auf y("*) von selbst, da eine Zerlegung auch eine aolche 
ftir yi nach sich Ziehen wtirde. 
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und endlich >7i, >78, . . . . Integrale algehraischer Differentialgleichimgen von niedrigerer 
Ordnung als der vnf^ oder von der mf^ Ordnung aher niedrigeren Grades cds dem 
rt^ bedeuten. 

Um zu zeigen, in welcher Weise die oben hergeleiteten Satze fur die Unter- 
suchung solcher reducirbarer Quadraturen von Integralen algebraischer DiflFer- 
entialgleichungen benutzt werden konnen, woUen wir unter der Annahme, dass 
yi ein Integral der Differentialgleichung (247) ist, die Beductionsformel 

fyidx=F(x, yiry[,... y[^\ y,, yi, . . . yt'\ . . . >7i(^i) , >7i(wi), . . . >7f W) = 2Ji (249) 

untersuchen, in welcher yii{u^ ein Integral der algebraischen Differential- 
gleichung 

ri^-^' + <^i(t^, ^, >?',... . >7^'*-^0 V''^''"'+ . . . • + <^.(^^i, >7, V, . . . . ^y^^-'O = (250) 

ist, worin (i<imy und t^ die LSsung der algebraischen Gleichung 

tA^+^i(aj, yi,yi...yz, yL...) «^^""^+...+^A(a:, yi, y{,...y», yi,...) = 0, (251) 

welche als eine mit Adjungirung von yi, y^, . . . . und deren Ableitungen irre- 
ductible vorausgesetzt werden darf. 

Sei Zi oder die 2^-function durch die algebraische Gleichung definirt 

2* + G>(aj, yi, yi yti y%y , t^,>7i(«h), >7i(wi), )«*"^+ 

+ (^k{x, yi, yi — yi^yi, i %, vii^i), vii'^h), ) = o (252) 

worin 0| , . . . . % rationale Functionen der eingeschlossenen Grossen bedeuten, 
und welche mit Adjungimng eben dieser Grossen irreductibel angenommen 
werden darf, so ergiebt sich nach am Anfange dieser Untersuchung ausgefuhrten 
Rechnungen, da 

^(»7r(«i))=>;r+^H«,)w. 

und v^ nach Gleichung (251) sich als ganze Function X — 1^^ Grades von Ui 

ergeben, 

z^ = P^-i + P,z*-» + ....+ Pfc^i, (253) 

worin Po» A> • • • • ^*-i rationale Functionen von 

a, yi, yi — yi'*^ y%, yi — yi"*^ ^» >7i(^), >7i(%), — yji^i'fh) 

bedeuten. Da aber nach (249) Zi = y^ ist, so geht (253) in 

PA'^ + Pi^r' +.... + P,.,z, + (P.-i - yi) = (254) 
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fiber und muss somit, da die Irreductibilitat der Gleichung (252) angenommen 

war, eine identische sein. Daher wird auch jede Losung der Gleichung (252) der 

Gleichung (254) genugen und sich daher fiir jede andere Losung z^ ebenfalls 

z' = y, Oder P -, 

^ ^^ Jyidx=z^ 

ergeben, so dass a, = g^ + c 

sein muss ; da aber dies, wie oben nachgewiesen worden, fiir eine irreductible 
algebraische Gleichung nicht statthaben kann, so muss (252) vom ersten Grade 
also Zi eine rationale Function von 

a, yii Vu VtiVi '^f >7i(«^), ^i(^i)» 

sein, und wir erhalten den Satz : 

Ist die Qtiadratur eines Integrales einer dlgebraiscTien Differeniicdgleichtmg mit 
Hvi/e der Integrah dieser Differentialgleichung und deren Ableitungen in cdgebraiecher 
Form redudrhar auf das Integral einer algebraiscken IHffereniialgleichimg niederer 
Ordnung und dessert Ableitungen fur em Argument, das vneder algebraisch aus den 
Integralen der gegebenen Differentialgleichung und deren Ableitungen zvsammengesetzt 
ist, so ist diese Reduction stets mit Adjungirung dieses letzten Elementes selbst in 
rationaler Form darstellbar, und dasselbe gilt offenhar, wenn in die Reductionsfarmel 
Tnehrere Integrah von algebraischen Differentialgleichungen niederer Ordnung, deren 
Argumente wiederum in der angegebenen Weise zusammengesetzt svnd, eintreten. 

Sei nun die rationale Reductionsformel 

J^yidx=a(x, yi,yi,... yT\ y%, yi, • . • y^^ • • • ^i, >7i (^i), vi (t^i), • • • >7i''H^))» (265) 
so liefer t das Differential dieser Gleichung 

in welcher vermoge der Differentialgleichungen (247) und (250) 

34"+", yr" »7i"+"(«i) 

rational durch die niederen Ableitungen ausgedruckt ersetzt werden konnen. 

Da in der Differentialgleichung (250) Ui eine durch die Gleichung (251) 
definirte algebraische Function von x, yi, y^, . . . . und deren Ableitungen ist, 
so kann man derselben die oben bezeichneten Grossen adjungiren, un des mag 
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die in Bezug auf den hochsten Differential qnotienten mit Adjungirung der 
Grossen a?, yi, yf, . . . . yi*^ y%i yii • * * - y^\ • • • • und t^ algebraisch irreductible 
Differentialgleichung niedrigster Ordnung, welche das Integral rii (ui) besitzt, 

vM'^'+ ^(a?, t^, 2^1, 2/1, . . . ya, y», . . • ,>?(%), >7'K)» • • • >7^^^K)) v W'^'"^ 

sein. Da nun in der Gleichung (256) v{ vermoge (251) als ganze Function von 
t^ dargestellt werden kann, so kann man diese Gleichung kurz in der Form 
schreiben 

^i(x, ^, 2/1, yi, — y$, yii • • •>7(wi), >7'(^)» • • • V''^(%)) = o, (258) 

worin Hi eine ganze Function bedeutet und welcher >7i (t/i) Genuge leistet. Nach 
der fur die Differentialgleichung (257) gemachten Annahme folgt aber aus den 
am Anfange der Arbeit durchgefuhrton Untersuchungen, dass jedes nicht singu- 
lare Integral der Gleichung (257) auch (258) geniigt, also auch (256) und somit 
durch Integration auch (255) befriedigt, dass also, wenn v!i{vi) irgend ein nicht 
singulares Integral von (257) bedeutet, 

Jyydx=£i{x, 2/1 , 3/1, • • • yT\ 2/»» 2/«. • • • y%'\ • • • ^, >7» (^*i), >78(^i)» • • • '^%\^) (259) 
sein wird oder endlich durch Zusammenstellung mit (255) 

il(aj, 2/1, yu"'yT\ 2/»» 2/2i---2/r\---^» >78(^), Vi{u)j"'y!i^^{th)) 

= n(a;, 2/1, yi... yT\ 2/», 2/2, -. • yT\ • • • %, Vi{u^), >?i(^)» • • • v'{^ (^))+ ^» (260) 

worin G eine Constante bedeutet. Diese Gleichung entspricht allgemein der 
oben fiir Differentialgleichungen erster Ordnung zu Grunde gelegten Functional- 
gleichung (208) u. f. und es ist vermoge der Eigenschaften der Differential- 
gleichung (257) sowohl die Moglichkeit als auch die Form der Gleichung (260) 
also der Function fl, welche die Reduction des AbePschen Integrales liefert- 
festzustellen. 

Es ist bekannt, dass aus den von Abel aufgestellten Satzen iiber die rationale 
Zuriickfiihrung von Integralen algebraischer Functionen auf algebraisch-logarith- 
mische Functionen es gelungen ist, die nothwendigen und hinreichenden Beding- 
ungen fiir die Moglichkeit einer solchen Zuriickfiihrung aufzustellen ; wie sich 
die analogen Untersuchungen fiir Integrale transcendenter Functionen gestalten, 
soil den Gegenstand einer spateren Arbeit bilden. 

Heidelberq den 2Steii April 1888. 



Note on the Double Periodicity of the Elliptic Functions. 

By F. Franklin. 



If a function w be defined by the equation 

/ ^ dw 

whence dto = V 1 — u^dz, (1) 

it follows geometrically from the definition that w is o, singly periodic function 
of 2, with a real period, viz. 27t. For if the complex variables z and w be 
represented by points in the usual way, equation (l), which may be written 



ckD=iVw — l\/w + 1 dzj 

shows that when z describes a straight line parallel to the axis of X, the tangent 
to the path of w makes with the axis of X an angle equal to hn plus half the 
sum of the angles made with the axis of X by the lines drawn from wtol and 
— 1 ; in other words, the normal to the path of w bisects internally the angle 
formed by the lines drawn from the point w to the points 1 and — 1 . Hence 
when z describes a straight line parallel to the axis of X, w describes an ellipse 
having the points 1 and — 1 as foci ; and therefore w returns periodically to a 
given value as z receives a certain increment o. The value of o is at once 
obtained, if, in equation (1), we attend to the moduli, instead of the arguments, 
of the factors. If we denote by sf the length of the path described by 2, by « 
the corresponding length for w, and by Vi and r^ the focal radii of the point w, 

equation (1) gives 

d8 = VriTg dsf, 
whence . /* -, , / — 

This integral, taken along the whole ellipse, gives the value of g), 

Likewise, when z moves parallel to the axis of F, w describes a hyperbola 
having the points 1 and — 1 as foci ; and it is plain from (2) that z must describe 
37 
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aa infinite distance in order that w shall go off to infinity on the hyperbola. 
Hence there is no pure imaginary period. 

Since to two points w on the same hyperbola belong two values of z which 
differ by a pure imaginary, the period o, which is real, must be the same for all 
the ellipses ; but the limit of these ellipses is a circle of infinite radius, for which 
we have obviously, from (2), 

(d =Jf d^ = 2n. 

This value of the integral of ds/VviTf^ taken along any ellipse, may also be 
obtained from the consideration that the mean proportional between the focal 
radii of a point is equal to the conjugate diameter; then the result follows by 
projection from the circle. 

From the fact that an ellipse is cut in only two points by one branch of a 
confocal hyperbola, it follows that there cannot be more than two values of 2, 
noncongruous with respect to the modulus 27t, belonging to a given value of w. 
Hence, h fortiori, there can be no other period. 

If, to fix the ideas, we suppose the lower limit in the integral 

z= / dwj^l — v^ 

to be 0, and write ti? = ^ (z), we have ^ (0) = 0; and it is plain from the sym- 
metry of the curves that 4) ( — 2) = — ^ (z) and 4> (^ + 2) = — 4> (2) , so that 
^ (^ — 2) = ^ (z) ; thus the two values of z corresponding to a given value of ti? 
are z and 7C — z. 

If, instead of the equation dw =\/l — vf da, we take 

dw = \/(ai — w){aL% — w) dz, 

where ai and a^ are any complex quantities, it is plain that when z describes a 
straight line parallel to the axis of X, w describes an ellipse whose foci are at ox 
and a,; and when z describes a straight line parallel to the axis of F, w describes 
a confocal hyperbola. Hence, as before, ti? is a singly periodic function with the 
real period 2n. If dw=^V{w — ai){w — a%)dzy the ellipses are described when 
z moves parallel to the axis of X, the hyperbolas when z moves parallel to the 
axis of F; so that w has the pure imaginary period 2ni. 

To go back to a still simpler case : the path of the function w defined by 

the equation «= / dAJojw, i. e. 

d5ie; = wdz 
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is obviously a straight line through the origin when z moves parallel to the axis 
of Xj and a circle with its centre at the origin when z moves parallel to the 
axis of F. Hence w is a singly periodic function with the period 2m. 



The following theorem was given by Clifford without demonstration,* and 
has been proved by a special method by Crofton (London Math. Soc. Proc. (1867), 
II, 37): TjTl, 2, 3, 4 he fowr conjcyclic foci of a bidrcular quartic through the 
poimt Py the tangent to the quartic at P bisects the angle between the circles P^, P^. 
This property may be exhibited in a form which makes the double periodicity 
of the function defined as the inverse of an elliptic integral of the first kind 
follow geometrically from its definition, in the same way in which the single 

periodicity of the function inverse to rdw/V{ai — w)(a, — to) follows from the 

like property for the ellipse and hyperbola. Namely, if we denote by 3^^^ the 
angle made with an arbitrary line of reference by the line joining any two 
points A and B, and by 3<, ^^'i ^r» the angles made with the line of reference 
by the tangents at P to the quartic and the two circles respectively, we have, by 
elementary geometry, 

but, by Clifford's theorem, 

3< = "2" \^t' + 3<") ; 

hence 3. + 4" (^+ ^«) = T (^" + ^« + ^« + ^«)-t 

If, now, we take the arbitrary line of reference parallel to a bisector of the 
angle formed by 12 and 34, ^u + ^84 = 0, and the above equation becomes 

^< = "2" i^Pl + ^« + ^P8 + ^Pi) J 

that is, the angle made with an axis of fowr ooncyclic foci of a bicircu^r quartic by 
the tangent to the quartic at any point is equal to half the sum of the angles made 
v)ith the same axis by the four focal radii of the point ;X an aods of four coney clic 
points being understood to be any line parallel to a bisector of the angle formed 

* Proposed as a problem in the Educational Times, March ISM, and again January 1874. 
t Of course, in these equations, quantities which differ by a multiple of n- are considered equal. 
X A simple algebraic proof of this theorem will be given in a subsequent article in this Journal, on 
bicircular quartics. 
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by any pair of opposite sides of the quadrangle formed by the four points ; the 
directions of the bisectors are of course the same for every pair. 

If the four real foci 1 , 2 , 3 , 4 of a real bicircular quartic are not concyclic, 
they are such that (/3, J4) and (/4, J3) are foci concyclic with 1 and 2; or, in 
other words, two of the foci are concyclic with the antipoints of the other two. 
It is easily seen that the sum of the angles made with an arbitrary line by the 
lines joining a given point to a pair of points is not altered by the substitution 
of the antipoints for the original pair of points. Also, since the line joining the 
antipoints is perpendicular to the line joining the original pair, the " axes" of the 
concyclic foci are the bisectors of the angles between 1 2 and a perpendicular to 
34. Hence if, in the case of four points such that the antipoints of one pair are 
concyclic with the other pair (or, what is the same thing, such that either pair 
are conjugate points on a diameter of a circle through the other pair ; which 
again is equivalent to the statement that 13: 23 = 14:24) we define an axis of 
the four points to be a line parallel to a bisector of the angle formed by the 
connector of one pair and a perpendicular to the connector of the other pair, 
the above theorem holds for the four real foci, whether they are concyclic or not. 

Consider, now, the function defined by the equation 



dw=^\/{w — ai){w — a2){w — a^){w — aj dz . 

When z describes a straight line, w describes a curve whose tangent makes with 
the path of z an angle equal to half the sum of the angles made with the axis 
of Xby the lines drawn from w to the points aj, o^, as, a^] or, say, the points 
1, 2, 3, 4. If, then, these points are concyclic, or if they are such that 
13: 23 = 14: 24; and if the axes of the four points are parallel to the axes of X 
and F; then, when z describes a line parallel to either axis, w describes one of the 
bicircular quartics having the four points as foci ;* these quartics forming two 
systems orthogonal to each other. But a bicircular quartic is a closed curve 
not in general passing through any focus ; hence w ia b. doubly periodic function 
with a real period q and a pure imaginary period icjf. The value of Ci> is 

Jds/^/rir^r^r^ 

♦I find that Siebeck (CreUe (1860), 57, 859) showed that an (u+w) describes a bicircular quartic 
when ti or V is constant ; and that Greenhill (Camb. Philos. Soc. Proc. (1881), 4, 77) showed the like to 

be true of the function inverse to dii;/^/(tc — aj(u?— a,)(ii»— a,)(u> — a^) , if the a'g are concyclic. The 

point of view of these papers is, however, entirely different from that of the present note. 
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taken along a complete oval belonging to one system of the quartics ; af is the value 
of the same integral taken along an oval belonging to the opposite system. And 
we have, incidentally, the theorem that this integral has a constant value for all 
ovals belonging to the same system of confocal bicircular quartics. As a limit- 
ing case, the integral of del^/riv^r^r^j taken along the oval or the infinite branch of 
the circular cubic belonging to one system has the value co; for the circular 
cubic belonging to the opposite system the value is J. 

It may be noted that there is a definite distinction between the two systems 
of quartics; viz. if it is understood that the focal radii are drawn in a definite 
sense, either all /row or all to the foci, then, in the quartics which correspond to 
the real period, the tangent makes with the axis of X an angle equal to half the 
sum of the angles made with it by these focal radii; and in the quartics which 
correspond to the imaginary period, the normal does so. 

Of course, if we have 

dw = V'(ai — w){a^ — '^){(H — '^)(o^4 — '^)dz, 
the only difference is that the two systems of quartics change places. 

More generally, let 

dw = Qje^ V{w — ai)(ti7 — a«)(w? — ai){w — a^ dz , 

the points 1, 2, 3, 4 being either concyclic or such that 13:23= 14:24, and let 
the axes of the four points make the angles (i and fi+ hn with the axis of X; 
then it is plain that when z moves along- a line making an angle — {^ + ft) or 
— {^ + fi + hn) with the axis of X, to describes a bicircular quartic having the 
points 1, 2, 3, 4 as foci. Hence w has two periods, whose ratio is a pure imagi- 
nary ; and the condition that one period be real and the other pure imaginary 
is that the axes of the four points 1, 2, 3, 4 make an angle — Jl with the axes 
of X and F respectively. 
The function inverse to 



/« 



dw/\/a + bto + cu^ + dv^ + ew^ 

always comes under the case we have been considering if the coefficients are real. 
Namely, when the roots are real, the points 1, 2, 3, 4 are coll inear and there- 
fore concyclic; when 1 and 2 are real and 3 and 4 are conjugate imaginaries, 
the antipoiuts of 3 and 4 are coUinear with 1 and 2 ; and when the roots are 
two pairs of conjugate imaginaries, the points are evidently concyclic. In all 
these cases, the axes of the points are evidently parallel to the axes of Jf and F; 
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consequently the periods are one of them real and the other pure imaginary. In 
all these cases, too, it may be observed, the quartics have four collinear foci, the 
line of them being the axis of X; this has been mentioned in the first two 
cases, and it is true of the third case because the antipoints of the pair of points 
representing a pair of conjugate imaginaries lie on the axis of X. 
To bring the case of 

. dw = a^^\/{w — ai)(w7 — a2)(w? — cis) cfe 

under the foregoing, we must regard a^ as having gone to infinity along the axis 
of X, so that the angle made with the axis of X by the line joining wXi^a^ shall 
be 0, and thus not afiect the construction for the tangent. In order that the 
four points be concyclic, 1 23 must be collinear ; in order that the antipoints of 
1 and 2 be concyclic with 3 and 4, 3 must be equidistant from 1 and 2. The 
paths corresponding to the periods are in this case Cartesians whose real foci 
are at 1, 2, 3 (the focus at infinity being ignored). 

In particular, 

dw? = Va + 6tc7 + cii?* + c^ cfe 

falls under these heads if the coeflBcients are real. In this case, the three real 
foci are in the axis of JET when the roots are real ; one real focus and two imagi- 
nary foci are in the axis of X when two of the roots are imaginary ; and in either 
event the axes of the root-points are parallel to the axes of X and F, so that 
there is a real period and a pure imaginary period. 

There is nothing to prevent our dropping one more factor, and considermg 

the path corresponding to 

dw = \/(ti7 — ai)(to — Oj) <fe 

as arising from the preceding by as as well as a^ going to infinity along the axis 

of -Z. Only, in this case, one of the periods, which is / dsj^Vir^ taken along a 

hyperbola, becomes infinite, the denominator being an infinite of the first order. 



If a function w be defined by the equation 

z=f/(w)(hv, (1) 

/{w) being any function with real coeflScients, then the general equation of the 
curves described by w when z moves parallel to the axis of T furnishes the 
addition-equation of the function w. For if we write 

w = ^{z), a = 4)-i(tr), (2) 



Fbanelin : Note on the Double Periodicity of the Elliptic Functions. 289 

then, since the coeflBcients 'm/{w) are real, there is evidently no loss of generality 

in assuming 

4)-* (X + i T) = conjugate of ^^^{X— i Y) ; (3) 

hence (denoting the rectangular coordinates of 2 by X and Y) to say that z 
describes a line parallel to the axis of Y is the same as to say that 

^'^ (X+iY) + ^-^ {X— iY) = const. (4) 

Therefore the equation of the curves described by w when z describes any line 
parallel to the axis of Y is equivalent to equation (4). Let us, then, put 

X+iY=x, X—iY=y] (5) 

equation (4) becomes 

^-1 {x) + ^-* (y) = const. (6) 

and the equation of the to-curves becomes an equation of the form 

F{x,y,C) = 0, (7) 

which, being equivalent to (6), is the addition-equation of the function ^. 

Of course the connection between (6) and (7), or, say, between the differen- 
tial equation /(x) dx + f{y) dy = 

and the equation F{x, y, 6?) = 

is a purely analytic one. Having once obtained the latter equation, we have no 
longer anything to do with the original significance of x and y, nor with the 
question of the reality of the coeflScients in /. 

What we have found, then, may be stated as follows : Let a function w be 
defined by the equation ^ =f/(w) dw, 

the coeflScients in / being literal. If, on the supposition that these coeflScients are 
real, the general equation of the curves described by w when z moves parallel to 
the axis of F, converted into an equation in x and y by the substitution 

x=X+iY, y-X-iY, 
is F{x,y, a) = 0, 

then this equation is the solution of the equation 

f{x)dx+f{y)dy — Q^ 

or, in other words, is the addition-equation of the function w] and the result 
holds, of course, whether the coefficients in / be real or imaginary. 
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In like manner, the equation of the curves described by w when z moves 
parallel to the axis of JT, converted into an equation in x and y by the substitu- 
tion a; = X+t!r, y=X — tF, 

is the solution of the equation 

/{x)dx—/{y)dy = 0. 

If the two sets of curves are comprised in a single equation, this is, of course, 
the solution of /{x) dx±:/{y)dy=0. 

For example, to find the addition-equation of the function w defined by the 

equation z=fdwl'^Av^ + 2Bw+G. 

We know that when z moves parallel to the axes of X and T, the paths of w are 
the confocal ellipses and hyperbolas having their foci at the root-points of the 
quadratic under the radical sign. Expressing everything in the circular coordi- 
nates X and y {=^ X+iYi X — iY) the foci are evidently given, when A, B, G 
are real, by the equations 

-4a* + 2Bxz + Gs? = 0, Ay^+ 2Byz + Oz* = 0, 

the z being introduced for homogeneity. Hence the equation of the required 

curves is 

aa? + by^ + c^+ 2/yz + 2gzx + 2hxy = 0, 

with such conditions among the coeflScients as will make the preceding pair of 
equations represent the pairs of tangents from (x, z) and (y, z) respectively. 
These conditions are evidently 

Ci:gi:ai = A: — B:C, Ci :/i : 6i = J. : — B:G, 

where ai is the minor of a in the determinant of the conic, etc. Hence we at 

once obtain 

a : b : c : / : g : h 

= AG—B':AG—B':G^ — H^:BG — Bff:BC—BH:E' — AH, 

H being an arbitrary constant. Therefore the equation of our required system 
of curves, or in other words, the solution of the difierential equation 

dx dy 

^Aa?+2Bx + G A/~Af + 2By + C~ 
is 

{AG-B'){;x?+2f)+2&xy+2BG{x + y) + G'—2H\Axy+B{x+y)\-H*=:0, 
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the result holding true, of course, whether A, B, O are real or not. The result 
might, of course, have been otherwise obtained by writing the equation of the 
confocal conies in X and Y and then transforming to x and y. In particular, 
the integral of dx dy _ 

obtained from the above by putting A, B, 0= — 1,0, 1, is 

a^ + 2^« _ 1 _ 2Hxy + E^ = 0, 
whence H= xy ± ^/{\ — x^){\ — ^) , 

which is equivalent to the formula 

cos (w ± t?) = cos u cos i; =F sin w sin v . 

In the same way, to obtain the addition-equation of the fimction w defined 
by the equation 

z =fdwl^Aw^ + ^Bv^ +6Gv? + 4Dw + E, 

in which the coefficients are perfectly general, we have only to find the equation, 
in circular coordinates, of the bicircular quartics whose foci are given by 

Ax^^- ABxh-{' QG7?7? + ADx^ + E^ = Q , Ay'-{'4By'z + 6Cy^^ + 4Dy;? + E7^ = 0', 

that is, of a system of confocal bicircular quartics, four of whose foci (not neces- 
sarily the real ones) are in a straight line. The solution of this problem (which 
presents no difficulty) will be contained in an article shortly to appear in this 
Journal, on bicircular quartics. 



But it is to be observed that while the method we have been illustrating 
gives the addition-equation of the function w for the most general case, it gives 
the path of w (corresponding to a motion of z parallel to the axes) only in 
the special case when the coefficients are real- So far as the elliptic functions 
are concerned, we had found the paths of w corresponding to two periods in the 
more general case when the root-points of the biquadratic are coney clic or what 
may be called anticoncyclic ; but we have not considered the path of w at all in 
the general case where no restriction is placed upon the position of the root- 
points. What we want in this case is a curve such that the tangent at any point 
makes with some axis an angle equal to half the sum of the angles made with the 
38 
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axis by the lines joining the point to four fixed points whose position is arbitrary. 
I have not succeeded in geometrically determining such a curve.'*' 

Finally, it may be worth while to make an obvious remark concerning the 
cases which have been considered. Since the sum of any integer multiples of 
two periods is a period, and conversely, the path of w will be a closed curve not 
only when z moves in the two mutually perpendicular directions corresponding 
to the periods already noticed, but also whenever z describes a straight line, the 
tangent of whose angle with either of these directions is the ratio of any integer 
multiples of q and co'; and in no other case. Hence we have the geometrical 
theorem that the oblique trajectory of a system of confocal bicircular quartics, 
the angle of intersection being a, is a closed curve for an infinite number of 
values of a ; viz. whenever 



tan a = 



n£dsls/' 



nunn 



m and n being integers, and /and /being taken along complete ovals belong- 
ing to opposite systems. 

In the case of the confocal conies, the corresponding function having only 
one period, none of the oblique trajectories are closed curves. 

* Its differential equation in circular coordinates is, however, obvious, and is immediately integrable 
by elliptic functions. See an article on " Some Applications of Circular CkK>rdinateB,^* to appear shortly 
in this Journal. 
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On the Surfaces with Plane or Spherical Curves of 

Curvature. 

(For first part see vol. XI, No. 1.) 

By Prof. Cayley. 



I consider next the case 

PS4'^ = Serret's third case of PS. 

The six equations are 

A' + B'+G^ =1, 

ax + by = Im, 

Aa + Bh = h 

a? + y^ + !f—2ez =2v, 
Ax + By+ G{z — B)= m, 

Adx + Bdy + Gdz = ; 

where 6 has been written in place of y: m is a given constant; a^h.l are func- 
tions of ^; v is a function of 6. The equation ax + hy'= Im evidently denotes 
that the planes of the plane curves of curvature are all of them parallel to the axis 
of 2 , or what is the same thing, they envelope a cylinder ; in the particular case 
w = 0, they all of them pass through the axis of 2. In the general case, the 
required surface is the parallel surface, at the normal distance m^ to the surface 
which belongs to the particular case m = . This is not assumed in the investi- 
gation which follows, but it will be readily perceived how the theorem is involved 
in, and in fact proved by, the investigation. 

I obtain the solution synthetically as follows : 

Taking T, a, b functions of <, a* + b'= 1; 71, aj, bi their derived functions, 

aai + bbi = 0; ft = 77^ + ai + bj; a function of 0, 0' its derived function, 
39 
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M=^;P= ^^ , Q = ^---| , and therefore P» + (3» = 1 ; then writing 

(where AI + BI+ C? = 1) we assume 

X =■ mA^ + &MP, 
y — mB^ + hMP, 
z=mG^ + e+ MQ, 

equations which determine x, i/, z as functions of the parameters t and 6. As 
will presently be shown, we have A^dx + B(fily + G,/dz = ; and we have thus 
A, £, G= Aq, Bi, Co', and this being so, we easily verify the six equations 

A* + B*+C* =1, 

bx-ay =^(^_^^_1_), 

a^ + y* + (2-e)* = m' + M* + e>, 
Ax + By+C{z — e) = m, 
Adx + Bdy+Cde =0, 

which are the six equations of the problem with the values a = h, b= — a, 

2T 1 
1=. sr -jji , 2w = wj* + Jf*, for a , 6, Z and 2v. 

T 1 

We in fact at once obtain the third equation b J, — a5o = — -^ -jjy , and 

/ T 1 \ 
thence the second equation bx — B.y=^m (bA^ — aBq) , =m( — -^-^ -yj^ ) ; then 

for the fifth equation we have 

A^ + B^ + Co{z-e) = m+ M\{A,!i + ^.b) P + CoQ\, = m, 
since (^oa+5ob)P+ CoQ=0; and for the fourth equation we have 

!K* + y*+ (z — ey = m* + 2m \ M{A,& + ^ob) P + CQ\ + JiP, = m* + M*. 
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It remains only to prove the assumed equation A^ -f- B^y -f- C7jdz = 0. 
Writing for a moment X, Y, Z= &MP, hMP, 6 + MQ we have 

A^ + B^y + G^=A^{mdA^ + dX) + B^ {mdB^ -{-dY)-{-Go {mdGo + dZ), 
= A^X + B^Y-\- G^Z, 

since A^fiA^ + B^/dB^ + G^G,, = in virtue of J J + JBJ + Cq' = 1 . 

We have thus to show that if X, Y, Z = sJfP, hMP, 6 + MQ, then 
A^X-\-B^Y+ G^Z=0; say we have 

dX = pdt+p'd6, 
dY=qdt + q'dB, 
dZ=rdt +i^dd, 

then the required values of A^, B„, Go are proportional to gr' — gfr, rjpf — /p, 

p^ — i>'2» and the sum of their squares is = 1 . Writing for shortness MP = R, 

MQ = S, we have 

p = &iR-\- SiBi, p' = SiBf, 

q = hiB + hBi, q' = hB', 

qj^ — ^r= h[B,{l + S') — B!S{]+h,B{l + S'), 
rp' — r'i>= - a [B, (1 + S') — BfSi] — a^i? (1 + S'), 
p^—p'q= — (abj—ajb) i2iJ'. 

Here B! = MP + M'P, B^^MP^, 

S' = MQf+M'Q, Si^MQ,, 

and hence 

BS' — BS =M*{Pqf —PQ), 

B^S' - B8^= M*{P^Q( - PQ,)^ MM' {P^Q-PQ^); 
moreover, from the values of P and Q we have 

V — 20 M ' ^^~ 2T ^ ' 

and thence 
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also 

i2'= pg + jf'p, =p((2+jf'), i+/S=i-p»+if'(2, = e((2+J/'); 

B,= --^MPQ , BS'-BfS=-PM, R^S' — B'Sy=-^MPM\ 

and consequently 

R,{l-{.S')-R8,= -^MP {Q+M'), 

R{l + S') = MPQ{Q + M'), 

RR = MP" {Q+M'), 

and hence the foregoing expressions for qr^ — g'r, rp' — i^p, pcf — 'j^q each con- 
tain the factor MP{Q + if); and, omitting this factor, the expressions are 



{-b^ + b,(2}, {a^-a^gj, -(abi-aib)P; 

the squares i 
thus the required values 



fhe sum of the squares of these values is = ^fk + a| + bf , =11, ana we have 



which completes the proof. 

In the case m = , the solution is 

_ 20 2V7B 20 W^ 20 r— 

Bonnet, in the paper (Jour. Ecole Poly 1. 1. 20) referred to at the beginning 
of this memoir, gives for this case (see p. 199) a solution which he says is equiv- 
alent to that obtained by Joachimsthal in the paper " Demonstrationes theorema- 
tum ad superficies curvas spectantium," Crelle, t. 30 (1846), pp. 347-360; viz. 

JoachimsthaVs form is 

ju sin Z sin ^ 
1 + cos LooB M^ 

|t^ sin i cos >l 

^~ 1 + cos LcosM^ 

a cos i sin Jf . p , ,^ , 
' = l + cosZcosiif + J «°^ ^^f' 
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where Z, Jf denote arbitrary functions of the parameters X, ft respectively. To 
identify these with the foregoing form, I write 

, r— 1 „ 0—1 40V© 

sm;i = — a, cosX = — jrp-j, cosJf=Qq7y ' '* ~ 0' (0 + 1) ' 

cos ^ = — b, sm Z> = — y , ^ , sm if = — q , ; 
we thus have 

sin Z sin A _ WT ^ (7—1X0—1) _ aV7"(0 + 1) 
1 + cos Z cos if ~ * 7+ 1 * ^"(7*+ 1)(0+1)' ~ 7+0 • 

and thence 



_ 20 2\/y9 _ ^ K 2 V?B 
x_ ^, a y_^Q , y_ Q, 2'_^0 • 

Moreover, _ 

cos L sin M _ V0(r— 1) 
l + cosXco8if~" r+0 ' 

20 20 ^ y 1^ 

and thence the first term of z is = -qt /q -X- WiT A- &\ ' ^'^ observing that 

20(7'— 1) = (0 + 1)(7'— 0) + (0 — 1){T+ 0), this is 

_ ^ y— 20 (0 — 1) 

~ 0' 7'+©+ ©'(0 + 1) ' 

or we have 

20 7'—© ^ 20(0-1) , /» ^ w. , 
^= 0^ 7H^ + ©(0+1) +J cot if d^. 

Here 

.irj ©— 1 40V© f|© © ©'•»,. 

cotif(i/t = -^;^^ e(0 + i)i-e--0+T- ©r}*^ 

_ 0(0-1) f 3 2 ,2©^] 

~ ©+1 t~© © + 1"^©"J 

But writing 



_ 2©( ©— 1) 
^~ ©(0+1)' 



we have 



2©(© — l) f0' . © ©^ ©11 ,fl 

^- ©'(© + 1) l©""*"©— 1~©+1~ ©'i'*^ 

_ ©(©-l) f 2 , 2 2 2©;i 

- 0+1 I© +0— 1~"©+1~ ©* j"^' 
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and thence 

rf^ + cot Mdii = ^^^ { - i- + e^ ]dB,=zdB,. 
and consequently 

and the value of z thus is 

which completes the identification. 

Bonnet's formulae just referred to, making a slight change of notation and 

correcting a sign, are 

_ Tsine 

^~cosi(c+0)' 

_ Fcosfl 
2^— cosi(c + ©)' 
z = r + trtani(c + 0), 

where T, are arbitrary functions of the parameters c, 6 respectively. To 
identify these with Joachimsthal's, write 

sin X= sin 6, cosJf= tcotic, copZ= icoti0, ^= — Fcosecic, 
cos X = cos 6 , sin if = cosec ic , sin Z = cosec i© , 

cot if = icosic, cotZ= tcost0, 
we have 

_ ^i cosec 10 sin — fi sin ic sin 6 F sin B 

^ ~ 1 — cot ic cot iQ ~ cos i (c + 0) ' ~ cos i (c + 0) ' 

and similarly 

_ Tcose 

^ CO8i(c + 0)" 

Moreover, the first term of z is 

fii cot i0 cosec ic — ^li cos i0 tF cos i0 

1 — cot ic cot i© ~ cos i (c + 0) ~ sin ic cos i (c + ©) ' 

or since i© = i (c + 0) — ic, and thence 

cos I© = cos ic cos i (c + 0) + sin ic sin i (c + 0), 

this is = iV {cot ic + tan i (c + ©) }, 

and we have 

2 = irtani (c + ©) + iF cot ic + fcot MdfL. 
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But from the equation |m = — V cosec ic , we obtain 

dfi = ( — F' cosec ic + iF cosec ic cot ic) do ; 
whence cot Mdfi = (— iP" cot ic — F cot* ic) dc , 

and thence 

d fir cot ic + / cot Mdfi) = (iT" cot ic + F cosec^ ic) dc 

+ (— tT'cotic — rcot»tc)(fc, =rdc] 

iT' cot ic + / cot MdfjL = T , 

and consequently 

2 = r + irtani(c + 0), 

which completes the identification of Bonnet's formula with JoachimsthaVs. 



that is 



SS. The Sets of Cubves of Curves of Curvatueb each Spherical. 

The six equations are 

A' + B'+G^ =1, 

a? + 7f + ^—2ax—2bi/ —2cz — 2u=0, 
A{x — a) + B{y — b) + G{z — c) — l=iO, 
cc* + y* + z* — 2aa; — 2^y — 2yz — 2i; = 0, 
A{x—a) + B{y-^) + G{z-y)-^=0, 
Adx + Bdy + Gdz =0; 

the condition being 

aa + b^ + cy — l^ + u+v =0. 

The cases are 





a 


b 


c 


I 


u 


a 
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V 















c 
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I 
I 

mc + lm' 


h{ml+m') 

h {ml + m') 

— hm"o — m"' 


a 
a 
a 
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m7i+ h m" 


hm 


— i«i' 

— im' 
hm'^+m'" 


SS4° 
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mc+ m' 


mm"c-\-m'm"—m"' 


a 





7 




^y+m'" 



where m, m\ 'w!\ m'" are constants ; J, c, Z functions of <; a, |3, y, X functions 
of d. 

/SaS'I® gives circles (i. e. the curves of curvature of one set are circles). 

ISS2^ is Serret's first case of SS. 

SSS^ gives circles. 

SS4^ is Serret'fl second case of SS. 
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SS2^ = Sbrret's First Case of SS. 

Writing for convenience m! = — /*, the six equations are 

A' + B'+G^ =1, 

a^ + y^ + ^—2cz—ml+/^ =0, 
Ax +By+ G{z — c) — l = 0, 

7? + y' + ^-2ax-2fiy—/' = 0, 
A{x-a)+B{y-^) + G{z — X)=0, 
Adx + Bdy+Gdz =0, 

where m,/ are constants; c, Z are functions of <; a, |3, ^ functions of 6. The 
first set of spheres have no points in common, but the second set have in 
common the two points a;=0,y = 0, 2;=±/. Hence inverting (by reciprocal 
radius vectors) with one of these points, say (0, 0,/) as centre, the spheres of 
the first set will continue spheres, but the spheres of the second set will be 
changed into planes, and the required surface is thus the inversion of a surface 
PS, which is in fact PSZ^i say this surface PS is the " Inversion" of SS. We 
invert by the formulae 

where fl = X» + 7» + {Z—ff. 

Writing the equation for the second set of spheres in the form 

a* + 2^ + (2;-/)»— 2ax— 2/3y+2/(2-/) = 0, 
the transformed equation is at once found to be 

- 2aX- 2|3r+ 2f{Z-f) + JP = 0, 
orsay aX+/?F-/Z + /«— i^= 0; 

viz. this gives the planes of the Inversion. 

Similarly for the first set of spheres, writing the equation in the form 

a^ + y' + (25-/)*+2(/-c)(z-/)+2/(/-c)-mZ=0, 

the transformed equation is found to be 

{2/(/-c)-m?}{X»+7> + (Z-/)»f + 2(/-c)ir»(Z-/) + ir« = 0; 

viz. this is 

{ 2/(/- c) - mz}(x» + r + z») + 2^K/- c)(- 2/" + ir») +/mz} 

+ { 2/(/- c){f - IP) -fml + irn = 0. 
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which gives the spheres of the Inversion : the two equations take a more simple 
form if we write therein Jr*= 2/^; viz. they then become 

{2f-2fc-ml){X^ +Y^ + Z') + 2Z/ml + f{2f + 2cf- ml) = 0', 
or say these are 



f 



aX±JY-fZ_ _ 



^fml ry . /*(2.r + 2<if-^_ 



\^X -\-Y -irZ +2/»-2/c-mi^+ 2f-2fc-fnl -^' 

Interchanging the parameters so as to have t in the first equation and 6 in the 
second equation, these are of the form 

aX+hY-ircZ =0 (where a» + 6» + c» = 1), 

X* + 7» + Z» — 2yZ— 2i; = 0, 

and the Inversion is thus a surface P/S3°. 

884!* = Sebbet's Second Case of 88. 

Writing for convenience m' = — mf, »n"'= g (e* +/*), mm" =■ — g, and 
therefore m'm" =^fg, the six equations are 

^» + ^+C» =1, 

«* + y' + 2*- 26y- 2c(z-gr) _ 2/gr + e* +/«= 0, 

Ax + B{y — h)-\-C[z — c)-\-m{f—c) =0, 

a^ + 2/* + 2*-2aa;-2y(2-/)-e»-/» =0, 

A{x-a)^By^G{z-y)-^{g-\-'y) =0, 

Adx -\- Bdy -^ Gdz =0, 

where e,f, g, m are constants; b, c are functions of <; a, y functions of 0. 
The spheres of the first set pass all of them through the two points 



x=±^^2/g — ^—/* — f, y = 0, z = g, 

and those of the second set pass all of them through the two points 
a;' = 0, y'=±e, z'=/, 

where observe that these are such that 

(x - a/)* + {y- y)» + {z-z!f = ; 
40 
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viz. the distance of each point of the first pair from each point of the second pair 
is = 0. The pairs of points are one real, the other imaginary, but this is quite 
consistent with the reality of the spheres. 

The first pair of points lie in a line parallel to the axis of x, meeting the 
axis of z at the point z^ g; and the second pair in a line parallel to the axis 
of ^, cutting the axis of z at the point z=/. It is clear that we can, without 
loss of generality, by moving the origin along the axis of 2, in effect make g to 
be = — /; the equations of the two sets of spheres thus become 

x' + y' + ^—ibj/- 2c{z + /) + ^+Sf = 0, 
7? + y' + ^—2ax — 2y{z—/) — ^—f =0, 

or, if in these equations for e* we write c* — 2/^, the equations become 

^ + y" + ^ - 2by - 2c{z +/) + ^ +f = 0, 
^ + f + z'— 2ax — 2y (z—f) — e» +f = 0, 

which are very symmetrical forms. 

The spheres of the first set pass through the two points 

=fcV— e^-2A 0, — /, 

and those of the second set through the two points 



0, ±^^-2A /, 
where, of course, the two pairs of points are related as is mentioned above. 

By taking as centre of inversion a point of the first pair, we invert the first 
set of spheres into planes and the second set into spheres ; and similarly, by 
taking a point of the second pair, we invert the first set of spheres into spheres 
and the second set into planes. By reason of the symmetry of the system it is 
quite indifferent which point is chosen ; and taking it to be a point of the second 
pair, and writing for convenience «=Ve*— 2/* (n is in fact the quantity 
originally denoted by e), then the points of the first pair are 



±V-n«-4/», 0, -/, 
, ±/i, /, 

and I take for centre of inversion the point (0, n, /). 

Observe that if e= 0, /= 0, then the four points coincide at the origin, 
and taking this as centre of inversion, the two sets of spheres are each changed 
into planes, and the Inversion of the surface SS is thus a surface PP; this 
particular case will be considered further on, but I first consider the general case. 
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The formulae of inversion are 

where fl = X» + ( F— n)» + (^— /)*• 

Writing the equation of the second set of spheres in the form 

a» + (.y - «)» + (3 -/)» - 2aa5 + 2« (y - n) + 2 (/- y)(z -/) = 0, 

the transformed equation is 

-aX + «(r-«) + (/-y)(Z-/) + ^ir» = 0, 

which gives the planes of the Inversion. 

Simikrly writing the equation of the first set of spheres in the form 

a3+(y_^)»+(g_/)»+2(n-J)(y-n)+2(/-c)(a— /)+2n»-26»i+4/(/-c)=0, 

the transformed equation is 

{n»-6«+2/(/-c)}{J:» + (r-w)» + (^-/)*} 

+ir»u«-i)(r-«) + (/-c)(^-/)f + iJ^^=o, 

which gives the spheres of the Inversion. 

Changing the origin, the two equations may be written 

— aX+wr+(/— y)^+iir»=0, 

|w»-6n + 2/(/-c)}(j:»+r'+z»)+ir»{(n-6) r+(/-c)Z} + jJsr*=o. 

I stop to consider a particular case : Suppose n = 0, the equations are 
- aJr+ (/— y) Z+ i jr» = 0, 

or, interchanging herein Y and Z, they are 

and if for Y we write Y — , then the equations become 
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viz. interchanging the parameters so as to have t in the first equation and Q in 
the second equation, these are of the form 

which belong to PS4P. Hence in this particular case, n = , the Inversion is PaS'4® . 
Reverting to the general case, and to the two equations obtained above, 
observe that in the second of the two equations the terms in F, Z have the 
variable coeflBcients n — h and/ — c, so that it does not at first sight seem as if 
these terms could be by a transformation of coordinates reduced to a single term. 

But if again changing the origin we write Y — for F, the two equations 

become 

— aJr+ nr+ (/— y)Z= 0, 
jn» - 6n + 2/(/- c) } ] Z» + 7* + ^*) + — (/- c)(- 2/F + nZ) 

+ ^{«' + 6«+2/(/-c)} = 0, 

where, in the second equation, the terms in F, Z present themselves in the 
combination — 2/F + n^ with the constant coefficients — 2/andn. Hence 
writing 

V7i* + 4/»F= nT—2fZ\ 

^n^+AfZ=2fT+ nZ\ 



and consequently — 2fY '\-nZ-=^n^ + Af^Z', and (after the transformation) 
removing the accents, the equations become 

JL +1 -\-Z> -|-^j„,_j„_j.2/(/_c)}^+ n*\n*''-bn + 2/{/-c)\-^' 

viz. interchanging the parameters so as to have t in the Grst equation and 6 in 
the second equation, these are of the form 

aX +bY+cZ=0, 
X* ■{■ Y* -\- Z* — 2m^Z= e, 

which belong to the case PAS'S". Hence in this general case the Inversion is a 
surface PS3^. 
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I have spoken above of the particular case e = 0, /= 0: here the equations 
of the two sets of spheres are 

a* + 2/* + 2*— 26y — 2c25=0, 
a* + 2/* + 2* — 2aa;— 2yz = 0, 

which have the origin as a common point. Taking this as the centre of inver- 
sion, or writing 

a = -Q-, y = -^, ^=ir' where fl = Z* + P + ZS 

the transformed equations are 

hY+cZ—hK^=0, 
aX +yZ—hK^ = 0, 

or, interchanging X and Y, say 

bX +cZ—hK^ = 0, 
aY + yZ—iK^ = 0, 
which are of the form 

X +tZ—P =0, 

Y+ez—n =0, 

belonging to a surface PPS^. Hence in this case the Inversion is a surface PPSf^. 

It thus appears that the surface SS4:^ has an Inversion which is either PSS^, 
PS4^ or PPS^. The inversion has in some cases to be performed in regard to 
an imaginary centre of inversion. 

It was previously shown that the surface SSS^ had an Inversion PSS^, and 
we thus arrive at the conclusion that a surface SS, with its two sets of curves of 
curvature each spherical, is in every case the Inversion of a surface PS with 
one set plane and the other spherical, or else of a surface PP with each set 
plane. Serret notices that the centre of inversion may be imaginary : this (he 
says) presents no difficulty, but he adds that it is easy to see that the centres of 
inversion may be taken to be real, provided that we join to the surfaces thus 
obtained all the parallel surfaces. 

It seems to me that there is room for further investigation as to the sur- 
faces SS: first, without employing the theory of inversion, it would be desirable 
to obtain the several forms by "direct integration, as was done in regard to the 
surfaces PP and PS', secondly, starting from the several surfaces PP and PS 
considered as known forms, it would be desirable to obtain from these, by inver- 
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sioQ in regard to an arbitrary centre, or with regard to a centre in any special 

position, the several forms of the surfaces SS. But I do not at present propose 

to consider either of these questions. 

In conclusion, I remark that I have throughout assumed Serret's negative 

conclusions, viz. that the several cases, other than those considered in the present 

memoir, give only developable surfaces, or else surfaces having for one set of 

their curves of curvature circles. These being excluded from consideration, 

there remain 

PP, Serret's two cases PPl\ PPS^; 

PS, his three cases PSl^ PSS\ PS4^i 

SS, his two cases SS2P and SS4^ ; 

but PPl^ is a particular case of, and so may be included in, PPSP; and simi- 
larly PSl^'iB a particular case of, and may be included in, PSS^; the cases 
considered thus are 

PP3^ PSS', PSiPi SS2? and SS4:\ 

It would however appear by what precedes that the case SS4^ includes several 
cases which it is possible might properly be regarded as distinct ; and the classi- 
fication of the surfaces SS csm hardly be considered satisfactory; it would seem 
that there should be at any rate 3 cases, viz. the surfaces which are the Inversions 
of PP3^ PSS^ and PS4!^ respectively. 

I regard the present memoir as a development of the analytical theory of 
the surfaces PP3^ PSi^ and PaS4^ 



On the Geometry of a Nodal Circular Cubic. 

By F. Morley. 



In Crelle Bd. V the circular cubic with double focus on itself is treated by 
Schroter and Dur^ge. I here give a geometrical account of the case when the 
curve, in addition, is nodal. It is then (Humbert, American Journal X, 3, p. 279) 
Quetelet's **focale a noeud," but I have not been able to find Quetelet's work. 
Some properties of the special case when the inflexion is at infinity are given by 
Booth (Quarterly Journal, Vol. Ill) under the name of the logocyclic curve. 

§1. Let two tangents OP, 0^ be drawn to a conic ?7, and let a conic W 
through OPQ meet ?7 again at PiQi. Then we know that the tangents at PiQi 
meet at a point Oi on U\ In proof, project PiQi to the circular points on the 
line 00 ; then we have tangents OP, OQ to a circle CT, and the circle OPQ or 
CT' obviously goes through the centre Oi of this circle. Also OOi is conjugate 
io PQ and P^Qi with regard to U'. We shall need the following Lemmas from 
the geometry of the circle : 

T 




Fia. 1. 

(1). Let OOi, PQ be conjugate chords of a circle a, then the lines joining 
the ends of one to the centre of the other make with it equal angles. For let ^ 
be the pole of PQ. The centres of all chords through ^ lie on the circle y whose 
diameter is a/?; hence if D be the centre of OOi, the angle PD^ = angle QD/S] 
also each is half angle PaQ and hence =:POiQ. 

(2). Since 07, OiFare equally inclined to PQ at its centre (Lemma 1), they 
meet the circle in points equidistant from P, Q; hence angle POV= angle QOD. 

We may notice the corollaries that (1) the lines bisecting the angles POQ^ 
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POiQ also bisect VOOu VOiO, and hence by Lemma 1 meet on PQ, so that 
P0:0Q = P0i:0iQ] whence in a cyclic quadrilateral whose diagonals are con- 
jugate, the rectangles of opposite sides are equal; (2) OV. OiF= PV^. 

Returning to the conic U, let Z7' be a circle. We have the common chords 
PQ, PiQiOf the circle and conic equally inclined to either axis, and therefore 
the radii CO, GOi equally inclined to either axis. Also from Lemma 2, angle 
(70P= angle 0^0 Q, and therefore GOf— O^Of. Hence the point 0^ has 
reference only to 0,/, /i, and is the same for all confocal conies when is 
fixed ; so that if we draw tangents from a fixed point to a confocal family, the 
circles through and the points of contact have a common radical axis (a result 
given in Wolstenholme, Problem 1079). The point Oi clearly lies on the special 
circle Offu and also on the special circle (orthogonal to OFF^ through and 
the imaginary foci GGi. We have of course GO.GOi=^ Gp. 

p o 




We know that the locus of P or ^ is a circular cubic having a node at 0, 
the nodal tangents bisecting the angle /O/i ; and that the cubic is also the locus 
of the feet of normals from to the conies, and of feet of perpendiculars from 
on its polars with regard to the conies. See a paper in the Messenger of Mathe- 
matics, April 1887, where I have given some of the geometry of this cubic, showing 
in particular that the tangents to it at P, Q meet at a point T on the cubic, so 
that PQ are '* corresponding points"; that OP, OQ subtend equal or supple- 
mentary angles at any point of the curve (the fundamental property) ; in 
particular, that they make equal angles with either nodal tangent; that if PQ 
meets the cubic again at i2, OR is perpendicular to PQ, and T, R are corres- 
ponding points, and that is the centre of a circle touching 7P, TQ, PQ (the 
latter of course at R). The angles which OP, OQ subtend are equal when R 
is between PQ, otherwise supplementary. 

From what precedes, all circles through the node and two corresponding 
points PQ pass through a fixed point Oi; and D being the centre of 
POi, OP^ OQ subtend equal angles at Z). Hence, from the fundamental 
property of the cubic, D is on the curve (Fig. 3). The line OF which bisects 
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the lines joining corresponding points is parallel to the asymptote, for it is 
normal to the circle of infinitely large radius which is a limiting form of the 
confocal ellipses, i. e. it goes through the point at oo on the curve, K suppose. 
Now OV, OB make equal angles with a nodal tangent (Lemma 2); hence 2), K 
correspond. But /J being the circular points, the line at oo KIJ is perpendicular 
to any line and hence to VOK. Hence IJ correspond, and the tangents at them 
meet on the curve at Z); or 2) is the double focus. 

Any circle whose centre is D will have double contact with the cubic at /«/, 
for Z>/, DJ are tangents to both curves. 

Since D, K correspond, angle 2)^0= angle KQO, and if QD meets the 
cubic again at Qi, angle DQiO=^ angle KQ^O. Hence angle QOQi'is right, or 
any chord through the double focus subtends a right angle at the node. 

Let the line joining any point H on the curve io PQ meet the curve again 
at pq (see Fig. 6, where, however. His special). Then, since angles OHP, OHQ 
are equal or supplementary, angles OHp, OHq are equal or supplementary, and 
therefore^, q also correspond. Conversely, the lines joining P, Q iop, q meet 
in two points on the curve which also correspond (see Salmon, Plane Curves, 
p. 132). The point being equidistant from the lines joining corresponding 
points to any point on the curve (fundamental property) must be equidistant 
from the four lines Pp, Pq, Qp, Qq; or the four lines joining one pair of points 
to another pair touch a circle whose centre is the node, and intersect again on 
the curve (compare the paper above referred to). 

In particular, QDQi and PK (Fig. 3) meet on the curve, so that PQi is 
parallel to the asymptote. Hence OF, which bisects PQj also bisects QQi, or 
the locus of centres of chords through the double focus is the line through the 
node parallel to the asymptote. 

The angle PDQ = twice angle POiQ (Lemma 1) = 360'' — twice angle 

POQ. But being centre of circle inscribed in TPQ, POQ = 90° + ^ PTQ. 

Hence PDQ =180° — PTQ^ or the circle circumscribed to the triangle formed 
by two tangents from a point on the curve, and the chord of contact, goes 
through the double focus. It is clear (see Fig. 1) that the tangents to the circle 
OPQ at P, Q meet on the circle TPQ. The locus of the centre of this latter 
circle may be seen to be a hyperbola of no apparent interest. 

Let JBTfli be the chord through D perpendicular to OOi. Since HHi is 
perpendicular to 02), jfffli correspond. Hence OH, OH^ make equal angles 
with the nodal tangents, and since OH, OH^ are at right angles (J3Si passing 
41 
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through D), they bisect the angles between the nodal tangents. Also, JBTSi 
being perpendicular to 0Z>, the tangents at 5Bi are parallel to the asymptote. 
These points are of great use later. 

Since Z>, jK' correspond, the tangent at D meets the asymptote on the curve, 
at A suppose. Since OD, OK subtend equal angles at D, the tangent and the 
asymptote are equally inclined to OD. Also AOD is a right angle since AD is 
a chord through the double focus. Hence if E is the centre of SSi, A ODE is a 
rectangle. 

§2. In connection with what follows see Salmon's Plane Curves, §§278-281. 
The bicircular quartic with a finite node being the pedal of a conic and the 
inverse of another conic, a circular cubic is the pedal of a parabola and the 
inverse of a conic with regard to a point on it, and the cubic in question having 
perpendicular nodal tangents, is the pedal of a parabola with regard to a point 
on the directrix and the inverse of a rectangular hyperbola with regard to a 
point on itself. 

Since F is on a fixed line and PQ makes equal angles with OF, OiF, we 
see that PQ envelopes a parabola with focus Oi and directrix OF; and OB is 




Fia. 8. 
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perpendicular to PQ. Thus we see ab initio that the curve is the pedal of a 
parabola. That it is the inverse of a hyperbola follows by reciprocation, or may 
be obtained directly from the fundamental property. 

We now show that the tangents to the parabola from P, Q (which are 
perpendicular "to OP, OQ) touch the parabola where OR meets it. It is enough 
to show that if P^, PX be tangents to a parabola, the perpendiculars from X 
to PQ and from P to PXmeet on the directrix. But these are perpendiculars 
of the triangle formed hy PQ, PX and the tangent consecutive to PX. And 
we know that the orthocentre of any tangent triangle is on the directrix. It is 
obvious that PX, QY intersect on the polar of 0, i. e. the line OiB parallel to 
SSi, and also on the circle OPQOi. When QR coincide (at N in fig.), since 
the tangents at P, Q meet on the cubic and PQ is the tangent at Q, P must be 
the inflexion, and since it is the intersection of tangents from P, Q to the para- 
bola, it must coincide with B, where the polar of meets the cubic. Hence 
the inflexion and node are equidistant from HHi . The curves clearly touch at 
N, and ON is the common normal. Since B, N correspond, OV bisects BN. 
Hence the tangent from the inflexion to the cubic is bisected by the parallel to 
the asymptote through the node. 

If ^, 5^ correspond, then since OR, PQ make equal angles with Rp, Rq, 
they divide pq harmonically. Making pq coincide with PQ, the line PRQ is 
divided harmonically at the contact with the parabola. 

It is worth while to call attention to the fact that D bisects OOi. It may 
be proved (but is apart from the present purpose) that the four double foci of a 
nodal bicircular quartic bisect the lines joining the node to the foci of the conic 
which is the negative pedal of the quartic. 

§3. We will now obtain the position of the four single foci of the cubic, by 
considering the cubic as the inverse of a rectangular hyperbola with regard to a 
point on it. 

The tangent at inverts into a parallel to the finite asymptote. The paral- 
lels to the asymptotes through become the nodal tangents. The four foci of 
the hyperbola become the four foci of the cubic. The following consideration 
may aid in clearing up this last point, which is usually stated without proof. Let 
be the origin, and let a point F, whose coordinates are a, 0, be a focus of a 
curve. Let FiQi be antipoints of 0, F] the coordinates of i^i are a/ 2, ia/2. 
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The circle OFFi is a?+ j^—ax — iay, ot{x + ty)(aj — ty— a) = 0, i. e. it breaks 
up into the imaginary lines OFJ, F^FJ. Since the latter is a tangent to the 
curve, so also is the circle. Since OF\ = Q= 0G[, when we invert the anti- 
points and the circular points are interchanged, the circle becomes a tangent 
through a circular point, and F remains a focus of the inverse curve. 

Since the tangents at corresponding points of a curve and its inverse make 
equal angles with the radius vector, the images of with regard to the axes will 
become the points JBTfli at which the tangents are parallel to the asymptote. 




Fio.4. 



The end of the diameter through lies on the circle OHHi and hence 
becomes the point where EHi cuts the cubic, that is the double focus. The ends 
of ally diameter become corresponding points. 

The fecial of the hyperbola are on the axis ffi, which inverts into a circle 
through with centre H^. They are also on the circle OffiH. If the tangent 
at meets the conjugate axis at «, then the angle which the circle makes with 
Ot = angle tHO = angle tOH] hence in the cubic the foci lie on the line through 
H which makes with the asymptote the same angle as OH, and are the points 
where this line is cut by the circle through with centre H^. 

Interchanging JET and JBTi, we have the imaginary foci, the antipoints of the 
real foci. 

Since (Fig. 6) H is the pole of OOi with regard to the circle whose centre 
is 5i and radius HO or -CTOi, we see that OOi and ffi are conjugate chords. 
Hence DOf^ f\DO are similar triangles, and (cor. 2 to Lemma 2 at the beginning) 
OL^ = Df.Dfij a result generalized later. 

It is clear that the focal circle with centre H^ and radius H^O, being the 
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inverse of an axis, cuts the cubic orthogonally at points where the curvature is 
stationary. 




Fia. 6. 



In the hyperbola we have fP — /iP=^ =b A;, — when P is on the same 
branch as 0. Hence on inversion 



fP fiP _ 



Of. OP O/i.OP 



= ±:k, 



-|- for the loop, because the branch of the hyperbola away from inverts into 
the loop; /i is now the focus inside the loop. To determine /c, take P at Hi 
where HJ= HJ^ ^H^O] then 

Of Of - "^ 

and hence fP±: OP _ fPzt OP 

Of - Of ' 

where for points on the loop we take the + sign. 

Again in the hyperbola we have Pf.Pf = POl, Of. Of = 001, and hence 
on inversion p. p. / PO \^ 

OP. Of OP.'of ~ KOP.OOj ' ^'^- ^-^1 = ^^'' 
whence PfPf = PO{, 

so that the cubic is the locus of a point whose distances from 3 fixed points are 
connected by the relation TiT^ = r| . It is to be noticed that Oi is not a focus. 
In the linear relation above connecting the distances from /, /i, 0, we may 
regard as an improper focus, for the line from it to a circular point fulfils the 
condition for a tangent. 
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From the general case, when we take any conic and a point off it, we get 
that the product of focal distances of P is in a constant ratio to the rectangle 
of segments of a chord from P to a fixed circle, namely, the inverse of the 
director circle. The ratio becomes an equality when the fixed point is on the 
conic, in which case the quartic becomes a cubic. 

From the equation iy.P/i= POf we get that the line of foci meets the 
cubic at points on the circle HyDOi as well as at H. 




Fig. 6. 



The cubic is its own inverse with regard to H or H^ (Fig. 6). For let HPp 
be a chord through H. We have to show HP.Hp^= HOP. Inverting we have 
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(Fig, 4) a circle through OH, and Pp are clearly on a line parallel to ffi . We 
have to show in the hyperbola 

■ HP Hp _ 1 

OH. OP ' OH. Op- HO^' 
or HP.Hp— OP. Op, 

which is obvious. This clearly applies to any nodal cubic. 

Join Pp to fii, cutting the cubic at ^Q. We have shown above that 
PQ, pq (since they join corresponding points to a point on the curve) are cor- 
responding points, that Qq goes through H, and that the four lines touch a circle 
with centre 0. Also, since HP.Hp=^ HQ.Hq= HO^, the four points lie on a 
circle orthogonal to the circles whose centres are JT, 5i and radii HO, HiO] 
hence the centre of this circle is on OD, the radical axis of these circles. Since 
the circle OPQ has its centre on HHi, it is orthogonal to the circle pPQ] the 
former belongs to a coaxial set through OOi, the latter to the orthogonal coaxial 
set whose limiting points are OOi* The line joining the centres of these circles, 
being perpendicular to PQ at its centre F, will touch the parabola of Fig. 3, 
for Fis on the directrix. It therefore joins corresponding points, but they are 
imaginary, being in fact the antipoints oi PQ. If it meets the cubic at r, clearly 
Or is a perpendicular on it, and since ROr is a right angle (Fig. 3), Rr goes 
through D and bisects OY. We thus have what is probably the simplest 
geometrical definition. Let be a fixed point. Take Z ons. fixed line through 
it, join ZtoB, fixed point 2), and take R on ZD such that ZR = ZO. The locus 
of i2 is a right circular cubic of which is node , OZ parallel to the asymptote, 
D double focus. This-is the simplest starting-point for geometrical treatment. 

Returning to Fig. 6, we may see by inversion that the diagonals PQ , pq 
meet on OD. This is, however, the known fact that when a quadrilateral is 
inscribed in one circle and described about another, the diagonals (and also the 
lines joining opposite points of contact) meet at a point on the line of centres. 
See Casey's "Sequel to Euclid," pp. 108, 94. 

We see that the cubic is the locus of intersections of tangents from fixed 
points to circles with a given centre. The quadrilateral formed by the tangents 
is cyclic when the points subtend a right angle at the centre. For these circles 
with centre at the node, in connection with the theory of confocal conies, see 
the paper in the Messenger of Math, above referred to. 

§4. The raison cPetre of the above treatment of the /ocafe h nceud is that any 
projective theorem for a nodal cubic or tricuspidal quartic becomes intuitive by 
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projection or reciprocation. The leading feature of the geometry is the para- 
bola of Fig. 3. Bearing in mind that the polar of the node with regard to this 
parabola will contain the two imaginary inflexions as well as the real one, we 
see that in a nodal cubic the envelope of the line joining corresponding points 
is a conic touching the cubic at the three sextactic points, and touching the 
nodal tangents at points on the line of inflexions, so that the node and line of 
inflexions are pole and polar with regard to it. It is the Cayleyan of the cubic 
of which the given cubic is the Hessian. Salmon, §177, and Durfege, Curven 
dritter Ordnung, §540. 

The following may be instanced as properties immediately following from 
the focale h rweud : 

(1). Any two points on a nodal cubic and the points of contact of tangents 
from them lie on a conic. For the circle TPQ (Fig. 3) goes through Z). 

(2). Let PQ he corresponding points, T their tangential, R the point 
on the curve collinear with PQ, the node. Any line through T, or any line 
joining corresponding points, is cut harmonically by ORj PQ, and the curve. 
If qTqif qp are such lines, pqi goes through R. 

(3). If we draw tangents RX, RY, join XY to corresponding points xy, 
meeting the curve at corresponding points ^>7, then PQxy^rj lie on a conic, and 
a conic will pass through PQ and touch the lines joining XYto xy. 

(4). The line OTis cut harmonically by the line of inflexions and the line PQ. 

(5). A complete quadrilateral is inscribed in a cubic whose node is 0. The 
3 diagonals form a triangle such that the lines from to the angles meet the 
sides on the cubic. 

(6). Four lines meet at AAiBB^CCi. Conies through AA{BBi and AA^CC^ 
meet again at 00^. With 00^ as nodes, cubics are drawn through AA^BB^CC^^ 
Then they touch at AA^^ the tangents meet on the curve and on OOi, at a 
point which with AA^ cuts OOx harmonically; a conic through AA^OOx^ with 
regard to which AA^ and 00^ are conjugate, will touch the cubics at AA^. 

(7). In tlje cardioid a tangent meets the curve at .two points, the tangents 
at which meet the tangent at the vertex at points equidistant from the vertex. 

Results in relation to some here considered are given by Mcintosh (Educa- 
tional Times Reprint, XXXVIII, p. 82) and Wolstenholme (lb. XLII, p. 81, and 
XLIII, p. 77, and Problems, Nos. 1824, 1860, 1841). 

HaVBRFOBD Ck)LLEGE, Pa. 



On the Functions Defined by Differential EquationSyWith 
an Extension of the Puiseux Polygon Construction 

to these Equations. 

By Henry B. Pine. 



In their memoir PropriMes des fonctions dSfinies par des Agitations differ- 
entieUes (Journal de PEcole Pol. Cah. 36) Briot and Bouquet present methods 
for obtaining developments for all ordinary solutions of a differential equation 
of the first order /(x, y, ^) = which belong to the initial values a; = y = 
of the variables, when it is known that^ as well as y vanishes with x. 

But as a general equation /(a, y, p) = which has no term independent of 
Xj y, OT p may very well have groups of terms of lower degree in respect to x 
than the remaining terms of the equation, for which p does not vanish with a?, 
but remains finite and different from zero, or becomes infinite — and yet the cor- 
responding y does vanish and is a solution of the equation, — it often becomes 
necessary at the very outset, and directly from the differential equation itself, to 
make a determination of all the possible groups of terms of lowest dimension, and 
this Briot and Bouquet give no means of doing. 

In the first section of the present paper it is shown how this determination 
may be very simply accomplished by an extension of the polygon construction 
used by Puiseux in his study of algebraic functions.* This done, the reduction 
of the cases where p does not vanish with x to the case so fully discussed by 
Briot and Bouquet is easy. 

In the second section, after extending the polygon construction to the 
equation of the n^^ order, and so determining for it also the terms of lowest 
dimension when the equation contains no term independent of x, y, or one of the 
differential coefficients yi, y^, . . . y», — I give methods for obtaining the corres- 
ponding developments themselves. It is proven also that these developments are 

* Journal de Math, pure et appliqu^es, 1,15. 
42 
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actual as well as formal solutions of the equation, for it is shown that they 
converge for values of a; which are greater than zero. 

The method, of course, leads not only to all '*monodrome" integrals which 
vanish with x, but to those also which belong to any initial values sc^, y^ ^i • . yi-i 
of the variables and the diflFerential coeflScients of lower orders, since the equation 
may in this case be readily transformed into one which has no absolute term. 

§1. 

Let /i^,y^p) = 2i4<cc"y V* = 

be any equation of the first order which has no term independent of a, y, or p. 

It is proposed to make every determination of the terms of lowest degree 
in XA^af*y^^p^* := which is possible on the assumption that y vanishes with x. 

In every case represent by [i the degree of y in respect to a ; by the hypoth- 
esis that y vanishes with a, ^ > 0. 

Let Aix'^'y^'p^' be one of the required terms of lowest degree ; there must be 
at least one other term, say A^x'^y^^pf^ of the same degree, and a comparison of 
the two gives for the corresponding (i the equation 

«! + (i^i + (f4— l)yi = aa + (i^i + (ji— l)y,, 
whence u=- ^^-^^-(^^-^^) 

Take two rectangular axes )? , ^ , and construct a point ^< = a< — /<, 
>7^ = /?< + /< to correspond to each term AiX^'^y^'p^*. Then the line joining ^i>7i 
and ^g>72, viz. the line whose equation is 

makes with the >7-axis an angle of which the tangent is — fi, and cuts off on the 
f-axis an intercept 

^1 + (^^i=cLi — ri + (^ (/^i + yi) » 
which is equal to the common degree of the two terms A^x^'^j^'p*^ , -4^*«y^»p^«. 

Since ^ > the line makes an oblique angle with the )7-axis. 

Furthermore, a parallel to this line through any of the other points ^^, yjt cuts 
off on the ^-axis an intercept a< — y< + ^(/?< + y^), equal to the degree of the 
corresponding term. If, therefore, A^x'^^y^'p^' , A^^^y^^p*^ be, as was supposed. 
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terms of lowest degree, all the other points must lie to the same side of the line 
^i>7i — ^2^2 ^s the origin when its intercept is negative, to the opposite side when 
its intercept is positive. 

Hence to get every admissible group of lowest terms in the equation 
2^ia;**^*i>^* = — that is, every group of terms for which the corresponding (i is 
positive and such as to make the terms of the group of lower degree than the 
remaining terms of the equation — move up a parallel to the >7-axis from a position 
below any of the ^<>7< points until it meets one of these points or a group of them ; 
next turn it (clockwise, since (I'^O) about the point of this group which is 
nearest the ^-axis until it meets a second point or group of points ; again turn it 
about the point of this second group which is nearest the ^-axis, and so on until 
further turning would bring it past the position of parallelism with the ^-axis. 

To each side of the polygon thus constructed — except that parallel to the 
>7-axis, should it occur — correspond one or more developments of y in increasing 
powers of a, each beginning with the term af and — save in exceptional cases — 
satisfying the equation /(a, y, i>) = 0. 

A side parallel to the >7-axi8 is to be rejected, since for it f£ = , or the 
corresponding y does not vanish with x . 

The construction can make a parallel to the ^-axis a polygon side only in 
case there be no mere x term in the equation — when y = is a solution. Not 
all equations, however, of which y = is a solution have this line for a polygon 
side ; the equation p +py + y^=^0 does not, for instance. 

The developments corresponding to any polygon side for which (i^l can 
be obtained immediately by the Briot-Bouquet methods already referred to, 
since here p as well as y vanishes with x. 

Those corresponding to a side for which fi<il are to be obtained by the 
same methods after an interchange has been made of the dependent and inde- 
pendent variables. 

If for any side f^ = 1 , make in /(x, y , ^) = the substitutions 

, dv 
yz=ivx,p = v + —x, 

where v takes a finite value Vq different from zero when x = 0. 

The values of Vq belonging to the various developments are given by the group 
of terms of lowest order in /(x, y, ^) = 0, to which the side ^ = 1 belongs, and 
by the substitution y=^{vQ + y^)xj /= is again reduced to the Briot-Bouquet 
form. 
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The various developments in all these cases may also be obtained by making 

f~*/ dv\ r 

in /= the substitutions x=f^ y = fv, p=^ — V^'^ *'dtJ' — ^^^^^ — = f* » — 

and determining the corresponding i?'s from the transformed equation. But this 
method is less direct and elegant than that of Briot-Bouquet. 

§2. 

It is obvious that the polygon construction is equally applicable to equations 
of higher orders. 

The equation being ^x'^n/^ijli . . . . y^« = 0, supposed to have no term inde- 
pendent of a, y, .... or y„, take as before axes of ^ and >/, and following the 
method already explained for the equation of the first order, construct points 

^i = ai — yi— 25, — nv^, >7< = ^, + y< + 5 + v^ 

to correspond to the various terms AiX'^y^ .... y;;* of the equation. The poly- 
gon may then be constructed exactly as for the equation of the first order, and 
similar inferences drawn with reference to the terms of lowest order in the 
equation. 

In the case of the equation of the n^^ order it is necessary, when deriving 
the developments corresponding to the various polygon sides, to distinguish 
between sides whose fiiB ^n and those whose ^ is = or '<?z. For the first y^ 
as well as y and all its lower differential coefficients vanish with x] for the second, 
y^ takes a finite value different from zero or becomes infinite when x vanishes. 

It is always possible, however, by a simple transformation, to reduce the 
second case to the first. For if ^i^ = w , set 

y = vx^i yi = nvx^"^ + x"^ -j- , etc. 

in the group of lowest terms under consideration, remove the common factor x^ 
and set the group equal to zero. The roots v^ of the equation thus constructed are 
the initial values of v in the set of developments sought for ; and the substitu- 
tion y = x^ {vq + y) — where y^ vanishes with x — efiects the required transfor- 
mation. 

If, on the other hand, [i<in for any side or series of sides, select the side 
whose (I is least, find m, the first integer greater than the quotient of n by this 
(I, and make the substitution x = xf\ Then for all the groups of lowest terms 
in the transformed equation [i\ the degree of ^ in respect to a/, is greater than n. 
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It only remains therefore to indicate a general method for getting the 
various developments corresponding to a polygon side for which ^ >• n . 

This done, it may be added, we are in position to derive all solutions of the 
equation f=f^^ +M'^ + . . . . +A = 

which belong to any given initial values ^oi yo> • • • • ^-i ofx.y and the lower 
differential coeflScients of y. ^, /i, • • . •/» are supposed to be holomorphic func- 
tions of a, y, . . . . yn-i for a common region of convergence, and Xq, yo» • • • -yS-i 
to lie within this region. 

For if/„ does not vanish for x = Xo, y = yo> ®*^c., the corresponding initial 
values yl of y^ may, unless /o vanishes, be immediately obtained from /= 0, 
which is algebraic in y^ ; and the substitutions 

x = x^ + xfj 
^ = y2 + 2^^ia/ + 2/;+,-2T + ....2^^^^^ (^=0, l,....n) 

transform /= into an equation in ^, y', yi^ . * . > yn which has no term inde- 
pendent of one or other of these variables, and for which also yi , as well as the 
lower differential coeflBcients of y, vanishes with a/. 

If, on the other hand, /q vanishes, apply the polygon construction already 
described to/=0, regarded as an equation in Xo+xf, yo+y", 2/i+yi, . . . yS-i+yn-i, 

and — (it has no term which does not involve one of these variables), and the 

various values of (i having been obtained, transform as above, by the substitution 
X = a/", into an equation whose n*^ differential coefficient vanishes with xf. 

To get the developments corresponding to a polygon side for which fi'^n, 
that is in the case where all the differential coefficients yii y^, .... y^ as well as 
y vanish with x, make in the equation the substitutions 



yn^% = Vn'^l^^^ 



(1) 



y = yrfliv^ — v^x 

where t?i, i?2, . . . • Vn ^^^ functions of x which take finite values t?J, rj, . . . . t?^ 
different from zero when a = . 

In the resulting equation, freed from any factor ylxPvl .... v'^^i which may 
be common to all the terms, determine by the ordinary Puiseux method or any 
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other method applicable to algebraic functions of a single variable, the various 
groups of terms of lowest order in y^ and x : if indeed this determination has 
not already been made directly from the equation. 

Suppose that for any particular group of terms of lowest order the degree 

of yn in respect to a; is — : to obtain the corresponding developments make then 

the further substitutions 

x=af\y,= Vx'\ (2) 

where again V takes an initial value Vq different from and oo when a' vanishes. 

Since y„ = Fqx'^ approximately, y^^i = —r— V^~ + ....; but 

r -f-s 

Vn-i = yn^i» = VA^'^ + — ; 

therefore, by a comparison of the two values of y„_i , v\ = . In like manner 



* r + 28 " r + w« 

In the F equation therefore, make the substitutions 

9 S 8 

when F will be given as a function of a/, Vi, . . . . «?«, developable in integral 
powers of these variables. 

The various developments for F having been obtained, the equations for the 
corresponding sets of values of vi, v^, . . . v'^ are readily constructed by aid of 
the equations (1), (2), (3). For evidently on introducing the substitutions (2) 
in equations (l) we have : 



Vv,v, . . . «„_ia;"+<»-«' = ^ (Vv,v» . . . v„x'^+'"), 
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or actually eflTecting the differentiations indicated, the equations 



da! 



dvl 



h 



u+-]+-# 



^"^= 



dx' 



= _ Vvi (r + «) — v^Ti ^ 
_ s (Vt — Vj — ViVa) 



dV 



dvi 



+ X' 



dK 
da/ 



V, 



dV 



^ dv'n _ gK-i — »« — ■», -ir?„) 



dai 



(4) 



"n-l 

dv'i 



dvL 



On substituting for sd -^rj- , . . . , a/ -^7- in the first of these equations the 

functions of the c/s to which the remaining equations declare them equal, and 
making the substitutions (3) in all the equations, the set is reduced to the form 

dv' 



dai 
dv' 



a^-5^=/8(»i. «0. 



dv'„ 



(5) 



whe^e/l, fi, ' . . .fn vanish with x',v'i v'^, and are holomorphic functions 

of these variables for finite regions of convergence about a'= 0, t>i = 0, etc. 

Developments for »{,»,,.... in integral powers of »', which formally satisfy 
these equations, are to be obtained by differentiating them a first time, a second 
time, etc., successively, and after each differentiation making a' = and solving 
the resulting equations for the corresponding differential coefficients of the t?"s in 
respect to x'. 

Thus differentiating a single time, we have 

/ dv'i \ _ (%_ df^ dvi_ J4 dv^ 
\da;'Jo~\dx' "^ dv'i dx' "^ dvi 

( dvj \ _ ^ d/t dvi , 3/» 

Kdx'J- 



dx' 
dvi 



+ 



8^ dv'^ \ 
8< dx'J,' 



Va^i' dx' ■*■ dv'i dx' J^ 



( dx' )- 



\M-x dx' '^'dvl dx' Ji 
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a set of linear equations in \^^j\) » (~^) » ®t^-» which give finite determinate 

values for these quantities except when the determinant of their coefficients 
vanishes. 

A second differentiation gives the equations 

\ dx'^ )- Ky^^ + dv[ dx^ +'dvi cfa/* "^ • • • • a< dx'^'Jo' 

/e?MN_/ dA d?v[^r,dA ^<\ ,-_n o 

^ Vd^Jr \^' + dill, ~d^ + M dx^A' *- 2, 3, . . ., n 

where 4>?, 4)J are functions of (-^rr) » ("^Vji etc., and of second differential 

coefficients of the /'s ; and from these equations the values of f"^^) » (~irj ' 
etc., may be reckoned. ^ 

Further differentiations give in like manner the higher differential coeffi- 
cients. It is only necessary, therefore, for the construction of series 

''!=(S)/+l@y+^(Si).^ + •='.^ » W 

which formally satisfy the equations, that the determinant of the coefficients in 
each of these sets of equations shall be different from 0, or that 

dvL 



dv[ *' 


a/i 


a/i 

dvi 


a/. 

dv[ ' 


dvi-*' 








a/s 


a/s 

dvi 



T — X, 








a/» a/n 



or 



Fo(r + « + x)(r + 2s + x). 
9Fo xa (r + *) 



+ Mff-.<' +'• + ''> 



. (r + 7W + 7C) 

. (r + n8 + x) 



x=0 



"•■ a^ "T+2r (^ + ^^ + ^) (r + ps+x) 



+ 

8FoXg(r + g)(r+ 2g) r + {n— 1) 8 

dvn r + ns 

shall vanish for no positive integral value of x . 



(7) 
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It may be added that when the determinant vanishes, the equations have no 
'* monodrome " integrals unless (-^ -J = ; but if (-/—) = , an infinite number 

of such integrals. Also, that when the determinant does not vanish, there will 
be in certain cases, besides the '* monodrome" integrals, an infinite number of 
**non-monodrome" integrals. The consideration of these integrals, however, is 
aside from the purpose of the present paper.* 

It only remains to prove that the series (6) have circles of convergence 
whose radii are greater than zero. 

To give the demonstration as general a character as possible, consider the 
system of equations : 









(8) 



where /i,/^, ..../„ are any set of functions of aj, Vj, i?,, . . . . t?,,, developable in 

series of integral powers of these variables which vanish for x = t?i= ^2= v^=0, 

but converge so long as mod x<Cp and mod t?i <C ^ii the quantities p and r^ being 
all greater than zero. 

Differentiating each equation x times successively with respect to x, and after 
each diflferentiation placing cc = and reckoning out the values of the differential 
coeflScients of corresponding order of the v/s, we have finally for the determination 
of the coefficients of the x^^ order the equations 

where the <p^j8 are functions of the partial differential coefficients of orders 

1 , 2, . . ..X of fi with respect to a, t?i, v^, and of the differential coefficients 

of the Vi8 of orders 1,2, x — 1, these last having been already reckoned out. 

* For a discussion of similar integrals of the equation of the 1st order see the Memoir of Briot and 
Bouquet already referred to. See also Poincar6, Courbes d6finies par une 6quation dift6rentielle, 
Journal de Math, pure et appliqu^es, III, 7 ; IV, 1, 2. 
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As above, it will be assumed that the determinant 



AW = 







a/, a/, 
ai7j ' a©. 


a«i 


n- 


a^s ' a»„ 


a/a 


a/a 


a/s ^ a/a 
aiJa * ' — aw„ 


a/« 
a*! 


a/„ 
a», ' 


a/„ aA 

3^3 » • • • • 2^^ 



(10) 



*=0 



vanishes for no positive integral value of x. 
Solving the equations (9) we have 



/^'^i\ _ ^0 ^H (x) , .0 ^2< (x) . ^«iW. ,•_! o ^ /11^ 

V^A"^'^A(;^r"*"^'*A(xy + ••••*- A^ i-1, 2, ....n (11) 
where A^<(x) is the minor of the element in they*** row and ^^ column of A(x). 
Arranged with reference to the powers of x, the coeflScients -^y y have the 



form 



a^iZ 



,n-l 






where a^i = wheny^i; = 1 when j=i. 

As the coeflScients in this fraction are independent of x and known, and as 
furthermore its denominator vanishes for no value that x can take, and is of 
higher degree in x than its numerator, it must reach a greatest value, and that 
<loo , for some finite value of x. Let this greatest value be Cjt] and let C be 
the modulus of the greatest of the quantities (7^i(y, i= 1, 2, . . . . n). Then 



(^)<<^W.^+^°.*+"-'+<n). 



(12) 



Let now r be < the least of the radii rj, r,, ^n» and let if be the modulus 

of the greatest value which any of the functions /i,/2, . . • ./n takes in the circle 
of radius p about a; = and the circles of radius r about t?j = 0, Vj = 0, etc. 

Let also a be the modulus of the greatest of the diflferential coeflScients of the 



first order f—j * j , and set a^=:a — 



nCM 
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Consider, then, the equation, algebraic in u and x. 



u 



where ^ = M —n 1 A -\. (iq) 

Itm.yre.<Ulybesho™that(:^)>(^)^for«>l. For (^) = 0, 

80 that (-jzrj iiivolves the differential coeflBcients f -3-) 1 (~3^)^^^' of orders 
less than x only and the equation 

gives {-jZfT) explicitly in terms of the partial differential coeflBcients of <l> in 

respect to u and x and of the differential coeflBcients of lower orders of u in 
respect to x. 

7 J is greater than any of the functions ^^^ in equation (12). For 

/, X times with -g^ + -g^ -^ + .... + -g^ -^, while -^ is the result 

. , 9 3 du 
of operating on <J) x times with -^ h ?i -g ^ . 

To every differential coeflBcient a nc) n^;a n^^ — ^ i^ 4>*ti therefore corresponds 
the differential coeflBcient ^ n^ n^+n^^-f.... in , , , involved with the same nume- 
rical coeflBcient ; and to every , j in ^^^ {J <C x) , corresponds --t-j- in , . 

But, Bs is known,* 



(-an + ft' + n-H- /■ V 



T~^r 



frl'T^, 



♦ Vid. Briot and Bouquet, Fonc. ellip. p. 826. 
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while ^a«+"'+»"+-...<|,N M 

\ '^ -'•> -'xv/j. — l = n!w!« I.... „ • .n : 

\3x"aM*+* +---/0 p"r£rj . . . . 

If, therefore, r;7-7j<r-T^) fory<x, it is clear that the individual terms 

-^— J are greater than the corresponding terms of 4>J< , and since they are all 

positive, that (-^-jn >4>«i> and hence that f;,-^ ji which is equal to nC -r;^, is 

greater than G{^ly^ + 4>2» + . . . 4>2n) ; in other words (vid. 12), that (^)>^^). 

Butbyhypothe™ (^)>(^). It foUow. at o.ee that (^^)> (^■), 

therefore that (|^-) > {^), etc 

But u is defined as a holomorphic function of x for the neighborhood of 
sc = by the algebraic equation (13), or 

*(^.)=„(i-^)-0-f)(i + ^) 

namely within a circle about sc = whose radius is the distance to the nearest 
branch point or singular point of il/z:: . This distance is greater than zero, being 
the modulus of the least root of the discriminant of '4' = in respect to w, that 
is, of the equation 

Within this circle, therefore, the series 

" = CwA* ■*■ Vc?x' A-2! + l-^;.^ + • • • • 

is convergent ; and since its coefficients are greater than the corresponding coeffi- 
cients of any of the series 

'"' = (^)o'' + ( c?^)o"2 ! + w)o"3T +••••; 
these series also converge for the same region, as was to be demonstrated. 

PiONCETON COLLEQE, March 27th, 1889. 



^ur les solutions singulieres des eqiiations differentielles 

simultanees. 

Par B. Goubsat. 



La theorie des int^grales singulieres des Equations differentielles a donn6 
lieu depuis Lagrange a un grand nombre de travaux ; I'un des plus connus est 
sans contredit le M6moire de Mr. Darboux publi6 dans le Bulletin des Sciences 
Math6matiques (t. IV, 1873), dont les r6sultats sont aujourd'hui classiques. Je 
me suis propose d'etendre les th6orfemes de Mr. Darboux aux Equations diflF6ren- 
tielles simultanees et aux Equations d'ordre sup6rieur. La plupart des r6sultats 
auxquels on parvient ainsi pourraient, il est vrai, se deduire des.propri6tes etablies 
dans le M6moire du meme auteur Sur les solutions singulihres des ^uaMons aux 
dSrivies partielles ;^ mais, comme ces r6sultats sont ind6pendants de la th6orie 
des Equations aux d6riv6es partielles, il m'a paru int6ressant de les 6tablir direc- 
tement. 

1. Pour ne pas interrompre la suite des raisonnements, je vais d'abord 
g6n6raliser un des thSorfemes fondamentaux sur les Equations differentielles du 
premier ordre, d6montr6 par Briot et Bouquet dans leur cel^bre M6moire sur ce 
sujet.f Consid6rons un systeme d'6quations differentielles de la forme 



dz 
X -^ =/i(x, y , z)= aix+ %+ CiZ + 



(1) 



oill/(a5, y, z) et /i{xj j/j z) sont des fonctions holomorphes des variables x, y, z 
dans le domaine du point a =: y = z = . Proposons-nous de rechercher si ces 
Equations admettent un systeme d'integrales holomorphes s'6vanouissant avec x . 

* Mhnoirea des Savants itrangers^ t, XXVII. 

t Journal de VEcole Polytechnique, XXXVl*™® Cahier. 



(2) 
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Si un tel systeme existe, il suflSra, pour avoir les d6veloppements en series, de 
calculer les d6rivees successives de y et de z pour x = ; ces d6riv6es s'obtien- 
dront comme il suit. Apr^s n diflFSrentiations successives, les Equations (1) 

donnent eg*+V d'^y _ df d/'y df dTz 

^dx^+^ '^'^dx^- dy dx""^ dz dx» ■'■ ' 

da;'*+^ '^^dx^-'dy dx'^'^ dz dx^"^ ' 

si on y fait a5=:y = 2=:0, on obtient les relations 

F et Fi d6signant des fonctions entiferes des d6riv6es 

/dy\ fd?y\ /^^:^N 

Ces relations determineront f V^j et (;^— ^) au moyen des d6rivees prec6dentes 

pourvu que le determinant 

{n — 6)(w — Ci) — \c 

soit different de z6ro. Par cons6quent, si T^quation 

(co — 5)(6) — Cj) — hiC = 

n'admet pour racine aucun nombre entier positif, on pourra calculer de proche 
en proche toutes les deriv^es successives 

de sorte que, si les equations (1) admettent un systeme d'integrales holomorphes 
s'evanouissant avec sc, ce systeme est unique et les int^grales seront representees 
par les developpements en series 
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les coeflficients 6tant calcules comme on vient de rindiquer. Tout revient h, 
dSmontrer la convergence de ces developpements pour des valeurs de x de 
module suffisamment petit. Ici cette demonstration pr6sente une difficult^ 

sp6ciale, provenant de ce que les valeurs de (-j^j ©t f-j-wj ne s'obtiennent pas 

par les seules operations d'addition et de multiplication. En eflfet, en r^solvant 
les equations (2), on aura en g6n6ral dans les seconds membres des termes pre- 
cedes du signe — . On evite cette difficulte en operant de la manifere suivante. 
Ajoutons les equations proposees (1) aprfes les avoir multipliees respectivement 
par deux constantes indeterminees ^ et fi] il vient 

X ^^^^^ = (;ia + ^la^) x + {U + (ib,) y + {Xc + (ic,)z+ . . . . (3) 

Posons A6 + /i6i _ kc + //Ci _ 

ou ;i(5 — o) + |[^ii= 0, 

>lc + /t^ (ci — co) = ; 

pour qu'on puisse satisfaire a ces relations par des valeurs de >l et /t^ qui ne soient 
pas toutes nuUes, il faudra que o soit racine de I'equation 

(g> — h){(d — Ci) — 6ic = . (4) 

Soit oi une racine de cette equation ; on pourra satisfaire aux relations 

;i(5 — 6)i) + |[^6i = 0, 
JLc + ft {pi — o^) = 

en prenant pour >l et /t^ des constantes dont Tune au moins ne sera pas nuUe. 
Supposons par exemple yl different de zero ; si on pose JLy + /t^2 = Y, on pourra 
prendre Fet z pour inconnues ^ la place de y et de z et le systeme (1) sera 
remplace par le systeme 



a -T- = (Xa + iiaij x + 01F+ ace* + . . 

dz . 61 

X ' 



(5) 



Remarquons encore que le coeflScient de z dans la seconde equation est precise- 
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ment la seconde racine c^ de I'equation (4). Si 6i| est different de 0|, on pourra 
poser . 

et prendre Y et Z pour inconnues nouvelles ; alors les equations en T et Z pren- 
drons la forme 

X -J— = a'x + a>x F + . . . . , 
X -^ = a[x + chZ +••••! 

mais cette seconde transformation, qui n'est pas toujours possible, n'est pas 
essentielle. Pour ne pas multiplier les notations, je suppose qu'on ait commence 
par ramener le systeme primitif k la forme (5) ; alors le th^or^me g6n6ral qu'il 
s'agit de d6montrer pourra s'^noncer ainsi. 
Le8 eqiuitiona 



x-^=ax +by + d^ + ef +/z* + =z/{x,y, z), 

dz 

x-^ = aiX + b^ + CiZ+d^7? + eii^+f^^+ =/i{x,y,z), 



(6) 



oh/{x, y, 2), /i («, y, z) 8ont des fonctions hdlomorphes dans le domaine du point 
ar = y = 2 = 0, admet un systeme dHnt&grdles Jiolomorphea s'evanomssani avec x 
powrvu qu^aucun des coefficients h^ c^ne soit 6gal h un norhbre entier positif. 
En diff^rentiant successivement les Equations (6), on obtient 

^ cPy , dy _df . df dy Sif dz 
da? dx dx dy dx dz dx ^ 

cPz dz _dlfi ydfi dy dfi dz 

da? dx dx dy dx dz dx ^ 

" da^ "^ ^ da* ~ <h? '^ '^ dy dx' ^ dz da?' 

* dx»~ ■•■ cic' ~ dc* "^ "•" ay (W "•" az dz* • 



Equations diffkrentidles simuItanSes. 
ce qui donne, en faisant a: = y = z = , 

(t).('-')=». 
(j).(.-.)=».+Hf), 

On en d6duit 

W-b/o— 1 — 6' \dxJo~ 1 — c. 

/ dv \ _ Ca^)o"^ • • • • "^ ^Cava"JoC"^AC"^A 

VdB»A~ 2 — 6 

\dx'Jo~ 2 — c • 
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(7.) 



Pour d^montrer la convergence des d6veloppement8 ainsi obtenus, il suffit 
d'employer un artifice tout-a-fait analogue a celui par lequel Briot et Bouquet 
ont demontr6 le th^or^me correspondant dans le cas d'une seule equation. Sup- 
posons que les fonctions /(a, y, z) et /^(x, y, z) soient d^veloppables en s6ries 
convergentes pour tons les systemes de valeurs de x^y^z de module inferieur 
a r, et soit Jf une limite sup6rieure du module de ces fonctions dans ce domaine, 
Posons 



4) (a, w, t?) = ^jc + Bu + 






= ila; + 5« + if 



O-fX-rX'-y) 
1 



7?'\-'iJ?'\-'^'\-XU'\-XV'\-UV 



4>i (^1 ^*i "w) = ^i^J + B{a + G^ + JIf j 



iB^ + w' + r* + icw + a,T + wt? 



}■ 



+ 



• • • • r J 



toutes des deriv6es partielles des fonctions 4) et ^i, ^ partir des secondes, sont 
r^elles et positives pour x=w=t?=0 et sont superieures aux modules des derivees 
correspondantes des fonctions / et fx pour a = y = 2 = . Nous prendrons pour 
44 
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A, Ai, Bi les modules de a, ai, 61 respectivement et pour J5, Gi des nombres 
positifs inf§rieurs k runit6 qui seront d6termin6s plus loin d'une fapon plus 
precise. 

Le systeme d'equations 

u — q> (x, w, v) = 0) /gv 

V — 4)1 (sc, u, v) = 0) 

d6finit un systeme de fonctions holomorphes s'6vanouissant avec a, car le deter- 
minant fonctionnel des premiers membres se r6duit a (1 — J?)(l — Gi) pour 
x = u=v=^0. Dans un certain domaine autour de Torigine, ces fonctions seront 
repr6sent6es par des d6veloppements en s6ries convergentes 



X / du\ . af /<ru\ , 



(9) 



dont on pourra calculer tous les coeflScients au moyen des Equations (8). En 
diflFerentiant ces relations on a, en eflFet, 



du d^ 



dx dx 



7\^ + 



d^ du 
du dx 



d^ dv 

dv dx 



dv d^i d^i du d^i dv 



dx 
d^u 



dx du 

ax* "^ • • • 



cfo; "•" 



3w dx ' 



5^ (?« a^ ^» 

"*■ "9^ cix» + air ^' 



^v _ a*<?>i 



+ 



du da^ "*" dv 



da*' 



On en d^duit, en faisant a; = m = » = , 



dw 



..^ A+B.(^) 



' dw 



/du\ _ A /rft?\ _ 

/:^\ _ (aa')o+ • • • • + ^ {d^dOXwXvd^Jo 

/^\ _ ( a?0o+ • • • • + ^ (ai^)o("^),(rf^),+ ^^ (a^)o 



(10) 



■d\ 
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On voit que tous ces coefficients sont r^els et positifs. Puisqu'aucun des coeffi- 
cients b, Ci n'est un nombre entier, le module de n — b, oil n est un nombre 
entier positif, reste sup6rieur h une certaine limite m et, en prenant le nombre 
B tel que 1 — B soit infi^rieur ^ m, on aura constamment 

1 



l-B<\n-b\, ou y:^> 



n — 6 



on choisira de meme le nombre positif Ci de fapon que Ton ait, pour toute valeur 
enti^re et positive de n, 

l-(7i<|n-ci|. 

Cela pos6, la comparaison des formules (7) et (10) nous montre que I'on aura 

dy \ ^ / du\ \ dz \ ^ / dv\ 
dx \o \ dx Jo \ dx \o \dx Jo 



da^ I \ da^ Jo \ da? \ o \ da? Jo 



et, d'une mani^re g6n6rale, 

\l^\o \d^)o ^0 \'^/o* 



Les series (9) 6tant convergentes dans un certain domaine autour de Porigine, il 
en sera de meme a fortiori des s6ries 



1 KdxJo'^ I.Ada? Jo'^ '"'' 

TKl^Jo'^ 1:2 wA"^ • ' • • ' 



ce qui d6montre le th^or^me. 

Si nous revenons h, la forme primitive des Equations (1), nous pouvons 
6noncer la proposition g6n6rale suivante : 

Lea ^qyuxtiona (1) admettent un systeme dHnt6gralea hdomorphea s^kfoarwuissarU 
avec X povnrvu que VSquation 

(dj — b){o — Ci) — &iC = 

rCadmette powr racine aiumn nombre entier positif. Un cas particulier de ce th6o- 
r^me a et4 demontr6 par Mr. Picard (Comptes-rendus, 1878). 
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(2). Nous allons maintenant 6tudier le cas oii rSquation pr6c^dente admet 
pour racine un nombre entier positif ; plusieurs caa sont a distinguer suivant 
qu'elle admet pour racines ou deux nombres entiers positifs. 

Supposons d'abord qu'il n'y ait qu'un seul nombre entier positif racine de 

r^quation (o) — 5)(g) — c^ — ftjC = ; 

soit p cette racine et soit g^ la seconde racine. On pourra, comme on Pa vu plus 
haut, ramener le systeme d'6quations proposSes ^ la forme simple 

X -J- = ax + i>y + dsi? +•••., 
dz 

On diminue les coeflScients ^ et cj2 d'une unit6 en posant 

apr&s p — 1 transformations de cette esp^ce, on sera ramene i un systeme d'equa- 
tions de la forme suivante 



X -p = ax + y + do? + . . . . 

dz 
x-z- =z OiX + CiZ + dnfl? + . . . . 

cue 



(11) 



oii Ci = 0)2 — p — 1 n'est pas un nombre entier positif. 

En general ce systeme n'admet pas d'int^grales holomorphes s^evanouissant 

avec X ; en efiet, soit 

y = Affc + A^Q? +...., 

z = Bffic + ^ix' + . . . . 

les developpements en s6ries de ces integrates. En substituant dans les Equa- 
tions (11), on aurait 

x{Ao+ 2A^x+ . . . .) = ax + (^o« + Ai7?+ . . . .) + a^(. . . .) 
et par suite Aq=iAq + a] 

ce qui exige que le coeflScient a soit nul. Ainsi, lorsqve le coefficient a est different 
de zero, les eqtiattons (11) vJadmettent pas Wintegrales holomorphes s^6vanouissant 
avec X. 
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Supposons maintenant que a soit nul ; si on pose 

les Equations (11) deviennent 

x-^=x{a + fi^ + y(i+ }, 

x-^ = ai + ti{ci—l) + x\ai + ^i7^'{'yjli + }; 

la valeur initiale (i^de (i pour x = doit verifier la relation ai + f^oi'^i — 1) = , 
tandis que la valeur initiale \ de ^ pent etre choisie arbitraireraent. Si on 
prend pour JIq ^^^ constante quelconque et si on pose 

^ = ^ + X, ^=^+^', 

on aboutit au nouveau systeme 
dX 



X 



X 



dx 
dfi' 



= x{a^ + pX + yii' + .. ..}, 



= {ci-l)(i' + x{ai + fi,X^ +y,(i^ + . . . .] 



dx 

auquel on pent appliquer le th6or6me g6n6ral demontr6 plus haut. Ainsi, 
loTsque le coefficient a est nul^ lea ^uations (11) admettent wne infinite dHnt^rales 
holomorphes s^Svanouissant avec x) cea integralea dependent diune constante arbi- 
traire JIq. 

Supposons en second lieu que F^quation 

(o — b){(d — Ci) — bic=z0 

admette pour racines deux nombres entiers positifs p ^tp + q{q^O). Par une 
s6rie de transformations de meme nature que les pr6c6dentes, on ram^nera le 
systeme propos6 a la forme 



x-£^z=zax + y + dx^+ , 

dz 
X -i-z=. a^x + biy + qz + d^T? + 



(12) 



le coefficient bi pouvant etre pris 6gal S, z6ro lorsque q est sup^rieur a UunitS. 
On demontre, comme tout-S,-rheure que ce systeme ne pent admettre d'int^grales 
holomorphes s'6vanouissant avec x que si a est nul. 
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Si on a en meme temps 5=1, le systeme (12) devient 

x^ = y^d^+ 

X --p = aix + 6iy + 2 + d^T? + . . . . 

II peut arriver que Ton ait aussi 61 = ; dans ce cas, en raisonnant comme plus 
haut, on demontrera que Ton doit avoir aussi ai = 0, et, si cette condition est 
satisfaite, on aura une infinite d'int6grales holomorphes s'6vanouis8ant avec x car, 
en posant y = ^x, zz=z(jux, on sera ramen6 a un systeme d'6quations 

oii les seconds membres sont des fonctions holomorphes de x, de >l et de ^tt et on 
pourra choisir arbitrairement les valeurs initiales \^ (Iq des integrales de ce 
systeme. 

Si fei n'est pas nul, le changement de variables 

y = Jla:, z=:fix 
conduit au nouveau systeme 

x^ = a^ + 5i;i + x(ai + /?iJl + yii^^ + )• 

La valeur initiale Xq de ;i sera donn^e par la relation 

mais la valeur initiale (i^de (i reste arbitraire. En posant ensuite 



on arrive au systeme 



Jl = — -^ + ^1', fi = ixo + (i\ 
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auquel on peut appliquer le th6or&me g6n6ral. II existe done une infinite d'int6- 
grales holomorphes dependant d'une constante arbitraire (Iq. 

II reste k examiner le cas oh. q est un nombre entier sup^rieur a Tunite ; 
on peut se borner, comme on Fa vu, k consid^rer le systeme 



X -T- = aix + 52 + diQ? + • . . 



(12') 



Si on pose y = a;(Xo + ;i), z=.x ( .^ + f^\ 5^ designant une constante ind6- 

termin6e, on sera conduit a un systeme 

x-^=x^{x,X, (i), X'^ = a^x + {q—l)ijL + d^+ 

Pour ce nouveau systeme, les deux racines de r6quation en o sont et 5 — 1 ; si 
q est plus grand que 2, en diminuant successive ment ces racines par le precede 
qui a 6t6 expliqu6 plus haut de 5r — 2 unites on sera ramen6 finalement k un 
systeme de la forme 

x^ = a^-^x +{2-q) X^^^ +...,, 
d/x 

x^-ai^^x-^li^^^^- 

et ce systeme admettra des int6grales holomorphes s'6vanouissant avec x pourvu 
que of ^ soit nul. Comme ce coeflScient d6pendra en g6n6ral de ;io» on voit qu'on 
aura une equation pour determiner les valeurs convenables de \. Ayant pris 
pour ^0 u^® racine de cette 6quation, on aura une infinit6 d'integrales holo- 
morphes dependant d'une constante arbitraire ^^^. 

3. Le theor^me g6n6ral qui vient d'etre d6montr6 s'6tend sans diflBculte k 
des systemes form6s d'un nombre quelconque d'6quations de la forme suivante : 

x-^^a^x + %i + Ci;y2 + + Z,y„ + Pi^ + ...., 



dx 
dx 



X-^=(hX + %1 + C22/2 + + ^.Vn +P»^ + 



fly 

X -^z=za„x + Kyi + c„^3 + + ?»y« +i>»x* + . 
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Unpareil systhne d^^uations admet tovjours un aysteme uniqve dHni^rales holo- 
morphea a^^anouisaaiit avec Xy pourvu qu^aucune dea raeinea de V^uation 

hi — 0) Ci . . . . /j 

62 c J — CJ • . . . ?3 



L-u, 



= 



ne aoitigale h un nombre entier poaitif. Si Oi, cjg, . . . . (o„ sont les n racines de 
cette Equation, on commencera par ramener le systeme propose a la forme 



x-^=aix + 0)12/1 + 



+ pi^^ +•••., 



X 



dyi 



dx 



f = a,x + %i + (^ii/i + . . . . +p^ + 



X 



dyn 



dx 



zrra^x + h^yi + c„y2 + . . . . + <o«y„ +i?»a* + 



et la demonstration s'ach^vera comme dans le cas de deux Equations. On discu- 
tera de la meme fapon le cas oil TSquation en o admet pour racines un ou plu- 
sieurs nombres entiers positifs. 

On peut ramener ^ la forme prec^dente certains systemes d'equations simul- 
tanees qui se presentent sous forme indetermin6e. Considerons, pour fixer les 
idees, le systeme de trois Equations 



dx 



dy _ 



dz 



oil les trois denominateurs sont nuls pour x=zy=:z = 0. Pour avoir les inte- 
grales de ce systeme qui sont nulles pour a;= 0, cherchons d'abord le degre infini- 
tesimal de y et de 2 par rapport k x. Soit ^ le degre de y et (i le degr6 de z ; 
supposons que les termes Merits au denominateur soient les termes de moindre 
degr6 en x apr&s qu'on a fait la substitution. II faudra que Ton ait 



ou 



Imaginons que Ton ait marque les points de Tespace de coordonnees 

(a, /3+1, y+1), (a'+l, (3\ / + 1), K+1, /3"+i, y")j 
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les relations pr6c6dente8 expriment qu'il existe un plan 

passant par trois de ces points au moins et laissant tons les autres points et 
Torigine de cot^s diff6rents. La determination de ces plans s'eflFectuera sans 
diflScult6 par une construction g^om^trique tout-a-fait analogue a la construction 
plane bien connue pour developper les racines d'une equation algebrique. Sup- 
posons que Ton ait trouve des valeurs de ^ et de (i r^pondant a la question ; ces 
valeurs seront commensurables et on pourra poser 

r ^ r 

Pj qy r etant trois n ombres entiers positifs sans facte ur comraun. Si dans les 
Equations propos^es on fait le changement de variables 

elles deviennent, aprfes supression d'un facteur commun, 

du _ r {A'u^V + . . . .) — pu{Au^v^+ ... J 

dv r {A'^u^V + ) — q v ( ^^^V + ) 

^ dt — "AwV+ .'. . . " 

Les valeurs initiales u^, Vq de u et v pour < = sont d6terrainees par les Equations 

simultan6es 

r{A^u^vi + . . . .)—puq{Av^vI + ), 

Soient ilq, Vq une solution de ce systeme ; en posant 

on sera ramene Sb un systeme de la forme (1), pourvu que Ton n'ait pas en meme 
temps Aulvl +....= ; 

dans ce cas, on serait conduit ^ efFectuer une nouvelle transformation de meme 
esp^ce. On op6rera de meme dans le cas d'un nombre quelconque d'6quations. 

4. L'6tude des int6grales non holomorphes du systeme (l) serait sans doute 
trfes-int6ressante ; mais, comme cette 6tude n'est pas essentielle pour la suite, je 
la laisse de c6t6 dans ce travail. Je m'occuperai seulement du cas particulier ou 
45 
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lee racines de T^quation en o ont toutes les deux leur partie r6elle negative. II 
importe de d^finir exactement ce qu'on doit entendre par integrates s'6vanouis- 
sant avec x. Je suppose que la variable x tend vers I'origine suivant un chemin 
de longueur finie ayant k Porigine une tangente d6termin6e, de fapon que I'argu- 
ment de x reste fini. En outre, je ne consid^re que des integrates d'un degr6 
infinitesimal determine par rapport a x, c'est-Jl-dire qui peuvent se mettre sous 
la forme x^{x + e), Jl ayant sa partie reelle positive, x etant une constante diflfe- 
rente de zero et e une fonction de x qui tend vers zero dans les memes conditions 
que la premiere. Avec ces restrictioTiSy h sysieme (1) n^admet pas cPatUres intSgrales 
s^ivanouissant avec x que les int^grales hohmorphes lorsque les parties rSelles des 
racines de VSqiuition en o sont negatives. 

Soient (di, o^ les deux racines de ^equation en o que je suppose distinctes 
pour fixer les idees ; le systeme (1) pourra se ramener k la forme 

x-^zzzax + Oiy^-dai? + 

X -J- = OiX + G^Z + diQf+ .... 

Soient y = jfi, 2 = Zi les integrates holomorphes de ce systeme. En posant 
y^zyi + u^ 2 = 2;x+veten remplapant y^ et z^ par leurs developpements en 
series on est conduit aux equations 

a^— = 0)1^ + v^ {x, u, t?) + W' (^1 ^» ^)i 
X ^ZZKOjt? + t^i(x, u, v) + v^i{x, u, v) 

oii^, ^1, 'vj/, "i^i sont des series ordonnees suivant les puissances croissantes de 
x^ u^ V sans termes constants. Je dis qu'un pareil systeme ne pent admettre 
d'integrales de la forme 

u — x'^ix + s), i; = 5c^(x' + €'), 

les parties reelles de ;i et de /i^ etant positives. En eflfet, supposons que la partie 
reelle de ^i soit egale ou superieure a la partie reelle de ^. En substituant les 
valeurs precedentes de t^ et de t? dans la premiere des equations, on aura regalite 

y^{x + B)+x''-^^^=(^^x''{x + B) + x''{x + B)^{x,U, v) -^ xT {if! + b') '^ {x , U,v), 
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ou, en divisant par a^, 

Imaginons maintenant que x tende vers z6ro suivant un chemin de longueur finie 
ayant une tangente k I'origine ; les deux termes 

(x + e)^{x, u,v), xf'^^{xf + ^)'4^{x, u, v) 

tendent vers z6ro. II doit en etre de meme du produit x -^ , au moins pour une 
certaine loi de d^croissement de x. Supposons en effet que le module de 
X -p = 7« (a) reste constamment sup6rieur ^ une certaine limite m . De la relation 

on tire da? de 



X ;r(a;) 
et 



\XoJ t/a?o7r(a;)' 



lorsque Xq tend vers z6ro, le module du premier membre augmente ind6finiment 
tandis que le second conserverait une valeur finie ; ce qui est impossible. Le 
premier membre de la relation pr6c6dente doit done tendre vers z6ro avec x, 
ce qui ne peut avoir lieu que si Jlzroj. Mais alors la fonction x^(x + 6)ne 
tendrait plus vers z6ro avec x puisque la partie r6elle de ^ serait negative. On 
raisonnerait de meme dans le cas oii I'^quation en o aurait ses racines 6gales. 

II est k remarquer que le th6or6me n'est plus vrai si une seule des racines 
de l'6quation en o a sa partie r6elle n6gative. Par exemple, le systeme 

du u 



X 


das 


— 2 ' 






X 


dv 
dx 


• 


+ 


-I" 




u 


= x*, 


w = 


= x». 



admet I'int^grale 

II. 

6. Gonsid^rons une congruence de courbes, d^finie par les Equations 

/(x, y, 2, a, 6) = 0,) ,^^^ 

^{x,y, z, a, 6) = 0tJ 
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oii a et 5 d^signent deux constantes arbitraires. Par chaque point de Tespace il 
passe en g6n6ral un nombre fini de ces courbes ; car, si Ton remplace dans les 
equations (13) a, y, z par les coordonnees Xo, yo» ^o de ce point, on a deux Equa- 
tions pour determiner a et 6. Si Ton joint aux Equations (13) la nouvelle Equation 

df dq^_df d$_D{iq>)_ . . 

da db dh da - D(a,h)- ' ^ ^ 

on dEtermine sur chaque courbe de la congruence un certain nombre de points 
appelEs ^nte /ocawcc ; le lieu de ces points focaux, quand on consid&re toutes les 
courbes de la congruence, forme en gEnEral une surface appelEe surface focale^ 
dont on obtiendra I'equation en Eliminant a et 5 entre les Equations (13) et (14) 
et qui se compose d'autant de nappes qu'il y a de points focaux sur chaque 
courbe de la congruence. Les courbes de la congruence sont tangentes en 
chacun de leurs points focaux aux differentes nappes de la surface focale. De 
plus, si I'on veut assembler les courbes de la congruence de fapon h, ce qu'elles 
aient une enveloppe, cette enveloppe sera situEe sur la surface focale et il est aisE 
de voir qu'elle sera dEfinie par une Equation diffErentielle du premier ordre. En 
eflFet, en chaque point A de la surface focale on connait la direction de la tan- 
gente a la courbe de la congruence tangente a la surface en ce point et par suite 
la direction de la tangente h, la courbe enveloppe qui passe par ce point.* 

Regardons main tenant, dans les Equations (13), y et z comme des fonctions 
de la variable indEpendante x dEfinies par ces Equations, a et i ayant des valeurs 
constantes quelconques. Une diffErentiation par rapport a x nous donne les deux 
nouvelles relations 

En 61iminant a et 5 entre ces Equations et les Equations (13) on est conduit \ un 
systeme d'^quations diff6rentielles de la forme 

i?'(a;,y, z, y, 2') = 0, 



<>(«. y. 2. y, 2*') 



::;} (-' 



* Pour la demonstration de ces propri6tes, voir le tome II de la TTi^orie gkmirole des surfaces de Mr. 
Darboux. Livre IV, Chapitre ler. 



^qucUions diffhentiellea aimuItanSes. 345 

ces 6quations sont verifi6eB par les fonctions y etz de x d^finies par les Equations 
(13), quelles que soient les valeurs constantes attribuees aux param^tres a etb. 
Nous dirons pour abr6ger que les courbes de la congruence sont les courbes 
int6grales du systeme (15), et forment l'int6grale gen6rale. Mais ces equations 
(15) admettent en outre unc infinite d'autres int6grales non comprises dans 
rint6grale g6n6rale ; en eflfet, puisque ces Equations 6tablissent une relation entre 
un point de Tespace et la tangente k la courbe int6grale qui passe par ce point, 
il est clair que toute courbe tangente en chacun de ces points k une courbe int6- 
grale sera elle-meme une courbe int6grale. Par suite, toutes les courbes enve- 
loppes des courbes de la congruence sont aussi des integrales du systeme (15), et 
il est clair qu'en general elles ne font pas partie des courbes de la congruence ; 
nous les appellerons intigrales singulikres. Nous sommes done conduits a la 
proposition suivante : 

Les ^tuitions differerUielles (15) admettent vim injinite dHntegrales singvJih'es, 
qui sont d6finies par tme ^nation diffkrentielle du premier ordre. 

6. Voici comment on pourra obtenir la surface focale et les solutions singu- 
li^res en partant des Equations diflFerentielles elles-memes. Une des propri6t6s 
caract^ristiques de la surface focale est la suivante ; par chaque point de cette 
surface passent deux courbes int6grales tangentes I'une ^ Tautre, une courbe de 
la congruence et une courbe enveloppe situ6e sur la surface focale. Soient 
^0 7 yoj 2^0 les coordonn6es d'un point de cette surface et yo» ^So les valeurs corre- 
spondantes de ^ et de 2/, relatives a ces deux int6grales. Le determinant fonc- 
tionnel /> (^p^ cj>) 

devra etrenul pour a3 = a:o» y^^Voy 2 = ^0, j/ =iyli, 2^ = 20. En efifet, si ce deter- 
minant etait different de z6ro, on tire rait des Equations (15) 

2/ = yi+P(a5 — Xo, y — yo, « — 2t)), 

P et Q designant des series convergentes ordonn6es suivant les puissances crois- 
santes de x — o^, y — y^^ z — Zq, s'6vanouissant pour a = ajo» y = yoj 2 = ^Jq- 
D'aprfes le th6orfeme fondamental de la th6orie des Equations difif6rentielles, on 
en d^duirait pour y etz des s6ries convergentes ordonn6es suivant les puissances 
croissantes de x — Xq, 

y = yo + yd{x — x^) + a (x — xoy'\' , 

zzzizo + 4{x — Xo) + ai{x — XoY + ; 
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il n'y aurait done qu'une seule courbe int^grale tangente au point (aro, ^o, 2b) ^ 

Par cons6quent, il faudra que pour tout point de la surface focale les Equations 
(15) et r^quation D(i^,<l>) ^ ne) 

admettent une solution commune en y, 2/. Ainsi, oti obtiendra VSquatUm de la 
surface focale en Sliminant 1/ et 7/ entre les ^tiations (15) et (16). 

Soit P {x, y, z)=zO Tequation ainsi obtenue ; les solutions singuliferes 6tant 
situ6es sur la surface focale, en 61iminant z et s^ entre les Equations (16) et l'6qua- 
tion de cette surface, on aura une certaine Equation diff6rentielle du premier 

ordre '^^{x, y, t/) = 

qui d6finit les projections des solutions singuli^res sur le plan des xy. 

Si on 6tudie de plus pr^ le proced6 pr6c6dent, il donne lieu k plusieurs 
remarques. Des Equations (16) on d6duit, en difif6rentiant, 



(17) 



si on considfere en particulier une int6grale singuli^re pour laquelle 

ay a7 d7f ay" ' 

on pourra 61iminer y" et 2/' entre les deux Equations (17) et on obtient ainsi les 
deux nouvelles relations 



D(F, <D) DjF, <!>) D{F, <t>) 

i>(x,y) + i)(y,y)y+ D{z,y')''-^' 
D{F,^) D(F,<P) DjF,^) 



(18) 



Les Equations (16) et (18) se r6duisent ^ deux Equations distinctes; n6anmoins, 
pour plus de sym6trie, je les conserverai toutes les trois. On voit done que pour 
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tout point de ]a surface P(a;, y, 25) = les Equations (15), (16) et (18) doivent 
admettre une solution commiine en j/, a/. Or il est clair que, si les fonctions 
JP^ et * sont quelconques, il n'existera pas de surface jouissant de cette propriete, 
et par consequent il ne pourra exister d'int6grale8 singuliferes. 

On pent encore s'en rendre compte comme il suit. La premiere des equa- 
tions (15) ezprime que la tangente k toute courbe int6grale passant en un point 
de coordonn6es x^ y, z est situ6e sur un cone T^ayant pour Equation 



^^■y'''i^.-§^)=o- 



de meme, la seconde ^uation (16) exprime que cette tangente est situ^e sur un 
second cdne T ayant pour Equation 

Z—z\_ 



/ Y-y Z—z\_ 



En g6n6ral, ces deux cones T, T se coupent suivant un certain nombre de gene- 
ratrices distinctes et Ji chacune de ces genSratrices correspond une courbe integrale 
passant par le point de coordonn6es sc, y, 2. Mais, si ce point vient sur la sur- 
face P(x, y, z) = 0, les deux cones T et T deviennent tangents suivant une 
g6n6ratrice commune G et, pour qu'il y eut une solution singuli^re passant par 
ce point, il faudrait evidemment que cette g6n6ratrice G ffit situ^e dans le plan 
tangent ^ la surface au point consider^, c'est-^-dire que Ton eut, pour tout point 
de cette surface, 

y eta/ d6signant les solutions communes des equations (15) et (16). Voici un 
moyen tr^-simple de s'assurer que cela n'a pas lieu en general. Remplapons 
dans les equations (15) ^ et 2/ par y' — fw, 2/ — n, m et n designant deux con- 
stantes quelconques ; nous ne changerons pas la surface P{x, y, 2;) et la relation 

(19) deviendra dP dP , ; , . 3^,^ , ^ 

relation qui ne pourra etre verifiee pour des valeurs quelconques de m et de n. 

Ainsi le procSdS qui deorait wnduire aux soluliona singtiUh-eSf appliqv& h un 
ayst&me quelconqve de la forme (15), wc foumU aucmie solution. Un ayst^me queir 
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ccnvque d^iqaaUons differentieUes simuUan!^ n^admet pas d^une manXkre normdle 
d^mtigrales singulikres. 

Ce th6orfeme est tout-Srfait analogue, comme on voit, au th^orfeme connu sur 
les Equations differentieUes du premier ordre,* et le paradoxe auquel on est con- 
duit s'explique de la meme fapon. En effet, pour 6tablir les propri6t63 des 
surfaces focales d'une congruence de courbes, on suppose implicitement, il est 
aise de s'en assurer, que les fonctions / et 4) sont des fonctions continues de 
Xf i/f Zf a, b dans le voisinage des valeurs des variables qui v6rifient les relations 

/=''.*=».§^=»- 

Or, 6tant donn6 un systeme quelconque d'6quations diffJSrentielles de la forme 
(16), on sait bien qu'il admet une infinit6 d'int^grales dependant de deux con- 
stantes arbitraires ; mais rien ne prouve qu'on puisse mettre les equations des 
courbes int6grales sous la forme (13), les fonctions / et 4> 6tant continues dans 
une 6tendue assez grande pour qu'on ait le droit d'appliquer la th6orie des enve- 
loppes. Nous pouvons meme affirmer, d'apr^s ce qui pr6cSde, qu'il n'en sera pas 
ainsi en g6n6ral. Ainsi, tandis que les systemes d'6quations simultanees form^es 
directement par Pelimination des constantes admettent d'une mani^re normale 
une infinit6 d'integrales singuliferes, au contraire un systeme d'^quations differen- 
tieUes pris arbitrairement ne pourra en avoir qu'^ titre exceptionnel. Ceci nous 
montre qu'il est n6cessaire, pour faire une th6orie g6n6rale, de partir des Equa- 
tions differentieUes elles-memes et non de leurs int6grales. 

II est bien clair d'ailleurs que les remarques prec6dentes n'enlfevent rien k 
rint6ret des beaux th6orfemes de Mr. Darboux sur les congruences de courbes, 
pas plus que nous ne devons rejeter la th6orie des enveloppes parce que les 
solutions d'une Equation diffErentielle du premier ordre n'admettent pas en 
g6n6ral de courbe enveloppe. 

7. Pour donner plus de precision aux raisonnements, je supposerai que les 
fonctions i^ et * sont des fonctions alg^briques entiferes et irrSductibles de 
aj> y » 2;, y, 2/ et, comme il ne saurait etre question de passer en revue tous les cas 
particuliers qui peuvent se presenter, je n'examinerai que les hypotheses les plus 
g^n^rales. Je n^gligerai d'ailleurs toutes les difficult^s provenant de valeurs 

* Bulletin des Sciences Math&matiques, t. IV, l«re s^rie, 1878. 
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infinies de j/ et de 2/, diflScult^s qu'on peut toujours faire disparaitre par un 
changement de coordoQn6es. 

Pour un point quelconque de Pespace de coordonn6es Ooj yo> ^o, les deux 
cones T, T qui ont pour Equations 

«(»■., jr., «.,J5|, 1^5) =0 
se coupent suivant p generatrices distinctes. Soient 

ir-'-^ — ^-^ 

les Equations d'une de ces g6n6ratrices ; le determinant 

n'6tant pas nul pour x=a:o, y^y^i, z^=Zq, 2/=yo» ^=^0, les Equations (16) peuvent 
etre r6solues par rapport a 3/, «' et on en tire pour 1/, ^ des d6veloppements en 
s6ries convergentes ordonn6es suivant les puissances de x — Xq, y — yo, z — z^, 

y = yo + a (x— Xo) + /? (y — 2/o) + y (2J — 2o) + , 

2/ = 2^ +ai(x — a;o) + ^i(2/ — yo)+n(« — 2^0)+ 

On en d6duit pour y et z les developpements en serie 

y = yo + yo(aJ — a:o)+ 3(a + ^yo +y2J^)(a5 — aJo)^+ , 

2 = 2o + «o (« — a:o) + i («! + /?iyH yiZo)(^ — ^^Y+ 

qui seront convergents dans un certain domaine du point Xq. Ainsi, par un 
point quelconque de Vespace il passe en ghieral p courbes integrahsj h tangentes 
distinctes^ vHayant en ce point avxmne singularity 

II n'en est plus de meme pour un point de coordonn6es Xq, y^, Zq pris sur la 
surface P{x, y, 2) = dont on obtient I'equation en 61iminant y' et ^ entre les 
Equations (15) et (16). En effet, pour tout point de cette surface, les deux cones 
T, T deviennent tangents. Pour rester dans le cas le plus g6n6ral, je supposerai 
que ces deux cones sont simplement tangents le long d'une g6n6ratrice G et se 
coupent en outre suivant p — 2 generatrices distinctes. A chacune de ces jp — 2 
tangentes correspond une courbe integrale n'ayant au point consider^ aucune 
46 
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singularity. II nous reste k rechercher les courbes int6grales tangentes k la droite 
6? au point sco, yoi ^Sq. 

Supposons qu'on ait pris pour origine des coordonn^es le point o^o, y^j Zq 
lui-meme et la droite G pour axe des x. Les Equations (15) auront la forme 
suivante : a + Bi/ + C^ + Dyf' + . 

J., ill, J5, J5i, . . . . designant des polynomes entiers en a, y, 2 tels que 
A = Ai = BG^—GB^=0 pour x = y = z = 0. 

Les deux cones T, T, relatifs &. Torigine des coordonn6es, auront pour Equations 

{B\^+ (a),A + .... = o, 

Wo -J +(^1)0^ + .. -- = 0, 

oil (if)o d6signe, d'une manifere g6n6rale, ce que devient M quand on y fait 
a; = y = z = 0. Comme, par hypoth^e, ces deux cones sont simplement tfin- 
gents, Pun au moins des coefficients {B\, (C')o, (^i)o» (Ci)o sera different de z6ro. 
Supposons par exemple (5)o#0; on pourra rSsoudre la premiere des Equations 
(20) par rapport ^ ^ et on en tirera pour j/ une fonction holomorphe de x, y^ z, s/ 
s'annulant en meme temps que ces variables 

y=-^^ + .... 

et en portant cette valeur de y dans la seconde des Equations (20) on obtiendra 
une relation de la forme 



A,+ (^C-^z! + K,/' + . . . . = 0. 



Cette relation, consid6r6e comme une Equation en z\ admet deux racines nulles et 
deux seulement pour a; = y = 2 =:0. Ces deux valeurs de 2/ peuvent etre con- 
sid6r6es comme racines d'une Equation du second degre dont les coefficients sont 
holomorphes en cc, y, 2 dans le voisinage de Torigine. En resolvant cette 6qua- 
tion et en portant la valeur de 2/ dans Fexpression de y', on obtiendra finalement 
pour y et 2/ des expressions de la forme 



y' = ^(a5, y, z)+p{x, y, z) VG{x, y, g) , 
2f = B{x, y, z) + q{x,y, z)^/G{x, y, z) 



'} (^" 
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^(aiy»2), J5(t, y, 2), C{xyy,z), jp(a;,y, 2), q{x,y,z) 6tant des fonctions 
holomorphes de x^ y, z dans le voisiDage de rorigine, et les trois premieres 
s'6vanoiiissant k Torigine ; nous admettrons de plus, ce qu'on peut toujours faire, 
que le radical doit etre pris avec la meme determination dans les deux formules, 
Oes deux systemes de valeurs de y^, 2/ deviennent 6gaux pour tout point dont les 
coordonnees verifient la relation G{x, y, z) = 0', ceci nous montre que G{xj y, z) 
doit etre identique k P{x^yjz) et, comme le plan tangent a cette surface 
P(a;, y , 2) = ne doit pas contenir I'axe des », on aura 

C{x, y2) = aa; + 6y + c2jH-cfo:*+ .. . . 

le coefficient a 6tant different de z6ro. Soit 

A{x, y , z) = Oix -)r hiy -^ Cyz + d^oi? + , 

B (»! Vi «) = «»» + %. + <HZ + dfi? + ; 

* 
faisons le changement de variables 

x^=Qii^j y = vad^y z = tw", 

les Equations (21) deviennent 



a/ -rj = — 2u + 2a/' (oiH- hiU + CiV+ . . .) + 2xfpi (a/, ti , v)^/a + bu + cv + . 



da/ 
dv 



ocf -z-j^ ^zz — 2v+ 2a/'(a,+ JjW + Cjt; + . . .) -|- 2xfqi (a/, u, v)Va + bu'\- cv + . 



les seconds membres de ces deux 6quations sont des fonctions holomorphes pour 
a/ = u = t; = puisque le coefficient a est essentiellement diflferent de z6ro. 
D'apr^ le theorfeme general, d6montre au §1, ces equations admettent un systeme 
unique d'int^grales s'6vanouissant avec a/, representees par les series convergentes 

w = aa/ + /?a/' +...., 
V = aixf + Pia/' + . . . . 

En revenant aux variables primitives x, y^ z, nous voyons que les Equations de 
la courbe intSgrale sont les suivantes : 

» = <•, 

y = a«» + /?<* + , 

cette courbe gauche possfede im point de rebroussement k I'origine. 
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Ainsi, la surface P{x^ y , «) ^ dont on obtient F^qvation en 6Uminant j/ et s/ 
enire les trois equations 

est en general le lieu des points de rehroussement des courbes integrales. 

En chaque point de cette surface passe une courbe intSgrale ayant un rebrousse- 
ment en ce point, et la tangente de rebroussement est la g&n^ratrice de contojct des deux 
canes T, T relatifs h ce jmnt. 

8. Une int^grale des equations proposees sera dite singuli^re si pour chaque 
616ment de cette int6grale on a &. la fois 

F_o <l>-o ^ (^> ^) - n 
F-0, <D_0, 2,(2^^^) -0, 

de sorte que les th6orfemes g6n6raux sur les Equations difFSrentielles ne s'appli- 
quent plus a cette int6grale. Toute int6grale de cette espfece, s'il en existe, sera 
necessairement situ6e sur la surface P(a;, y, 25) = 0, obtenue en 61iminant y et 2/ 
entre les trois equations pr6cedentes. II faudra de plus que pour tout point de 
cette surface, au moins pour une certaine portion de cette surface, la g6n6ratrice 
de contact des deux cones T^ T, relatifs k ce point, soit situ6e dans le plan tan- 
gent & la surface en ce point. Cette condition n6cessaire est aussi suflisante ; 
car, si elle est remplie, on aura pour d6finir les solutions singuli^res une Equation 
difF6rentielle du premier ordre. Les fonctions jP et 4> 6tant donn6es, on pourra 
done toujours reconnaitre par des calculs alg6briques s'il existe des solutions 
singuliferes et former T^quation diff6rentielle qui les caract6rise. 

Cette recherche pourra etre facilitee dans certains cas par Tapplication de la 
rfegle suivante. Nous avons vu que pour tout point d'une solution singulifere les 
Equations (15), (16) et (18) devaient admettre une solution commune en 
j/j 2/. E^ciproquement, supposons que pour tout point d'une certaine surface 
§(», y, z) = 0, (oh. Q {xj y, z) sera necessairement un diviseur de P{x^ y^ z)) 
les Equations 

F{x, y, z, m, n) = 0, 4>(x, y, z, m, n) = 0, jp) ' n) > 

i?(i^,<D) D{F.^) D^F,^) ' . 

D{x,m) +D(y, 7n)'^+ i)(z, m)"^-^' r (22) 
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admettent une solution commune en m, n. Quand on se d6place sur cette sur- 
face, m etn sont des fonctions de deux variables ind6pendantes, de x et de ^ par 
ezemple. En difi(§rentiant totalement les premieres Equations (22), on obtient 

34> 8<l> 34> 34> 34> 

D (F, 4)) 
ou, en tenant compte de la relation -^-t / = , 

D{x,m) ^D{y,m) ^ D{z,m) ' 

D{x,n) ^ D{y,n) ^ D{z,n) 

Admettons que I'un au moins des six determinants fonctionnels qui figurent dans 

DIF 4>) 
ces formules, par exemple jyi — ^ — r , ne soit pas nul ; le plan tangent k la surface 

© (aj, y , z) = aura pour Equation 

D{x, m) ^^-^) + i)(y, m) ^^-^f + D{z, m) (^-^)-0 

et la quatri^me des relations (22) exprime precis6ment que la droite 

X—x _ Y—y _ Z—z 
1 m ~ ri 

est situ6e dans ce plan tangent ; et cette droite est la g6n6ratrice de contact des 

deux cones Tet T. On pent done 6noncer la proposition suivante : 

LoTsque pour tout paint d^ime swrface Q{xj y^z)=^0 les kquatums (22) admet- 
tent vn ayst^me de soltUions commwnes en m, n, sans que les six determinants fonc- 
tionnels 

D{F,^) D{F,^) D{F,<P) JP(J^, <D) JP(i^, <l>) D{F,<P) 
nlx.m)' Dly.m)' D{z,m)' D{x,n)' D{y,n)' D{z,n) 

soient tous mils pour ces valewrs de m et de n^ les Squations diffh'entielles propose 
admettent des solutions singulih'es. 
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Les int6grales singuli^res, si elles existent, peuvent etre consid^rees comme 

les enveloppes d'autres int^grales. En d'autres termes, par cbaque point de la 

surface Q(x, ^, 2) = il passe, outre une integrate singuli^re, une integrate non 

singuli^re tangente ^ la premiere. Imaginons que nous ayons pris pour origine 

des coordonn6es un point de la surface Q(x, ^, z) = et pour plan des xy le plan 

tangent en ce point, et soit 

« = 4)(aj,y) 

I'^quation de cette surface. Si on change z en z + ^{x,y), il est clair qu'une 
transformation de cette nature n'alt^re pas les relations de contact entre deux 
courbes; on pent done supposer, pour la commodity du raisonnement, que la 
surface lieu des solutions singuli^res se r^duit au plan des xy. Les deux systemes 
de valeurs de y, 2/ qui deviennent 6gaux pour 2=0 seront donnes par des 
formules de la forme suivante 

y' = A{x, y, z)+p{x, y, z)^z,) r^^. 

zf = B{x,y, z) + q{x, y, 2)^/2,) 

-4(a:, y, z), B{x, y, z)y p{xj y, z)^ q{x, y, z) d6signant des series convergentes 
ordonn^es suivant les puissances croissantes de x, y, z. En outre, comme 7/ 
doit etre nul pour tout point du plan des xy, B{x, y, z) doit contenir z en fac- 
teur dans tous ses termes et on pent 6crire 

B{x,y, z) = zB^{x, y, 2). 

Si dans les Equations (23) on fait 2 = 0, elles se r^duisent cb P6quation unique 

qui determine les solutions singuli^res. Si on pose d'autre part z =: w*, elles 

deviennent dy ., «x , / ax 

^= il(a;, y, w») +wp(a;, y, w*), 

2-^=:t^5i(x, y, 1^*)+ ?(a;,y, ti*), 

et dans le voisinage de tout point a; = Xo, y^^y^j t* = 0, ces equations admet- 
tent uu systeme d'integrales holomorphes pour lequel u n'est pas identiquement 
nuL Par chaque point {xq , yo) du plan des xy passe done une nouvelle cov/rbe inte- 
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grale tangente h la solttHon aingvli^re passant par ce pcint. Ce r6sultat est bien 
conforme k la th6orie des solutions singuli^res faite en partant des congruences 
de courbes et de leurs surfaces focales. 

9. La proposition g6n6rale, qui fait le principal objet de ce travail, pent 
etre 6tablie sans avoir recours au th^or^me sur les Equations differentielles qui 
a 6t6 d6montr6 au d6but. Considerons d'abord une Equation difif6rentielle du 
premier ordre F{x,y,7/) = (24) 

oh F est un polynome entier irr6ductible en a, y, y; int^grar cette Equation, 
cela revient ^ exprimer a:, y, y en fonction d'une seule variable ind^pendante de 
fapon cb verifier T^quation (24) et la nouvelle relation 

dy — j/dx = . 

Or le systeme d'6quations difF6rentielles 

etc dy d^ 

'W ~ T3F - dF dF~ (25) 

ay ^ ay dx dy ^ 

admet l'int6grale premiere F{x, y^ j/) = const., et si Ton choisit les valeurs ini- 
tiales a-Q, yo, yo d® fapon ^ ce qu'elles v6rifient I'equation F{xq, y^, yd)= on 
aura aussi pour les int6grales 

F{x,y,y')=:0, dy — y^dx=0. 

L'int6gration de P^quation (24) revient done k rint6gration du systeme (25), les 
valeurs initiales v6rifiant la relation 

F{xo,yo^yi) = 0. 

Cela pos6, supposons que pour aj = aJo» y = yo I'^uation (24) admette une racine 
multiple d'ordre n,j/'=yl^. Portons Torigine au point a^b* yo ®* prenons pour 
nouvel axe des x la droite de coefficient angulaire yl^. On aura alors 

F{x, y, y') = P{x, y) + y^P,{x, y) + y''P,{x, y) + . . . . +y^'Pn (a;, y) + . . . . 

les n polyndmes P{xj y), Pi{x^ y)» • • • • -Pn-i(a5, y) 6tant nuls pour a; = y = 0, 
et Pn{x^ y) n'6tant pas nul pour a; = y = 0. Les Equations (26) deviennent 

^ 

Pi(aJ,y)+.... + (n-l)y»-»i>„_,(x,y)+-... 

d^ d]/ 

-l/\P,{x,y)-^....\'- _dF_dF ' 

dx dy ^ 
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PlapODs-nous dans le cas g6n6ral oii il n'existe pas de solution singuli^re ; alors 
-^ — h j/ -^ ne sera pas nul pour x = y = ^ = ; les 6quations pr6c6dentes 
pourront s'^crire 

-^ = Q^{x, y) + yg, (x, y) + . . . + t/^'-'QnM^. y) + l/'^'^Qn (x, y) + . . . , 
^'^ =2/gi(x, y) + fQ,{x, y) + ... + y^^^-^Qn-iix, y) + y'''Qn {x, y) + . . . , 



les coefficients Gi» ft» • • • • On-i ^tant nuls pour aj = y = 0. Ces Equations 
admettent un systeme d'mt6grales holomorphes 8'6vanouissant avec y, et il est 
ais6 de voir que le d6veloppement de x commencera par un terme de degr6 n et 
celui de y par un terme de degr6 n + 1. La courbe int6grale sera done repr6- 
sent6e dans le voisinage de I'origine par les formules 

x = ay"* + , 

Si n= 2, ce qui est le cas g6n6ral, la courbe pr^sente un point de rebroussement 
de premiere espfece; si yi^- 2, I'origine est un point singulier d'ordre plus 61ev6. 
Btant donn6 un systeme d'6quations simultan6es 

F(x, y, 2, y, 2/) = 0, <I> (a, y, 2, y, 2/) = 0, 

on verra comme tout-a-Pheure que rint6gration de ce systeme revient k celui du 
systeme 

dx d y dz 

m^iM~ :7wrE" T^KE 

d^ d^ 

D{^,x) +y D(2', y) ^"^ D{^, z) D{x, ^) ^^ D{y, j/) +^ D{z, y") J 

les valeurs initiales Xq, Pq, Zq, y^, z^ v6rifiant les relations 

F{xo, yo, aoi Vo, iSo) = 0, ^{x^, yo, 2o. yo. 4) = 0- 

Supposons qu'en un point de coordonn6es Xq, Pq, Zq les deux cones T, T soient 
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tangents ; si on choisit ce point pour origine et la g6n6ratrice de contact pour 
axe des x, on aura 

F{x, y, 2, y, 2/) = il + J5y + (72/ + Dy" + 2Ei/2f + i?V + . • . . , 

ou A, B, C, D^ E, Ff . . . . a, 6, c, d^ e,f, . . . . sont des polynomes entiers en 
X, y, Zf A eta etant nuls pour « = y = 2 = . D6signons d'une mani^re g6n6rale 
par Lq ce que devient une fonction quelconque L de x^y^z quand on y fait 
a; = y =: 2 = 0; les deux cones T^ T auront pour Equations 

B,^+G,^+D, (zy+ 2^0^+ i^o(4) + 

6oY+<^x '^^(if) +^:^ "^-^"(t) "^ — 

Pour que ces deux cones soient tangents suivant I'axe des x il faut que I'on ait 
Bffi^ — 6jCo = 0. Nous pouvons meme supposer que Ton a pris le plan tangent 
commun pour plan des xy. On aura alors 

et nous admettrons que C^ et c^^ ne sont pas nuls ; autrement I'axe des x serait 
une g^n^ratrice double pour I'un des cones T, T. Bcrivons les premiers termes 
des determinants fonctionnels qui figurent dans les formules (26); 

^j)fj'f\ =Bc— Gb + 21/ {Dc— Cd + Be — Eb) + 2:^{Ec— Ge+/B—bF) 

+ 4{De-Ed)y^ + 4{D/— Fd)i/:^ + 4{E/- Fe)zf' + 

. , f 3(7 ^ ac , „,a^ „^ day , 

, ,{^dG „ dc ^ dA „„aa) , 
+ ^ r a^ -^ W + 2e^ - 2^-g^} + . . . . 

D(F <!>) 
Pour a; = y = 2 = 0, ^\ / ^i se r6duit a 

2^{D^— G^) + 22'(^«Cb- Cjeo) + . . . . 
47 
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Le coefficient de j/ ne sera nul que si on a DqCq — G^ = o , et cette relation 
exprime, il est aise de s'en assurer, que les deux cones T et T ont un contact du 
second ordre suivant Taxe des x. De meme pour x = y = z = y = z' = 0, les 
deux derniers denominate urs des formules (26) se reduisent respectivement a 



( 



dA _ ^ 9a\ 
dx dx /o 



et k z6ro. Prenons le cas general ou il n'existe pas de solution singuliSre ; alors, 
comme nous Tavons vu, on aura 



(< 



dA 

dx 



CX^Q 



et les Equations (26) pourront s'ecrire 
dx 



-a^ = Pi +Pi!/ +P^ + 

^ = P^+P,f +P^^ + 
dz 

W 

cLt! 



= P,^ + P^^ + P,z"' + 



dt/ 



= Qi +Q»!/ +Qi^ + 



(27) 



Pi et Q^ 6tant des fonctions holomorphes de ic, y, 2 dans le domaine de Torigine. 
Dans le cas general oil les deux cones Tet T sont siraplement tangents suivant 
Taxe des x, Pi et Qi sont nuls a Torigine mais P^ est different de zero. Les 
equations (27) admettent un systerae d'integrales holomorphes s'^vanouissant 
avec y et on aura pour les premiers termes du d6veloppement 

X = ay" + ...., 

y=^r + 

2^ = 72/* + '..., 
2^ = 3/+.... 

Ces formules mettent en 6vidence le theorfeme general demontr6 plus haut (§7), 
mais nous voyons de plus que le plan tangent commun aux deux cones T, T 
rencontre la courbe integrale en quatre points confondus avec Torigine. 
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Si on suppose maintenant que les deux cones T et T aient un contact du 
second ordre suivant Taxe des x, Pj, P^ et Qi seront nulspour x = y = z=0, 
et on voit facilement que les developpements des integrales en s6ries auront la 

forme suivante ^ = av" +...., 

y = (3lf+,..., 

z = yy'" + , 

e' = V' + . . . . 

La courbe integrale presente a I'origine un point singulier d'espSce 8up6rieure et 
le plan tangent commun aux deux cones T, T rencontre cette courbe en cinq 
points confondus k Uorigine. Btant donn6 un systeme quelconque d'equations 
difFerentielles simultanees, les points singuliers precedents se pr6sentent d'une 
maniere norraale. En eflfet, pour tout point de la surface P(a;, y, 2) = les 
deux cones STet T ont en general un contact du premier ordre. Si on veut que 
ces deux cones aient un contact du second ordre, il faudra joindre a Tequation 
P{^i y» 2) = une nouvelle Equation de condition qui determinera avec la pre- 
miere une courbe gauche pour tons les points de laquelle les deux cones Tet T 
auront un contact du second ordre. 

On examinerait de meme le cas ou les deux cones ont un contact d'ordre 
quelconque, ou le cas oii Tun des cones admet une g6neratrice double appar- 

tenant a I'autre et en g6n6ral tous les cas ou c -^ G ^- n'est pas nul pour 

a; = y = 2=0. Si on avait en meme temps Tc-^ (7-^1 = 0, tous les 

denominateurs des equations (26) seraient nuls pour x = y = 2 = y' = 2' = 0, et 
on ne pourrait plus appliquer la methode pr6c6dente. 

II est facile de voir comment ces r6sultats se rattachent a la th6orie des 
equations lineaires aux d6riv6es partielles. A chaque point de Tespace de coor- 
donnees (x, y, z) les equations (15) font correspondre m directions issues de ce 
point ; les surfaces telles que le plan tangent en chacun de leurs points contienne 
une des m droites correspondant a ce point seront definies par une Equation aux 
derivees partielles du premier ordre et du degr6 m en p^ q, qui se decomposera en 
r6alit6 en m 6quations lin6aires. Les surfaces integrales s'obtiennent, comme on 
sait, en associant suivant une loi arbitraire les courbes integrales des equations 
(25). Si ces Equations n'admettent pas de solutions singuli^res, comme c'est le 
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cas g6D6ral, T^quation aux d^rivees partielles n'aura pas non plus de solution 
singuli&re. Mais, si les Equations (15) admettent des solutions singuliferes, la 
surface engendree par ces courbes donnera une solution singuli&re de F^quation 
aux d6riv6es partielles. 
10. Exemple I. 

y-xy'=0, 7?z^' = ;x? + y'—l. 

Les deux valeurs de z' deviennent egales pour tons les points du cylindre 

et la direction d6finie par la racine double est 2/ = , y = — , c'est-^dire la per- 

pendiculaire abaiss^e du point {x, y) sur I'axe des z. Cette direction n'est pas 
situ6e dans le plan tangent ou cylindre, qui est par consequent un lieu de points 
de rebroussement des courbes int6grales. II est facile de le verifier car I'int^- 
grale g6n6rale est 



y = dx, z = Va? + y* — 1 — arc tg Va? + y* — 1 + Cj. 

Exemple II. (V. Serret : Journal de Liouville, 1*" s6rie, t XVIII, p. 29) . 

y = «2/ + 2/* + «', z = 2lx + i/2f. 

L'6quation ^\ .' ,/ = est ici 
. ^(2/»2/) 

(x + 2/)(x + 22/)-2/ = 0- 

En 61iminant y et 2/ entre ces trois Equations, on trouve l'6quation d'une surface 
du sixi^me ordre 

[231?+ Ixy— 9z]»+2(x»+ iy)\12x {z — xy) — 2{7? — y^f] =0. (28) 

II est ais6 de voir que, pour tout point de cette surface, les Equations (15), (16) 
et (18) sont compatibles; nous nous trouvons done dans le cas oh il existe des 
solutions singuliferes. L'int6grale g6n6rale des Equations propos6es est en eflfet 
donn6e par les 6quations 

y^ax + a' + hA ^gg^ 

2 = 6a; -|- a6 , i 
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oii a et 6 sont deux constantes arbitraires. Les courbes int^grales forment, 
com me on voit, un systeme de rayons rectilignes du second ordre et de la troisifeme 
classe; ces droites sont des tangentes doubles de la surface (28), qui contiendra 
par consequent les aretes de rebroussement des d6veloppables de la congruence. 
Pour obtenir ces d6veloppables, cherchons a determiner b en fonction de a de 
fapon que les droites representees par les equations (29) aient une enveloppe. 
On est conduit ainsi a T^quation diff6rentielle 

(d^) + «d^-*=^' w 

dont Fintegrale gen6rale est 

b=Ga+ G\ 

G d6signant une constante arbitraire. L'arete de rebroussement correspondante 
aura pour Equations 

requation (30) admet en outre I'integrale singuli^re, 

et Tarete de rebroussement correspondante est 

(32) 



(31) 



_ 1 ^ ^ 



z -^^. 

Les Equations propo86es admettent, outre I'intggrale g6n6rale (29), une infinite 
d'int6grales singuli^res representees par les Equations (31) et une int6grale singu- 
lifere isol6e (32) qui est I'enveloppe des premieres. 

D'une mani^re g6n6rale, consid6rons le systeme d'equations simultan6es 

F(y — ary, z — aa/, y', 2/) = 0, * (y — a^, « — aa/, y, s/) = 0, 
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qui peut etre considere comme line generalisation de Teq nation de Clairaut. On 
verifie immediatement que lea equations (15"), (16) ct (18) se reduisent a trois 
Equations distinctes ; le systeme doit done admeltre des integrates singuli&res. 

En effet, Tintegrale generale est formee par les droites de la congruence 
F{y — ax , 25 — ftic , a , 6) = , <!> (y — ax , 2 — ix, a, 6) = , 

ou a et 6 sont des paramfetres arbitraires ; les aretes de rebroussement des deve- 
loppables de la congruence seront les integrates singuliferes. 



III. 

11. Les resultats qui precedent peuvent etre appliques aux equations diflF6r- 
entielles du second ordre. Soit 

F{x,y,y\y") = (33) 

une equation du second ordre, ou F est un polynome entier irreductible en 
X, y, y', y". Si on pose y^ •=.%, T^quation (33) peut etre remplacee par le 
systeme des deux equations 

i^(x, y,2j, zO = 0,) /34X 

L^equation P(x, y, «) = 0, obtenue en eliminant z' entre les deux Equations 

i^(x, y,z,20 = O, 1^ = 

represente en general, nous Tavons vu, le lieu des points de rebroussement des 
courbes integrates du systeme (34). Si on y remplace z par y^ on a une certaine 
equation differentielle du premier ordre 

P{^.y.y') = ^. (35) 

que Ton obtiendrait evidemment en eliminant y" entre les deux equations 

F{x,y,y<,y") = 0, ^ = 0, 

et dont il est aise, d'apr&s ce qui pr6c&de, d'avoir la signification. En eflfet, soient 
X, y, 2J les coordonnees d'un point M de la surface P(x, y , 2) = 0; par ce point 
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passe une courbe integrale du systeme (34) ayant un rebroussement en ce point 
et la droite X—x Y—y Z—z 

pour tangente de rebroussement. Cette courbe se projette sur le plan des xy 
suivant une courbe integrale de T^quation (33) passant par le point (x, y), ayant 
un rebroussement en ce point et la droite de coefficient angulaire y' = z pour 
tangente de rebroussement. Par suite, en chaque point d'une courbe integrale 
de Pequation (35) passe une courbe integrale de ^equation (33) ayant un rebrous- 
sement en ce point et la tangente a la premiere courbe pour tangente de rebrous- 
sement. 

Ce theorfeme pent s'etablir directement comme il suit. Supposons, ce 
qu'on pent toujours faire grace a un changement de coordonnees, que pour 
a; = y = y' = 0, r6quation (33) ait une racine double y" =.a. Pour des valeurs 
de a:, y, y^ suffisamment voisines de z6ro, les deux valeurs de y" qui deviennent 
egales seront representees par un developpement de la forme 



y" = a + {a^x + % + ciy' + ) + s/a^x + % + c^?/' + . . . . ; (36) 

en posant, comme plus haut, y' =^z^ cette equation pent etre remplac6e par le 
systeme 



Changeons encore z en ax + Z] le systeme devient 



Z' = a^x + h^ij + c^Z +....+ ^/aiX + b^y + c^Z + .... J 
y' :=ax + Z. ) 

A ce systeme on pent appliquer le theoreme du n** 1 ; car, si on pose 

x = a/', y = x^u, Z=x'^v, 



il devient 



-Y -^ = — V + xf' \ai + biU + CiV + . . . .} + x! lOi + . . . .\ ; 
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ces Equations admettent un systeme d'int^grales holomorphes s'fivanouissant 
avec a/ o^ 

w = o- a/ + . . . . 

Par suite r^quation propos6e admet une courbe int6grale tangente k Paxe des x 
a rorigine des coordonnees et representee par les Equations 

x = ixf\ y = — af*+ aa/* + . • • • 

On voit que I'origine est un point de rebroussement de seconde esp^ce ; ce qu'on 
pouvait pr6voir a priori puisque la d6riv6e seconde doit conserver en ce point 
une valeur finie. En reunissant tous ces r6sultats, on pent enoncer la proposi- 
tion ci-dessous : 

Etant cUmnie une Squatian diffh^entielle du second ordre F{x, y, y', y") = ^ j ^ 

7iF 
eliminant y" erUre cette equation et la relation ^-p = , on obtient u/ne certaine Squ<ition 

diffierentielle du premier ordre P{x, y, y')=:0, dont les intSgrales posshdent, en 
genSralf la propri^e suivante. Par chaque point M d^une de ces courbes int^grales 
G il passe v/ne courbe integrdle de rfquaiion ^ = , ayant un rebroussement de 
seconde esjp^e en M et la tangente en ce point h la courbe G pour tangente de 
rebroussement. 

On d6montrerait ais6ment la proposition suivante, qui complete en quelque 
sorte la premiere : 

En Sgalant h z&ro le coefficient de la plus Iiaute puissance de y" dans Vkquation 
F{xj y , y, y") := , on obtient vne certaine equation dijffh-entieUe du premier ordre 
^(a, y, y')= dont les cowrbes int^grales sont telles qvHen general par un point 
quelconque M de Vune d^elles G il passe une cawrbe intigrale de FSqiuition J^ = , 
ayant en M wa rebroussement de premikre esp^ et la tangente en ce point h la courbe 
G pou/r tangente de rebroussement. 

Si Tun des polynomes P(a;, y, y), Q{x, y^ "j/) ne contient pas y, on devra 
regarder, suivant les idees de Clebsch, Tint^grale correspondante comme se com- 
posant d'un point quelconque de la courbe P(a;, y) = ou Q{x^ y) ^0 et de 
toutes les droites passant par ce point. 



Sqtuiiions diffh-entielles simtdtarihs. 365 

12. Nous avons suppose jusqu'ici que le systeme auxiliaire (34) n'admet pas 
de solutions singuli^res. S'il en est autrement, toutes ces solutions singuli^res 
seront situ^es sur la surface P(a:, y, 2) = et leurs projections sur le plan des 
xy auront pour Equation diflF6rentielle 

Par chaque point de la surface P(x, y, z)= passent deux courbes int6grales 
du systeme (34) tangentes Tune ^ Tautre, dont les projections sur le plan des xy 
sont des courbes int6grales de ^equation (33) et, comme les valeurs de y et de 2/ 
sont les memes pour les deux courbes dans Tespace, leurs projections sur le plan 
des xy auront un contact du second ordre. On voit done que I'equation (33) 
admettra dans ce cas une infinite d'int6grales d6finies par une Equation du 
premier ordre P{x, y, y^)^=0 qui ont un contact du second ordre en chacun 
de leurs points avec une autre courbe int6grale. 

Les solutions singuliferes de T^quation (33) peuvent aussi etre d6finies directe- 
ment, sans passer par l'interm6diaire du systeme simultan^ (34). Nous dirons 
qu'une int^grale de cette equation est singulifere si pour tout point de cette 
int^grale la valeur correspondante de y" est racine multiple de r6quation 
F{x, y, y'j j/^) = 0. II r6sulte de cette definition que de pareilles int6grales, si 
elles existent, devront verifier Pequation P(a;,y, y)=:0 obtenue en 61iminant 

y" entre les Equations ^=0 ^t ^y, =0. On sera ramen6 k rechercher s'il 

existe des int6grales communes aux deux Equations 

F{x,y,j/,f)=Q, P{x,y,y^) = 0, 

ce qu'on pourra toujours faire par des calculs alg6briques. Si Tfiquation J^= 
est quelconque, ces deux Equations n'auront pas d'int6grales communes et il 
n'existera pas de solutions singuli&res. Nous venons de voir quelle sera la pro- 
pri6te geom6trique des courbes int6grales de Fequation P = 0. Mais, si les 
int6grales de Pfiquation P=0 appartiennent k l'6quation F=0, on pourra 
d6montrer directement, comme plus haut, que ces courbes ont en chacun de 
leurs points un contact du second ordre avec une autre courbe int6grale. 

La recherche des solutions singuli^res pent etre facilit6e par 1' application de 
la r6gle suivante. II est clair d'abord que, s'il existe des solutions singuli^res, 
elles doivent satisfaire aux trois Equations 

IP n 9-P n dF , dF , ^ dF „ ^ 

48 
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Inversement, si pour tous les points d'une courbe G ces trois Equations admettent 
une solution commune en y^', cette courbe est une solution singuli^re. En effet 
soit m la racine commune aux trois Equations 

i.(.,,,,',™)=0,-f = 0, f + |:y+|^„ = 0; 

quand on se d6place sur la courbe (7, y^y\m sont des fonctions de x dont les 
d6riv6e8 v6rifient la relation suivante 

ax "^ ay 2^ "^ ay ^ "*■ am dx~^' 

qui, compar6e avec les premieres, se r6duit k 

On aura done y'^ :=zm^ k moins que Ton n'ait aussi -^ = 0. 

Remarque. Si F^quation F=zO admet des solutions singuli^res d^finies par 
r6quation du premier ordre P= 0, cette Equation P = pourra avoir elle-meme 
une solution singuli^re et cette solution singuli^re n'appartiendra pas en g6n6ral 
k r^quation -F= . Oar cette solution n'a en g6n6ral qu'un contact du premier 
ordre avec les autres int^grales de P = 0. 

13. Exemple I. y'^ — 2yY +1 = 0. 

L'6quation P{x, y^ y^)=^0 est ici y'' — 1 = 0; l'int6grale g6n6rale se compose 
de lignes droites y=±x+G, 

et il est facile de v6rifier que ces lignes droites sont des lieux de points de 
rebroussement de seconde espfece pour les courbes int6grales de PSquation pro- 
pos6e ; I'integrale g6n6rale, que I'on trouve ai86ment, est en eflFet representee par 
les equations 

Exemple II. 

(1 + sc»)y"*— (2xy + 4-)y" + y" + V-y = 0.* (37) 

* Lagrange, Legona sur le cdlcvl des fonctions. Serret, Cours d^ Analyse, t. II, p. 895. 
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Les deux valeurs de y" deviennent 6gale8 si on a 

On v6rifie sans diflScult6 que les intfegrales de l'6quation (38) v6rifient l'6quation 

(37) ; il y a done des solutions singuliferes. L'int6grale g6n6rale de l'6quation 

(37) est en eflfet 

y = aa:» + 6aj + 4a2 + &« 

et celle de I'^quation (38) 



\/l62/ + 4a!* + a^ — a^l+o* — log(a; + ^^l+a^)=^• 
L'6quation (38) admet en outre une int6grale singuli&re 



y=-T--l6- 



qui n'appartient pas & I'6quation (37). 

14. II est ais^ d'6tendre ces considerations h. des systemes d'un nombre quel- 
conque d'6quations du premier ordre tels que 



Fi{x, yi, y, ffni yi, yi, yi) = 0, 

■^»(a5, yi. y«. — y»; yi. y« yi) = o, 

^•(a!. yi. y» yn;yi,i/i yi) = o. . 



(39) 



Appelons point dans Tespace k (n + 1) dimensions tout systeme de valeurs par- 
ticuliferes a^o, yj, . • . . yi attribuees aux variables x, y<, courbe I'ensemble des 
points dont les coordonnees sont fonctions d'une seule variable ind6pendante, 
sur/doe I'ensemble des points qui v6rifient une seule relation 

*(», yi,y2, — yn) = o. 

Tant que le determinant fonctionnel 

DjFuF, F„) 

^{yi,yi — y'n) 

sera different de z^ro, on pourra r6soudre les 6quations (39) par rapport k 
yi, yi y'n et appliquer le th^or^me fondamental de Cauchy. Mais il n'en 
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sera plus de meme si ce determinant est nul. En 61iminant yi, • • • • y« entre les 
Equations (39) et F^quation 

. D(F„F, F,) _ 

on obtient une certaine surface 

^(aJ, yij y%, yn) = 0. (41) 

En general, par chaque point de cette surface passe une courbe int^grale pr6- 
sentant en ce point une singularit6 que Ton pent definir comme il suit ; par une 
substitution lineaire convenable, x, y^ . . . . y^ sont representees par des deve- 
loppements de la forme 

x = ^, 

yi = a/ + , 

2/, = a,<* + 



y, = anr+» + 



Si, en chaque point de cette surface, la direction particulifere d6finie par les Equa- 
tions (39) et (40) est situee dans la variety lineaire a n dimensions tangente k cette 
surface, les conclusions sont tout-i-fait differentes. La surface P = est un 
lieu d'int6grales singuliferes, que Ton peut definir par un systeme de {n — 1) 
Equations diflf6rentielles du premier ordre ou, ce qui revient au meme, par une 
Equation diffErentielle unique d'ordre (n — 1). 

Pour appliquer cette thEorie k un exemple, reprenons un des problfemes 
traitEs par Serret ;* proposons-nous de dEterminer une courbe gauche, connaissant 
la courbe lieu des centres de courbure. Si on choisit x comme variable indE- 
pendante, on aura k rechercher les intEgrales de deux Equations diflFErentielles du 
second ordre 

^{x,y,z,y\z\y^\z^^) = 0;i 
* Jaumcd de LiouvOle, 1*" S6rie, t. XVIH, p. 28. 
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ce systeme peut etre remplac6 par le suivant, qui ne contient que les d6riv6es du 
premier ordre 

F{x, y,z, u, V, < t;0 = O, 
*(«, y, 2, u, V, u\ vO = 0» 

y — w=:0, ' ^ ' 

zf — v=0. 

L'int6grale g6nerale doit contenir quatre constantes arbitraires ; or on connait 
imm^diatement des courbes integrales r^pondant a la question, les cercles qui 
ont leur centre en un point quelconque de la courbe donnee G. En dehors de 
ces solutions, evidentes a priarij il existe d'autres courbes r6pondant k la question 
que Ton pourra definir directement. Oonsiderons une developpable passant par 
la courbe (7; cette developpable sera definie si on se donne Tangle ^ que fait en 
un point quelconque if de C7 le plan tangent a cette developpable avec le plan 
osculateur a la courbe G en ce point. Soit D une developpable obtenue ainsi, 
et O la gen6ratrice passant en M. Toute courbe gauche r6pondant k la question 
peut 6videmment etre consid6ree comme Tarete de rebroussement de la surface 
enveloppe d'un plan P men6 par M perpendiculairement a la g6neratrice G d'une 
certaine d6veloppable Z); et il faudra de plus que le point de contact du plan 
P avec son enveloppe soit situ6 dans le plan tangent a la developpable D suivant 
la g6n6ratrice O. En exprimant cette propriet6, on est conduit, il est facile de 
s'en assurer, k une equation diflF6rentielle du troisifeme ordre dont les int6grales 
fournissent la veritable solution du problfeme propose. Ces courbes correspondent 
k des solutions singuliferes du systeme (43) ; en effet, par chaque point de Tune 
d'elles passe une courbe int6grale ayant avec elle un contact du second ordre, le 
cercle osculateur lui-meme, et pour ces deux integrales a, y, z, w, t?, y', z', t*', t?' 
auront les memes valeurs. 

On peut encore s'en rendre compte autrement. Cherchons les courbes inte- 
grales passant par un point donn^ Jf de I'espace et tangentes k une droite donn6e 
MM^ passant par ce point. Autrement dit, cherchons les int6grales du systeme 
(43) qui correspondent k des valeurs initiales donn^es de x, y, z, u, v. Pour 
cela, au point M nous menerons le plan P perpendiculaire a la droite MM\ et 
nous prendrons les points d'intersection Oi , 0,, . . . . Op de ce plan avec la courbe 
(7; si ces p points sont distincts, ce qui est le cas general, les seules courbes 
r^pondant k la question seront les cercles d6crit8 des points 0^, 0|, . . . . Op comme 
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centres et tangents h la droite MM'. Pour qull y ait une v6ritable courbe int6- 
grale tangente en if ^ la droite MM\ il faudra que le plan P soit tangent k la 
courbe (7; par suite deux des systemes de valeurs de u', t?', foumies par les 6qua- 
tions (43) seront venu se confondre : ce qui est la propri6t^ caract6ristique des 
solutions singuli^res. 

15. Prenons encore une Equation unique d'ordre n 

J^(x,y,y', y^....y^~0 = O, (44) 

ou ^designe une fonction enti&re de aj, y, y', . . . . y^""^ ; si, pour 

x = Xo, y = yis, ^"-1 = 3^-1; 

r^quation (44) admet une racine multiple y" = yji on ne pent plus appliquer les 
th6or&mes g6n6raux. Pour trouver la singularite correspondante de I'int^grale, 
imaginons, ce qu'on pent toujours faire, que cette circonstance se pr6sente pour 
les valeurs initiales aro = yo = yo = ; et supposons d'abord que Ton ait aussi 
y^' = y^''z= . . . . =yj= 0, la valeur de y^*^ qui se r6duit k z6ro 6tant racine 
double seulement. Les deux valeurs de y^*^ qui deviennent nuUes seront repre- 
sentees par un d6veloppement de la forme 



y^-^ = a,x + a^ + o^y + . . . + a,^^^-'^> + . . .+^/b^x + biy + b^ + ... (45) 

Posons y = wi, y = t«8, y^*^""^' = ^«-i; 

on pent remplacer I'Squation (45) par le systeme 






<_, = w««i, 



<-! = Oiic + a,y + a^Ui + + Vftjic + b^y + h^u^ + . . . 

Paisons encore le changement de variables 



(46) 
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le sjsteme (46) devient 



T§ + ^="''^" 



a^ dUn-t , TT _ -,/• 



2 da/ +^n-i = x''\a-\-a,Y+....\ + x'\b*+....\ 



2 dti/ 



(47) 



D'aprfes le th6orfeme g6n6ral du n** 1, ce systeme admet un eysteme d'intfigrales 
holomorphes s'^vanouissant avec a', et on v6rifie ais6ment que le d^veloppement 
de F commencera par un terme en (a^)*"+^ On aura done pour y un d6veloppe- 
ment suivant les puissances de x^ de la forme suivante 

y = aa;*+* + /?a;* + ^ + ya;« + *+ 

Supposons main tenant que pour x = y = y' = 0, y^^ = y©' • • • • y^"""^^ = yi'*"*\ 
I'equation (44) admette une racine double y*^ = yj*\ On ram6nera ce cas au pr6- 
c6dent en posant 

^— HsLrg^A. y'^'^ a!»-t- -4- ^ iB»4-z- 

y- 2 ^+1.2.3^^ ^1.2 n^ ^^' 

on en conclut que le d6yeloppement de y sera de la forme 



y 



= ^^+1^3^+ •••• + 172^^^ W 



La courbe int6grale pr^sente k Porigine un point singulier d'esp^ce particulifere, 
analogue ^ un point de rebroussement de seconde esp^ce. 

Pour que I'Squation (44) ait une racine double en y^"\ il faut que I'on ait en 

meme temps 3 j* 

--- — = 0* 

l'61imination de ^"^ entre ces deux Equations conduit d, une relation entre y et 
ses d^riv^s jusqu'iL I'ordre n — 1 . 

*(a,y, y' y<»-«) = 0. (49) 
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D'aprfes ce que nous venons de voir, les courbes int6grales de cette Equation (49) 
possfedent la propri6t6 suivante. En chaque point M de Tune d'elles G, il passe 
v/ne courbe integrate de Vequaiion propose (44) ayant avec la courbe C vn contact 
d^ordre n — 1 et pr&sentant en ce point mi point singulier de Vesphe caracthisie par 
le dSveloppement (48). 

Si les int^grales de l'6quation (49) v6rifient aussi r6quation (44)^ ce qui ne 
peut avoir lieu que dans des cas particuliers, ces int^grales seront des int6grales 
singulih'es. On d6montrerait comme pr6c6demment qu'en chaque point de I'une 
d'elles passe une seconde courbe integrale ayant un contact d'ordre n avec 
l'int6grale singuli^re. 
Paris, Janvier 1889. 



Electromagnetic Waves and Oscillations at the Surface 

of Conductors. 

By Henry A. Rowland. 



General Equations. 

In the following paper I have worked out a few cases of electromagnetic 
waves and the oscillations of electricity on a conducting body, such as may be 
useful in the further understanding of alternating currents and the subject of 
electricity generally. 

Of course all calculations must be based on Maxwell's equations. In these 
equations occur two quantities, / and i//, which caused remarks by Sir Wm. Thom- 
son and others at the British Association meeting in Bath. Maxwell has already 
given the reasons for rejecting 'v//, and has shown that neither J nor i// enter into 
the theory of waves. In order, however, that there shall be no propagation of 
free electricity in a non-conductor, the components of the electric force must 
satisfy the equation of continuity, and this leads to components of the vector 
potential satisfying the same equation, and J=0 therefore. I have satisfied 
myself that there is absolutely no loss of generality from these changes. Hence 
I write the equations as follows: F, G, H being the components of the vector 
potential, w, t;, t^ of the electric current, P, Q, R of the electric force, a, i, c of 
the magnetic induction, x the specific inductive capacity, ^ the magnetic permea- 
bility, G the conductivity, t the time and <r the surface density. 



- _dH_dG 

~ dy dz 

b=— — — 

dz dx 

-_dG_dF 

dx dy 



P = 



dF 

dt 



^ dt 

at 
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1 A«rr ( n ^ ^ d\dQ 

dx dy '^ dz 



Inside a good conductor, such eus a metal, Maxwell has shown that x can be 
neglected in comparison with the conductivity, and the equations take the form 
of the diflfusion equations for heat. 

The conditions at a surface of separation of two media are as follows, though 
all the equations are not independent, ?, m and n being the direction cosines of 
the normal to the surface : 

(a — a^l +{h — h^m + (c — c^n =0, 
{u — u^l + (v — v^m + {w — w^n =0, 
{xP — XiPi) l+{xQ — xi^i) m+(xR — x^Ri) n = 47ttT, 

V/* 1^1/ \fl (liJ 

^^ fh/ \(i 111/ 

iQ—Qi)n —{R — E,)m = 0, 
{B — Ri)l — (P— Pi)w = 0, 
{P-Pt)m-{Q-Q,)l =0. 

The electrostatic energy of any volume is 
and the electromagnetic energy is 
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The equations of Maxwell, applied to periodic disturbance, indicate that all 
the vector quantities have only two directions in space at any point. The vector 
potential, the electric current, the electric force and the electric induction being 
in one direction, and the magnetic force and magnetic induction being in another 
direction, the cosine of the angle between these directions being 

Fa + Gb+ He 

A system of surfaces can always be drawn containing these two vectors, as in 
hydrodynamics in the case of steady flow for the vortex lines and lines of flow, 
and these surfaces constitute the wave surface when the motion is periodic. In 
any case we may call them by this name. In the case of periodic motion, the 
flow of energy is perpendicular to this surface for plane waves at least, and Prof. 
Poynting has carried out the idea for all cases and supposes the energy always 
to flow perpendicular to this surface. 

At the surface of a perfect conductor the conditions are much simplified. 
The disturbance penetrates only an infinitely small distance into the surface, 
and consists of a current sheet whose components per unit length along arc of 
cross section can be designated by U, 7, W. The surface conditions are then 
transformed into the following : 



{; 



■aU+bV +cW=0, 

J , . <dU , dV , dW) da 

la -i- mb -\- nc = , 



lP-\-mQ-\-nRz=—, 



mR—nQ = 0, 
nP —IB =0, 
IQ —mP=0. 
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From these equations we see that the electrical vectors, such as the vector poten- 
tial, electric force and electric current, in the medium must be perpendicular to 
the perfectly conducting surface, and that the magnetic force and induction must 
be parallel to the surface. The wave surface must then be perpendicular to the 
conducting surface, and the currents in the surface are in the direction of the 
normal to the wave surface. Thus the system is orthogonal at the surface. 

Selecting a complete orthogonal system, one surface being the wave surface, 
we can replace the surface containing the magnetic induction a, 6, c by a per- 
fectly conducting surface. 

The solution of cases of progressive waves, as well as stationary waves and 
electric oscillations on conductors, are all dependent on these general equations. 
One general fact with regard to electric oscillations is to be noted, and that is, 
that, as in the case of sound, the period of oscillation of an electric system is 
proportional to the linear dimensions of the system. 

Two Dimensions. 

Suppose the waves to move in the direction of the axis of X without any 
change of form, but with or without damping, which would influence the ampli- 
tude of the disturbance. Then the disturbance can be expressed by the equations 

a \dz J 

where Z, M, iVare functions of y and z and 

A*M+{a' — A)M=0; A'N+ {a*- A)N=0. 
Tn these equations in general a = a + i/? and c = A — ib, where a is the distance 
damping factor, h is the time damping factor, the velocity of the wave is -^ and 
h'=nv, where v is the number of alternations per second. 



F= — 


1 Xea.+ rf 

a 


<? = 


if6«'+«', 


H= 


JV6~+«*, 
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A special case is given by jP= and a^ — -4 = 0, which is applicable to 
waves on perfectly conducting cylinders. 
These conditions give 

dz dy ' 

dy dz 

Hence if and N are conjugate functions of y and z. If ^ and i^ are conjugate 
functions of y and 2, we can therefore write 

dy dz ' 

dz dy ' 

/. i^=0, a=0, 

^ az ^ , c — a-g^e 

Hence the electric quantities lie on the curve i^ = const, and the magnetic ones 
on 4> = const. Therefore the conditions at the surface of a perfect conductor 
are satisfied for the cylindrical surfaces ^ = const. 

In general, we take two cylinders, ^ and ^', so as to account for the direct 
and return currents and for the + and — charges. 

The surface density on 4> = const, is found to be 

*'=(i)+(t)'=(f)+(t)" 

and the electric current 

Hence we have the remarkable theorems : 
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Theorem I. The electric density on the cylinders is proportional to the density 
which they vx>ald have if they were charged with electricity at rest ; and the electric 
cu/rrents are distributed in the same proportion, although not the same phase. 

This leads to 

Theorem 11. In the case of perfect coTid'uctors we have LG=^ -r , where L is the 

self-induction and G the capacity per unit of length, and v the roMo of the units or the 
velocity of light. 

This is best proved by considering the energy of the system per unit of 
length as derived by the formulae above and by the ordinary ones in terms of 
the capacity and self-induction. Thus we have 

where ds is an element of the curve ^ constant, and the line integrals are taken 
around the curve 4)' or 4>", and the volume integrals between 4/ and 4)". Whence, 
substituting the values of a and Ui and dividing one equation by the other, the 
theorem is proved. 

In the case of imperfect conductors and long waves, the currents sink below 

the surface and the self-induction becomes greater than -p^ • 

It is to be noted that rapid alternation of the current to some extent takes 
the place of improved conductivity in causing a superficial distribution of the 
current. Indeed the equations only contain the conductivity multiplied by the 
number of alternations per second, although the number of alternations per 
second enters separately. Within certain limits, therefore, the following is 
correct : 

Starting with very good conductors and very long waves, the electric cur- 
rent will be uniformly distributed throughout the section of the conductors. As 
the waves become shorter and the number of vibrations per second greater, the 
distribution of currents changes and finally they are entirely on the surface of 
the conductors and distributed very nearly like the density of electricity, pro- 
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vided the conductors were charged with electricity at rest. The waves must, 
however, be long as compared with the sectional area of the cylinders.* 

Plane Waves at the Surface of Separation of Two Media. 

At the surface of a liquid or of an elastic solid we may have waves propa- 
gated according to known laws. So, at the surface separating two media, there 
may be waves whose theory will now be given. In this investigation a^b, c, e 
and A, B will be complex constants. Let 

which satisfy the equation of continuity. Maxwell's equation gives also 

— lie {4nG— xc) + a^ + ^ = 0. 

Let the plane y = separate the two media of conductivities O and Gi and spe- 
cific inductive capacities and magnetic permeabilities xfi and tc^iii . Maxwell's 
equation and the surface conditions then give 

a^^ ai, c = Ci , 

a* + ^ = (ic {4nG + xc), a* + ^ = iiiC {4nGi + Xic) , 

Ae = A^ei^ — = — . 

There are two principal cases — 

let. — Magnetic Waves. 

The condition is -d = Jj = , 

F=G=0, Fi = Gi = 0. 

When there is no time damping at the source of the wave, we can pass to a real 
solution as follows : 

a = a + i/?, € = y + fS, c=: — i6 = — inv. 

*The distribution of currents is superficial for moderate conductivitj and short waves. Hence, 
inside the conductors, the electric and magnetic forces must be zero, and this leads to the same super- 
ficial distribution of electric currents and surface density which, when the section of the cylinder is 
small compared with the wave length, becomes that of electricity at rest. 



380 Rowland: Electromagnetic Waves and 

The conditions from Maxwell's equations give us the values of these in terms of h . 

where a and ^ must have opposite signs. For the second medium 

r' r' 

When [11=^(1, these all become infinite and no wave is propagated. Hence they 
depend on the diflference of magnetic properties. The magnetic disturbance is in 
the plane xy and the electrical disturbance in the direction of the axis of z. The 

wave advances in direction of x with a velocity -ft and a damping factor a. 
The waves in both media die out quickly as one passes away from the surface 
according to the damping factors y and yi. So that the wave is confined to the 
surface in the same sense that a water wave is confined to the surface of water. 
The case of greatest consequence is that of iron and air for which 

all on the c. g. s. system. These give very nearly 

— a = |3 = — y = 3 = 7i s/ — — and y^ = — 5i = n V 2(7i/^ir . 

If X is the wave length of a complete wave, v the number of reversals per 
second and V the velocity of the waves, we have 

Hence the disturbance is given by the following quantities : 

Vector Potential. 
In Air. 

F= G = 0, 

H= Be-^^^-^y^ cos {/? {x + y) — nvt]. 
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In the Magnetic Metal. 

Hi = Bj-cf+'-.f) COB \^{x + ii,i/ — nvt]. 
Magnetic Indtiction. 

In Air. 

« = — 5e-*c+'"/? I sin [j3 {x-\-y) — nvf] + cos [/3 (« + y) — nvi] } , 
6 = + 5e-'"-+''>i3 { sin [/3 (x + y) - m>f] + cos [/? (x + y) - nv^] }, 
c = 0. 

In the Magnetic Metal, 
oi = - 56-^<'+'*«»'>i3^i {sin [/? (a: + M - nvt] + cos [/3 {x + f^iy) - Ttr^] f , 
61 = + Bb-^^"^^^^^^ \ sin [/3 (» + i[£,y) - nvt] + cos [/3 (a + ^i^) — nvf] \, 
Ci=0. 

The waves which proceed outward from the surface into the two media are 
therefore of the same type as the heat waves sent downward into the earth from 
the periodic heating of the sun, and may be called diffusion waves. The compo- 
nent along the surface is of the same type. In this type the real and imaginary 
parts of the coefficients of a or y are equal, and therefore the amplitude of the 

wave is decreased to ^o^th of its value in going a complete wave length or — rd 

in going half a wave length. As an example, take iron with v = 200. per 
second. We then have 

Velocity along surface, -^ = V |^ = 31600. cm. per sec. 

Wave length along surface, -^ = n/~^ =316. cm. 

Perpendicular velocity in air, T~'3~~'^^ ~ ^^^^^- ^°^- P®^ ^^^• 



60 



wave length m air, -^ = -^ =V ^ =316. cm. 
velocity in iron, -^ = ^ ~ V 2^— = 32, cm. per sec. 
wave length m iron, -y- = — jj =\/ ^ = .32 cm. 
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One is impressed with the small values of all these quantities, especially the 
velocity of penetration into the iron, which is only 32. cm. per second. At a 
depth of one-fourth ^ the disturbance is only one-fifth that at the surface, and in 

this case it is only .08 cm. or -^ inch ! Even at the depth of -^ inch the dis- 
turbance is only about half that at the surface. The disturbance along the 
surface is also only half as great when the distance from the disturbing cause is 
40 cm. or about 8 inches. 

This theory explains an experiment of Prof. Trowbridge, in which a bar 
was placed in a solenoid through which an alternating current was passed. Only 
the outside was found to be magnetized and to attract iron filings. 

From this theory we see that any iron requiring very rapid changes of 
magnetization must be divided up into very fine wires or laminae, in the well- 
known manner, whose thickness or diameter can be reduced with advantage 

even below -ttt. inch. 

lUU 

The lines of magnetic force in the air are at an angle of 180°-46° with the 
surface, while those in the iron are nearly parallel to the surface, the tangent of 

the angle with the surface being — . 

Gase 2. — Electrical Waves. 

This case, in which the electrical properties are the principal factors and 
the electric currents and displacement are in the plane containing the normal to 
the surface and the direction of propagation, is obtained by making J? = in 
the equations. This gives the surface conditions 

-4 ...,._ ^, 



Ae = A^ey 



and the conditions of wave propagation 

d^ -{■ ^zzmc {4nG + xc), a- + ^ = fiiC {AnCi + icyc) . 
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These give 

a* - c (4nG 4- xcVinG 4-xc) ^i (4^^+ ««) - ^(4^<^i + «! «) 

^ = c (AnG + xcy ^ ^f^X ""%- ^l^tfl^ "t ' 
^ ^ {4nC + Tccy — {4LnCi + xicf 

The separation of the real and imaginary parts causes too complicated 
results, and therefore it is better to simplify them before reduction by applica- 
tion to the case of air and a metal. For this, (7=0, /t£=l, ;^ = or is at 
least small compared with d . This gives 

/? = 6Vx 1 1 + - ^^^,| = bVx nearly, 



The waves thus proceed with very little damping, and have the velocity of light 
^ Jl j very nearly. In each of the media, as we pass away perpendicular to the 

X 

surfaces, the waves are of the diflfusion type. Putting 

^ = ^x + 8y —bt, 
^1 = ^x + Sa/ — bt, 



the disturbance is 



Vector Potential 



In the Air. 
F= ^ye"'+ w (cos <^ — sin ^) , 

(? = — Ae^-^"^ (a cos ^ — /? sin ^) , 

JT=0, 



In the Metal. 



F^ = jly€-*+ Y**' (cos q>i — sin ^^) , 

(?i = —A -^ €-'+^»«'(a sin 4^1+/? cos ^^, 



4nGi 



J3i=0. 
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Magnetic Induction, 
In the Air. In the Metal. 



a = h= 0, 



ttj = 61 = , 



Electric Gv/rrent 



7$ 
w = A -p^ 8"'+>^ (cos^) — sin 4)), 

v= — ^ — 6"*+ w (a cos 4) — /? sin 4^), 

2^7= 0. 

Surface density of electricity is 



u,= A ^ £-+^»»' (cos 4^1 — sin q>,) , 
v, = —A— 8-'+ ^»^ (a cos 4^1 — i3 sin 4^1), 

i£7l = 0. 



(T = — 4 -^ 6"*]/3cos {(3x — bt) + asin (/3a; — 6<)}- 

As the electricity is not at rest, there is no such thing as a potential. 

The case we have solved is that of waves of electromagnetic disturbance 
advancing along the surface with a velocity a little less than that of light, with 
only a very small damping factor, accompanied with an advancing electrostatic 
charge upon the surface. The waves die out as one goes away from the surface, 

according to the very small factor e ^""^^ in the air and to the large factor g-^'^'^i^'^iv 
in the metal. Indeed in the latter the waves are of the diflfusion type which die 

away to ^^*^ P^^^ ^ ^ complete wave as discussed in the case of magnetic waves. 

\/ 2 
The wave length perpendicular to the surface is , the same as for the 

magnetic waves. For vi = 200 reversals per second, this is .32 cm. for iron and 4 
cm. for copper. In other words, the current is diflfused downward into the copper 
more than twelve times as fast as into iron. In copper, at a depth of 6 mm., the 
current is .45 at the surface, with 200 reversals per second ; in iron the distance is 

only 0.4 mm. or about — - inch. These results are for a plane only, and in case 

of wires the current is diflfused inward from all directions, and so much more 
than one-half the current reaches the center of a wire 10 mm. in diameter. I 
shall treat this case later. 
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The waves in both the air and the metal are plane waves whose intensity 
diminishes as one passes away from the surface. In the air, the wave surface is 
nearly perpendicular to the metal surface, while in the metal it is almost parallel 
to it. The equation to these wave surfaces is ^x + 8y — 6< = constant and 
^x + 8^ — 6< = constant. 

Two Metal Strips^ Electrical Waves. 

Let us now consider the case of two metal strips of infinite extent con- 
nected along one edge to the poles of an alternating dynamo. For a practical 
case, we can limit the strips to a certain width, provided their distance apart is 
small in proportion to their width. Let the strips be of the same material and 
the same thickness. There will then be a central plane of symmetry at which 
the condition is that the displacement currents and electromotive forces along it 
shall be zero and the magnetic force and induction perpendicular to it shall be 
zero. 

Let the plane y = be this plane, and the strip on the positive side be 
between y = i?" and y=D. Then the vector potential in the three spaces can 
be written 

Outside space, I e ^ e 

These satisfy the conditions at the central plane and also the equation of con- 
tinuity. For wave propagation we also have 

a*=—^ + (?xfi = — €f' + 4:nacii'= — e"' + <*xfi, 
whence e"' = c*. 

The conditions at the surfaces of the metal are 

c»x^V*" = 47tac\A'^'>" + B'e-*''^'} \ c'UV^' = e>\A'^'>" — 5'e-'^'}, 



386 Rowland: Electromagnetic Waves and 

These, with the three above, give 7 equations for determining a,c, e', a" and 
-4", A^ and B in terms of -d. 

Putting j&= xsj -A^ni »^^(j>^^-2>o _ ^ *^^ noting that e/y is very small, we 

have the equation 

e»-^6>+^6-^^^^^_0. 

The first, and very near, approximation to the value of e is 



in which e' == ^Z \nOcyi very nearly. 



This gives a» = c*;.^|l + ^\/^ ^^ci>--i>o_ i | ' ^^en the thick- 

ness of the strips, D^ ^- D^ is small, we have, since x[i=: -j- and fi=^ 1 nearly, 
for all insulators. 

Hence a— ^' L / 1 ."T .) 

^= 2i? l^v (47t(7Z?' (Zy' — Z^fi)"* "•" ^ + ^}- 
The limiting case, when CD' (2?" — 2^) is small, is 



^ = -a=4V, 



The waves are then of the diffusion type, giving a velocity of 

6» 



T 



= v\^8nCJ)'{D" — D)b, 



which is the same as the solution of Sir William Thomson for a cable whose 

X 1 
capacity and resistance per unit of length are . jy and ^ ,jy, ^^ respectively. 
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But when the thickness of the strips increases in value, the damping factor a 
decreases and the velocity increajses imtil we reach the limit for which 

which gives 



When the conductivity is large, the damping factor vanishes and the velocity of 
the wave is that of light, as it should be. 



The Expression of any Differential Coefficient of a 

Funetimi of a Function of any number of Variables 

by aid of the corresponding Differential Coeffi' 

dents of any n Powers of the Function, 

where n is the Order of the 

Differential Coefficient. 

By J. C. Fields. 



Let a;, ^, 2! .... be any number of independent variables, u any function of 

these variables, and A any function of the degree n of the symbols "j" » "T"" > "x • • • > 
n being a positive integer. Evidently 

(0«- = yW.u- (0(^)'. . . . »-=*(«).»-, 

where g{fn), h{m)^ considered with regard to m alone, are polynomials in 
this quantity of the degrees n and r + «+•.. . respectively, whence plainly 
Aw*=/(m)t^" where /{m) is a polynomial of the degree n in m. We have 
therefore, by the ordinary theory of partial fractions, 

p 

-^ ^ ' ^ ^ d(m) ^ ' Z^B'{ar) TO — a, 



where 6 (m) = (m — a^{m — ai) . . . . (m — a^), the a's being any constant quan- 
tities all distinct from one another and greater than n in number. In particular, 

if we put jp = 71, a,. = r for all values of r, A= T -j- J \a) \~Tj • * • • ^^^^® 
p+(T+T+ . . . . = 71, and designate by 5«,p,.r.,.. the coefficient of Tf'jf^ . . , • in 
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the development of 2a~ we have on dividing equation (1) through by p! (t! r ! . . . . , 
putting a: = 0, y = 0, 2=0 . . . . , and noticing that 6'(r) = (— 1)*-^! {n — r)\ 

n 

2. 5„.,., =e(m)V-?^^.^i^VH^ 

^ ^ 

n 

= m{m-l). . . .(m-n)^-^^^ S-^}^^^*'^:^^. , 

^ ^ ^ ' ^mm^m — r r\(ri — r)! 

where u^ expresses the value of w when a5=0,y = 0,2=0.... 

In particular, if i^ be a function of one variable (a) only, and A= (-^ J , 

n 

B^n = rn{m — 1) .... (m - n)S^ ^^^^^ . ^~ ,^^"""'^7" , 
' ^ ^ ^ ' L^m—r r\{n — r)\ 

a formula originally due to a suggestion of Eisenstein, and of which a proof has 
been given by Sylvester.* 

We might notice more generally that Au'^vzr. F{m)v^ where u and v are 
any functions of the variables and F{m) is a polynomial of the n*** degree in m , 
whence, in the same way as (1), we derive 

p 

3. Au'^v = e (m) >r , ^^7-^ . 

Hence we see that formula (2) holds more generally where 5,»,p,^.... is the 
coefScient ofafj/' .... in vTv. 

If we have ^ {u) = / a^vT^ (the a's being constant coefficients), and apply 
(1), we get 

If, in (4), we put jp = w , and a,. = r for all values of r , then 



'Quarterly Joum. of Hath., Vol. I, p. 109. AIbo Bertrand, Oal. Diff., p. 181. 
61 
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and we have 



5. A^) (t 



^ ^ ^mm/ r\ {n — r)\ d ^^ ^ 



(n — r)l 

dM, 



^ ' 

- ^n^-i v^ V? (- ir-'-ti'^A^i^ / ^ Y'^ » w 

~ Zi^ Z^(n — r)! (r— «)! Ww/ m'+^ ' 

-^ J and afterwards with ( ^ % r j , 

we get 

where, in performing the integration by successive pariial integrations, we put 
zero for the arbitrary constant, or what is the same thing, the integral is the 
sum of a number of terms each one of which contains as a factor ^ (t^) or some 
differential coeflScient of 4)(w), as is readily seen from (6), where the whole 
operation upon ^ {u) is direct and not inverse ; thus from (6) we obtain 

For example, we find 

n 11 

A log « = - ^ 2 i- ( P )(- l)'«-'Au'. 

r » 

P 

We see that / >• ^ ^^- ^- — ^ w~*"Au'' = A T ^^ 1 J where, when the operation A 

has been performed (a being treated as a constant), a is replaced by u. We have 
therefore from (7), 

' 

where, after performance of operation A, a is replaced by u. 



Fields : Differential Coefficients of Functions of Fmvctions, etc. 391 

In particular, when u is a function of one variable (x) only, and we put 

bolic expression for f -^ j ^{u) given by Bertrand.* 

Again we have <p (j^^) v!" =• ip (w) w* = E'^ip^y^v?, (^ = 0), whence 

9. f(^^);cW = ;cWf(y)^^ (y = o). 

We might notice in passing that putting t* = c*, ;f (w) = i^ (a;), x i^v) —'^(.f J 
we obtain the theorem 

10. f(^)H-) = ^(^)-fiy)^ = ^{x + ^)f(y). (y = o). 

If in (4) we put ip{u) = (log w)', we get, with the help of (9), 

^('»«=-)'=E^* ^^ (.og»)-= J^V|;-.(.og^.). >^ 

du ^ 

S u—'Au:^ f d\* e (y) W 
^ 6' (a,) A%7 y-ar 

thus, 

We might also obtain this result directly from (1) by differentiating with regard 
to m , thus 

A (log u)' vT = f^y £^vr = (4-)' . w"* {u- "'Ati^) = w~ Tlog u + ^^ vr'^AvT ; 

•Cal. DiflP.,p,141. 
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substituting in this formula for Au~ from (1), we obtain 

A(logu,..- = „-(log„+^)-£-^iM., 

and on putting in = in this formula we obtain (11). 

Supposing (logw)' to be developed in powers of x, y, z . . . . , put in par- 
ticular 1^ = 1 (therefore log ilq= 0), 

also designate by Jl,,p ,,^^_ _ the coeflScient of ofy^'z^. ... in the development of 
(logw)*, then (11) gives 

-.." =p-u!^rT:T:(0(i)'a)'--('»«'')' 

We have therefore 

12 A 1 /(^Y\7A«- ejm) 

•'"•'• ~p!ff! \dmJ Z^ef{ar)'m-ar 

= (Ay y? -g...>.^ Hm) 

\dmJ Lm^ ^(ttr) *» — «r 
In the same manner that we obtained (4) from (1), from (11) we obtain 
Putting w = ;t (^)» ^^"^ (*) ^^ 8®^ 

Substituting in (4), 

a$;k W = K K T-^ r *(«) --gnsnT — S ^^ (*'^^"'' 
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where 

By successive applications of (4) we will get in general 

y^ p p p p ^~j[* ^d (^ _i — — — ^ 

14. A^,4>,-....4>,(«)=2s£...SE£ '"/ 'J N ^' 



^(''^•X"^""'-) 



^^'.Am''- 



where 6, (m) = (wi — a,,o)(*» — <»•., i) . . . . (m — a,,p) , the a^'s being any p distinct 
quantities taken at will, of which any number may happen to coincide with a^'e 
in any other function 6^ (m) = {m — a^, o)(m — a^ i) . . . . (m — a^.^) ; putting for 
all values of v, 6y{m)=^m(m — 1) .... (m — p) = d{m), we have 



15. A<D.4>._, 



.<p,{u) = y£r ..'.« — ^ — j^«-./ ^, 



e'H(«3--«,) 

For brevity I have put 4>i=4>i(w), 4>8=*,(4>i)=4>,^*i(t*)}, etc., 4>,=<I),(4>,_i). 
Putting in (15) 
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where, as in (6), the mtegi»ation is supposed to be performed by partial integrals, 
the arbitrary constant being put equal to 0, and 



1 - (-1)^"^ - (-1)^"- rp^ 

ff{r)~ rl{p — r)l— p\ \rj' 
with similar substitutions with regard to j, «, <, etc., we get for (15) 

16. A<I».<I>._,....<I»,(«) = tL-^J"S' ».«.(-!)— —(p(^).... 

• • • • (f )(S)A^--^'(^7^^**->A^--^^ 

For example, if we have what I might call the x-storied function efi , where e 
occurs X times, and which I will designate by u^j from (16) we obtain 

17. A«.= t^§^ ••-'-.— •■"(?r....,).«(|)(^).... 

• • • • ( f )( S )/t*frf^'--ie«^«-i/t*i'r;6^-»dt.«_, .... 

Where each integration is supposed to be performed by partial integrals, the 
arbitrary constant being put equal to , or in other words, that particular inte- 
gral being selected which explicitly contains as a factor the exponential which 
appears under the integral sign in question. 

We might almost indefinitely generalize the above formulae, thus, instead of 
w~ in (1) we might suppose ^ a function of any number of variables x, y , 2 . . . and 
of any number of parameters wii, tw,, Wj . . . . , and A any operator independent 
of these parameters, and such that 

A^{x, y . . . . 77?!, wij . . . .) =y(w»i, WI2, . . . . wi» . . . .).^(x, y . . . . m^, m^ • • . .), 

where as regards the parameters alone / is of a finite degree. Supposing / to 
be of degrees w^, ti,, etc. in nii, m^, etc. respectively, and taking any arbitrary 
polynomials in w's such as 6^ (m^) = 11 (m^ — a^,^) where degree of polynomial is 
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4^n«, by successive application of the theory of partial fractions as regards 
f7i|, m|, etc. to/, we may express it as a summation in the form 
/(i/ii, wig .... tn^ . . . .) 

= e,(m,)e,K) • • • -y />//^"\-;; /"*'%" "^ V sr^ ^ 

^ ^-'6iK,)fi»K.) K — ai,r)(«»» — a»,,) 

whence 

A^{x, y . . . . mi, m,. . . .)=/(oii, m, . . . .)4>(x, y • • • • wJj, m, . . . .) 

1_ 4)(g, y T»i, TO> ) 

(mi— ai.,)(ni,— a,.,) . . . .'4>(aj, y Oi,,, o^, ) 

- ng (m ) yr.--- '^^(^' y • • • «i-^' «« ) 

_11(*.W2^ eKa..,)e,'(a...).... 

1 ^(g, y OTi, «!,... .) 

(»n, — «!.,)(»«,— a,,,) . . . . '4>(a5, y . . . . Oi,,, o,,, ....)' 

BemcmtWa Numbers. 
We might notice the application of (7) to Bernoulli's Numbers; in (7) put 
A = (^ y, w = 6», <I> (tt) = (1 + u)-\ then «„ = 1 and 

- V V (- i)'--«{;-<i'^K) fdyy^yr^ (- i^p! r» 

~ 11/ Zlf r\{n — r)\ Vdx/ Z-^ Z-^r! (p — r)! ' 2^+» 

ZL-r! 2'-+» lUo;/ 1 — « Z-/-*! (r— »)! Vday Adx/ 1 — xj,=» 

=£(-»-{-^£Cr)}=^V,£E<-')''"Cr) 
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"""« i«;=i + ("+') + ('" + ')+.... + («+■) 

and Nt= — 1* + 2*— 3* + + (— 1)'^. 

We know that Bernoulli's jp*^ number B^ = ^~^J ^ ^' ' multiplied by coefficient 
of cc*''-^ in (1 + e')"\ putting n= 2p — 1 , we have therefore 
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